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ACADEMICIAN LEV DAVIDOVICH LANDAU 
(On the fiftieth anniversary of his birth) 


a EV Davidovich Landau, one of our greatest 
theoretical physicists, completed his fiftieth year 
of life on January 22. 

L. D. Landau was born in 1908 in the city of 
Baku. His mathematical talents began to appear 
at a very early age. He can scarcely remember 
not being able to differentiate and integrate. At 
the age of fourteen he was admitted as a student 
in the Physics Faculty of the University of Lenin- 
grad, where he completed his studies in 1927. This 
time marks the beginning of Lev Davidovich’s in- 
tense scientific activity. 

Lev Davidovich began his scientific work in the 
Leningrad Physico-technical Institute; two years 
later, in 1929, he received the opportunity to spend 
considerable time in study abroad. For a year and 
a half he worked at the Institute for Theoretical 
Physics in Copenhagen, and also in Germany, Eng- 
land, and Switzerland. Discussions and collabora- 
tion with the leading theoretical physicists of that 
time aided in the development of the wide scope of 
his interests as a physicist; this is particularly 
true of his association with Niels Bohr, and Lev 
Davidovich regards himself as a pupil of Bohr. 

After his return from abroad he did not remain 
long in Leningrad, and moved to Khar’kov, to the 
Ukrainian Physico-technical Institute, where he 
was the head of the theoretical section for five 
years. This same place saw the beginning of his 
pedagogical activity, in the Physico-mechanical 
Faculty of the Khar’kov Institute of Machine Con- 
struction and at the University of Khar’kov. Lev 
Davidovich’s talent as a teacher was apparent 
from his early years, and pupils began to gather 
around him. Thus his time in Kharkov already 
saw the beginning of the broad scientific school 
of Lev Davidovich Landau. 

Lev Davidovich’s main pedagogical principle 
is his conviction that independent creative work 


in any field of theoretical physics must begin with 
a sufficiently deep mastery of all its branches. 
For this purpose he developed a special program 
which has become widely known among young 
physicists under the name of the “theoretical 
minimum”. 

In 1937 Lev Davidovich moved to Moscow, where 
he is the head of the theoretical section of the then 
newly organized Institute for Physical Problems of 
the Academy of Sciences of the U.S.S.R. He is con- 
tinuing his pedagogical activity at the University of 
Moscow; for a number of years he was a professor 
in the Physico-technical Faculty, and is at present 
a professor in the Physics Faculty. 
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The important scientific and scientific-social 
services of L. D. Landau have found their due rec- 
ognition in the Soviet Union: in 1946 he was elected 
an active member of the Academy of Sciences of 
the U.S.S.R., and he has been awarded the Stalin 
Prize three times and has been honored with Soviet 
decorations. Outside his own country Lev Davido- 
vich has been elected to membership in the Danish 
and Dutch academies of science. 

The scientific activity of L. D. Landau amazes 
one by its extraordinary versatility. In our age of 
specialization, when there remain almost no physi- 
cists of universal interests, he not only feels at 
home in all the main fields of theoretical physics, 
but also has to his credit a number of important 
contributions in hydrodynamics and aerodynamics. 
His approach to the study of theoretical physics is 
characterized by the fact that he does not separate 
the theory from natural reality, nor from experi- 
ment, so that he remains close to experimental 
physics, on which he has a great influence. It is 
not without significance that at the weekly seminar 
which Lev Davidovich conducts at the Institute for 
Physical Problems reports are presented not only 
on theoretical researches but also on the results 
of experimental work on the most varied problems 
in physics. Participants in the seminar are re- 
peatedly amazed to see Lev Davidovich show equal 
enthusiasm and thorough knowledge in discussing, 
for example, the energy spectrum of the electrons 
in silicon, directly after dealing with the proper- 
ties of the so-called “strange” particles. 

The scientific works of L. D. Landau are so 
numerous and of such varied natures that it is im- 
possible to give in a few pages any sort of complete 
survey and characterization of all his contributions, 
which have been of great importance in all fields of 
theoretical physics, beginning with hydrodynamics 
and ending with quantum field theory. We shall con- 
fine ourselves to mentioning only the most signifi- 
cant of his publications. 

In 1927, in connection with the problem of radi- 
ative damping in quantum mechanics, Lev Davido- 
vich was the first to introduce the concept of the 
density matrix (in the energy representation).! 

In 1930 he published his classic work on the dia- 
magnetism of electrons in a metal (Landau diamag- 
netism),”*? which later led to the explanation of the 
variations of the magnetic susceptibilities of metals 
at lowtemperatures in strong magnetic fields (de 
Haas-van Alphen effect). Another important contribu- 
tion to the development of present ideas about the mag- 
netic properties of matter is contained in a paper 
published in 1935 (together with E. M. Lifshitz),4 
in which the thermodynamic theory of domains in 


ferromagnetic substances and the foundations of 
the theory of ferromagnetic resonance were given . 
for the first time. Credit is also due to Lev Da- 
vidovich for first introducing into physics the idea 
of the antiferromagnetic ordering of magnetic mo- 
ments, as a special phase of a substance, which 
exists at low temperatures and goes over into the ~ 
paramagnetic condition at a point of phase transi- 
tion.® : 

During this same time Lev Davidovich put for- 
ward the important idea of the autolocalization of 
electrons in a crystalline lattice,® which subse- 
quently influenced S. I. Pekar’s development of his 
polaron theory. 

In addition to papers containing new theoretical 
ideas, Lev Davidovich’s creative activity in sci- 
ence is also characterized by papers devoted to 
the solution of difficult theoretical problems by 
brilliant mathematical flank attacks. An example 
is his general method for solving quasi-classical 
collision problems, published in 1930.7 

Lev Davidov made a fundamental contribution 
to thermodynamics by developing his theory of 
phase transitions of the second kind, which reveals 
their deep connection with the symmetry properties 
of a substance.® The methods he developed were 
first applied to transitions of a structural charac- 
ter, and later were applied with success to the 
study of piezoelectricity, ferroelectricity, anti- 
ferromagnetism, and so on. 

The name of L. D. Landau is associated with 
the creation of a theory of the superfluidity of 
liquid helium,’ which he developed with a complete- 
ness that makes possible an exhaustive explanation 
of the numerous phenomena in liquid helium, and 
which has now won its way to general acceptance. 
For this work and for his work on the theory of 
phase transitions Lev Davidovich was awarded the 
Stalin prize in 1941. 

Landau’s contribution to another problem of 
low-temperature physics — superconductivity — 
is primarily comprised in his theory of the laminar 
structure of the intermediate state,’° 

Quite recently Lev Davidovich has developed a 
new general theory of the quantum Fermi liquid, 
which has predicted a number of interesting phe- 
nomena in liquid He® (Ref. 11) which still await ex- 
perimental confirmation. ; 

Turning to the field of nuclear physics, we must 
note first of all a paper by Lev Davidovich in 1937” 
in which, starting from an idea of N. Bohr, he laid 
the first foundations of the quantitative statistical 
theory of the nucleus, and in particular obtained a 
connection between the neutron width and the sepa- 
ration of the levels. In 1938 Landau (together with 
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G. Rumer) gave an elegant mathematical theory of 
the production of electron-photon showers; the 
procedure developed in this paper subsequently be- 
came the basic method in the study of cascade 
processes. In 1953, starting from an idea of 
Fermi, he constructed a consistent hydrodynamical 
theory of multiple production of particles in colli- 
sions of fast particles.“ 

In the last few years Lev Davidovich has pub- 
lished a series of papers on quantum electrody- 
namics (together with A. A. Abrikosov and M. I. 
Khalatnikov), in which the asymptotic forms of the 
propagation functions at high energies are deter- 
mined. Starting from these results, I, Ia, Pom- 
eranchuk subsequently arrived at a most important 
conclusion, that it is impossible to construct a 
relativistic theory of the strong interactions as 
point interactions, 

Only a year ago, in connection with the exciting 
question of the nonconservation of parity, Lev 
Davidovich proposed the ingenious hypothesis of 
the conservation of the combined parity, !" which at 
present is still awaiting experimental confirmation. 

In concluding this brief survey, in order to show 
the breadth of L. D. Landau’s scientific interests, 
we shall mention a few more papers that stand a 
bit aside from the others: the thfory of the fine 
structure of the Rayleigh scattering (together with 
G. Placzek);'* the now widely used kinetic equation 
for the case of Coulomb interaction between the 
particles;'*® the theory of the structure of shock 
waves at great distances from their place of ori- 
gin.?° 

The breadth of Lev Davidovich’s grasp of con- 
temporary physics is even more convincingly 
shown by the course of theoretical physics which 
he has written together with E. M. Lifshitz.?! 
Taken together, these books are a fundamental 
treatise on theoretical physics. In originality of 
exposition and broad grasp of the material they 
are unprecedented in the whole world-wide litera- 
ture of physics, and so have attained wide popular- 
ity not only in our country but also abroad. 

The contribution for which theoretical physics 
is indebted to Lev Davidovich is not exhausted by 
his own scientific writings. We have already 
spoken of another side of his activity — his found- 
ing of a broad school of Soviet theorists. 

His inextinguishable enthusiasm for science, 
his acute criticism, his talent and clarity of thought 
attract many young people to Lev Davidovich. The 
number of those, both young and mature scientists, 
who turn to Dau (as his pupils and associates have 
come to call him) is very large. Lev Davidovich’s 
criticism is hot and merciless, but behind this 


outer sharpness is hidden devotion to high scien- 
tific principles and a great human heart and human 
kindness. Equally sincere is his wish to aid the 
success of others with his criticism, and equally 
warm is his expression of approval. 

Together with all the physicists of our country, 
the editors of the JETP place a high value on the 
great contribution which Lev Davidovich has made 
tm the development of our science, and we send to 
him sincere wishes for many years of health, hap- 
piness, and creative success in the service of 
Soviet science. 
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REFLECTION OF SLOW ELECTRONS FROM THE SURFACE OF PURE TUNGSTEN 
AND FROM TUNGSTEN COVERED WITH THIN FILMS. II 


D. A. GORODETSKII 
Kiev State University 


Submitted to JETP editor May 8, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 7-13 (1958) 


Studies have been made of the reflection of slow electrons from monocrystalline tungsten and 
from tungsten crystals on which a layer of tungsten has been deposited by evaporation, under 
conditions of ultra-high vacuum (p < 107? mm Hg) to ensure a clean surface. Anomalous 
changes occur in the reflection coefficients when thin layers of Ba, BaO, and Ba-O are ap- 
plied to a tungsten single crystal; a possible explanation is discussed. The experimental re- 
sults are compared with calculations for the case of slow electrons reflected from a potential 
barrier possessing a maximum. The diffraction of slow electrons from monocrystalline tung- 
sten has been studied, and also the effect of depositing thin films of barium. 


A previously published paper contained a report 
of the results of studies on the reflection of slow 
electrons from the surface of a polycrystalline 
tungsten ribbon, and from thin films of barium and 
oxygen upon the tungsten. The experiments were 
carried out in sealed-off tubes at total pressures 
of the order of 107? mm Hg, and with equivalent 
pressures of 107° to 107!! mm Hg in the adsorp- 
tion regions, thus preventing any distortion of the 
results by the adsorption of residual gas. The re- 


flection coefficient R for slow electrons from the 
surface of the tungsten target showed an unusual 
type of dependence on the energy of the incident 
primary electrons, V,; as the energy increased, 
so did the reflectivity. Meyer” has obtained simi- 
lar results with tungsten. This behavior of the re- 
flection coefficient cannot be explained as an inter- 
action of the electrons with the potential barrier 

at the metal-vacuum boundary, for any reasonable 
barrier shape must give a decrease in reflectivity 
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as the energy increases. In these experiments 
there was still an unknown factor in the polycrys- 
talline nature of the sample, which could conceiv- 
ably have altered the results, both for the pure 
tungsten and for the systems with thin films which 
were studied. For this reason, experiments have 
been carried out on monocrystalline tungsten tar- 
gets. The results of these experiments, and of 
further studies of the effects of thin films on the 
reflection of slow electrons, are reported in this 
paper. 


MEASUREMENT TECHNIQUES 


Reflection coefficient measurements were car- 
ried out in sealed-off tubes whose construction was 
basically the same as that already described! (cf. 
Fig. 1 of Ref. 1). Unlike the ones used previously, 
these tubes used a glass sphere 35 mm in diam- 
eter, coated internally with Aquadag, as the collec- 
tor for the reflected and secondary electrons. 
Thanks to this improved collector geometry, the 
saturation of the elastically-reflected electrons 
was much sharper in the retarding-potential 
curves. In the side wall of the collector, at an 
angle of 45° from the normal to the target, was an 
opening 1 mm in diameter. A special detector was 
inserted through this opening when it was desired 
to study the diffraction of slow electrons. The de- 
termination of the contact potential difference be- 
tween the cathode of the electron gun and the tar- 
get, and the separation of the current due to 
elastically reflected electrons from the current 
of true secondary electrons and inelastically scat- 
tered electrons, were carried out as in Ref. 1. As 
in the earlier work, the utmost attention was paid 
to obtaining and maintaining a sufficiently high 
vacuum in the tube (the total pressure in the tubes 
was of the order of 10-® mm Hg, and was 107!? mm 
or less in those parts of the apparatus where ad- 
sorption took place) using getters and ionization 
pumps.® In every case, measurements were made 
only after the high vacuum had been attained, and 
immediately after a prolonged high-temperature 
bake-out (about 2800°K) of the target by electron 
bombardment, or after the deposition of the mate- 
rial to be investigated. 


REFLECTION OF SLOW ELECTRONS FROM 
MONOCRYSTALLINE TUNGSTEN 


The measurements were carried out on a single 
crystal of tungsten which was at our disposal, con- 
sisting of a plate 7 x 7 x 2 mm in size, cut parallel 
to the (111) plane and chemically etched to remove 
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the layer of material deformed by the mechanical 
treatment. 

The curves of reflection coefficient R and sec- 
ondary emission 6 as a function of the primary 
electron energy V,, measured immediately after 
heating the tungsten single crystal in high vacuum, 
are shown in Fig. 1 (curves 1). From a compari- 
son of these curves with the data previously ob- 
tained using rolled tungsten ribbon,! it could be 
seen that, except for a small difference in absolute 
magnitude, the curves were quite similar. Conse- 
quently, either the rolled tungsten ribbon consists 
of a uniformly oriented array of crystallites —a 
widely accepted view at the present time’ — and is 
therefore similar to the monocrystal, or else the 
polycrystallinity of the target plays no role in in- 
creasing the reflectivity at higher electron ener- 
gies. In any case, the single-crystal experiments 
have not removed the anomaly in the behavior of 
the reflection coefficient, namely its increase with 
increasing electron energy. 


WY 
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Vp 
FIG. 1. Variation of R and 6 with energy of the primary 


electrons. 1—monocrystalline tungsten. 2—the same covered 
with a layer of evaporated tungsten. 


We have also carried out experiments in which 
a layer of tungsten was evaporated onto the mono- 
crystalline tungsten target. Such experiments 
were essential, in view of the fact that in many 
cases a layer deposited in vacuum has a higher 
purity than one which has been merely heated, 
even to the extremely high temperature of the 
target bake-out. The results obtained with a layer 
of tungsten evaporated onto the tungsten single 
crystal are shown in curves 2 of Fig. 1. Deposi- 
tion of the tungsten has somewhat altered the ab- 
solute values of R and 6 and has produced a 
slight falling-off of the curve for R, above Vp 
=5 ev. Nevertheless, the anomalous behavior in 
the low-energy region is still there. Hence the 
increase in reflectivity with increasing energy can 
hardly be due to contamination of the target sur- 
face. 
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On the basis of MacColl’s work® and the com- 
ments of Herring and Nichols on it (Sec. 28 of 
Ref. 4) it is possible to attempt a different explan- 
ation of these experimental results. MacColl’s 
treatment differed from the earlier work®" by 
taking into account the periodic nature of the poten- 
tial within the metal. This led to the prediction of 
sharp maxima in the curve R=f(V,), at which 
R reaches 100%. The effect of inelastic collisions 
between the electrons inside the metal is to in- 
crease the width and greatly decrease the height 
of these maxima. A distribution in the orientation 
of individual crystallites, roughness of the sample 
surface, or a spread in the energies or angles of 
incidence of the primary electrons, would have the 
same effect. Consequently it is conceivable that 
for some metals, because of a particular structure 
of their internal potential, the reflection coefficient 
might increase with increasing V, ina limited 
region. The idea that the reflection of slow elec- 
trons is affected by the potential energy structure 
of tungsten, in particular, is supported by the cor- 
relation between the decreased density of electronic 
energy states in tungsten and the increased reflec- 
tion of electrons in the low-energy region. A simi- 
lar correlation has been observed for copper.” The 
deposition of an active layer which radically alters 
the profile of the potential at the metal-vacuum 
boundary can lead to an increased reflection at the 
surface. This reflection will be of the normal type 
(a decrease of R with increase of Vp) such as 
occurs when thin layers of Ba, BaO, or Ba-O 
(see below) are deposited on tungsten.! 


REFLECTION OF SLOW ELECTRONS FROM 
MONOCRYSTALLINE TUNGSTEN COVERED 
WITH THIN FILMS 


To study the potential barrier at the boundary 
between vacuum and a metal covered with a thin 
active film, we investigated the reflection of slow 
electrons from the surface of monocrystalline tung- 
sten covered with a film which reduced the work 
function. First of all, the experiments with a thin 
layer of barium atoms! were repeated, using the 
single crystal. This was necessary, since the re- 
sults previously obtained with a rolled tungsten 
ribbon coated with barium might have been affected 
(even if only partially ) by the change in the re- 
tarding field due to the contact potential of the tar- 
get after depositing the film. Measurements with 
a barium film on the tungsten single crystal con- 
firmed our earlier results (see Ref. 1, Fig. 5). 
Hence the increase in reflectivity as the surface 
is progressively covered is due to a change in the 


shape of the potential barrier, and not to a change 
in electron reflection due to the retarding field. 

Layers of the dipolar molecule BaO, which 
greatly reduce the work function, are of particular 
interest to the study of cathode electronics. The 
properties of such systems have been relatively 
little studied. In this connection, we have experi- — 
mentally investigated the reflection of slow elec- 
trons from a single crystal of tungsten covered 
with thin layers of BaO molecules. The source of 
the barium oxide was a spiral of pure platinum 
covered with barium carbonate, which was heated 
to convert it to BaO. The amount of barium oxide 
deposited on the tungsten could be determined from 
the shift in contact potential, using the data of Gav- 
riliuk.!° Although it has been stated that the bari- 
um oxide deposited from a platinum evaporator is 
pure,'! it was considered essential in our particu- 
lar case to test the evaporation products, and es- 
pecially to confirm the absence of any appreciable 
amount of Ba, with a mass spectrometer. These 
tests* proved that the products of evaporation from 
our source were in fact pure barium oxide. 

Figure 2 shows the results of measuring the co- — 
efficient of elastic reflection for the system BaO 
on monocrystalline tungsten. The shifts in contact 
potential are indicated in the figure caption. These 
results depend upon the fraction of the surface 
covered, which was of the order of one monatomic 
layer or less. The results obtained with a thick 
layer of barium oxide will be reported in a separ- 
ate paper. When barium oxide is deposited, there 
is a sharp increase in reflectivity in the low-en- 
ergy region, and the curve R=f (Vp) resumes 
the normal shape (reflectivity decreasing with 
increasing energy). The absolute values of R in 
the low-energy region are considerably larger for 
the BaO-W system than for the Ba-W system. 
The results for the latter system are shown as a 
dashed line in Fig. 2 (see also Fig. 6 of Ref. 1). 

In addition to the study of dipolar BaO layers 
on the tungsten, we also studied the variation in 
slow electron reflection caused by the evaporation 
of barium atoms onto a tungsten surface previously 
covered with a layer of atomic oxygen. The method 
of producing a layer of atomic oxygen on tungsten 
is described in Ref. 1. In the present experiment 
the deposition of oxygen led to an increase of 1.2 
ev in the work function, which is somewhat less 
than the value 1.7 ev obtained in Ref. 1. A com- 
parison of the slow electron reflection from the 


* All the work of testing the BaO source with the mass 
spectrometer was carried out by G. Ia. Pikus, to whom the au- 
thor extends his sincere thanks. 
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BaO-W surfaces with that from the Ba-O-W sys- 
tem shows that, when approximately one atomic 
layer of material has been deposited, the tempera- 
ture coefficients are essentially the same and have 
the same dependence upon energy. From this we 
conclude that the two systems are largely similar. 
It has-been suggested several times in the lit- 
erature that the reduction in work function when 
a layer of active metal is deposited corresponds 
with the formation of a potential maximum close 
to the surface. Some authors” consider that the 
height of this maximum must not exceed the poten: 
tial level of the vacuum, while others! take a dif- 
ferent point of view. A study of the reflection of 
slow electrons may give some evidence to resolve 
this question; for this purpose, however, we must 
investigage the interaction of slow electrons with 
potential barriers containing a maximum. The ex- 
isting work on this subject!*»! must be considered 
unsatisfactory, since the authors make only the 
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FIG. 2. Variation of R with primary electron energy for 
BaO-W systems. 1—Ag=0. 2—Ag=0.7 ev. 3—Ag = 1.7 
ev. 4—Agp=2.7 ev. 5—Agp=3.lev. 6—Ag = 2.4 ev 
(Ba-W system). 


crudest assumptions about the shape of the barrier. 
As a result they obtain an increase in the reflection 
coefficient at low energies (R=1 at Vp =0). 
Some calculations have been carried out to find the 
reflection coefficient from a potential barrier with 
a maximum lying below the vacuum potential level, 
formed by superposing the image potential upon the 
linear potential of a double layer. The results of 
this calculation predict a relatively small increase 
in the reflectivity upon going from the pure metal 
to the metal with an activating layer on its surface, 
in contradiction to our experimental results. To 
obtain a satisfactory agreement between theoretical 


calculations and experiment, it is apparently nec- 
essary to assume that when an active metal layer 
is deposited upon a metal surface, the potential 
maximum is higher than the vacuum potential level. 
Such an assumption, and the height of the maximum 
required to reconcile the results of theory and ex- 
periment, is very likely to provide information on 
the shape of the barrier for this interesting case, 
which is of such great importance in the study of 
cathode electronics. It would be very desirable to 
have such a calculation made. Our preliminary 
exploratory calculations have shown that, for a 
potential maximum about 1 ev above the vacuum 
potential level, it was possible to have a reflection 
coefficient of the order of 0.2 to 0.4 — i.e., close 
to the experimental value — for incident electrons’ 
of low energy (0 to lev). The difference between 
the reflection of slow electrons from Ba-W and 
BaO-W surfaces, on this assumption, implies a 
difference in the height or width of the potential 
maximum. In the case of barium oxide the barrier 
must be considerably wider, and because of the 
oxygen layer it must also be considerably higher; 
this would therefore account for the reflection of 
a greater fraction of the electrons falling on it. 
From our measurements on the systems Ba-W, 
O-W (Ref. 1), BaO-W and Ba-O-W, it is possible 
to estimate the effect of slow electron reflection on 
the size of the constant A in the Richardson-Dush— 
man formula. The reflection of electrons can lead 
to a reduction in A for such surfaces to 30 —50% 
of its theoretical value, 120 amp/cm? deg”. The 
small values of A quoted in the literature for 
these systems are apparently connected with other 
factors, such as the temperature dependence of the 
work function, non-uniformity of the surface, etc. 


DIFFRACTION OF SLOW ELECTRONS FROM 
MONOCRYSTALLINE TUNGSTEN COVERED 
WITH A LAYER OF BARIUM 


Working with monocrystalline tungsten targets 
has made it possible for us to observe the diffrac- 
tion of slow electrons, by using a special collector 
placed at an angle of 45° to the normal from the 
target surface. This collector was made positive 
with respect to the cathode by 3 to 5 volts, so that 
only the electrons which were elastically scattered 
from the target would fall on it. The collector was 
connected to the input of a de amplifier using a 
1E1P tube, giving a sensitivity of 107” amp/mm. 
As the potential of the target was varied, the col- 
lector current went through a series of maxima 
(Fig. 3, curve 1). 

It is difficult to assign calculated positions to 
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FIG. 3. Variations in diffraction pattern as a layer of Ba 
is deposited on W. 1—Ag=0 (tungsten). 2—Ag=1.lev. 
3—Ag=19 ev. 4—Ay = 2.7 ev. 5—Ay = 2.0 ev (thick 
layer of Ba). 


these maxima, since this requires a knowledge of 
the order of the reflection and the azimuth angle 
of the collector, i.e., the angle between a particular 
crystallographic axis in the target and the projec- 
tion of the line joining the target to the collector. 
Furthermore, the problem is complicated by the 
variation of refractive index with energy for elec- 
trons in this velocity range, and by the appearance 
of a large number of supplementary maxima.” 
Leaving this calculation for the future, we have 
in the meantime followed a different route and have 
studied the effect of foreign material deposits on 
the intensities of the diffraction maxima. In the 
experimental and theoretical study of slow electron 
diffraction it is very important to know how many 
atomic layers are involved. An answer to this 
question would make it possible to decide between 
the volume and surface treatments of this effect,” 
However, the number of papers on this subject is 
not very large. Lashkarev!® has estimated the 
number of effective layers from the width of the 
diffraction maxima. Farnsworth” used for this 
purpose a foreign material (Ag) deposited on 
monocrystalline copper and gold, and watched the 
disappearance of the substrate pattern and the ap- 
pearance of the maxima for silver (the layer of 
silver deposited on the gold crystal was obtained 
in an oriented state). In the present work, how- 
ever, it would be hard to avoid large errors in de- 
termining the amount of material deposited, since 
the method of control is inaccurate. The rate is 
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determined by weighing the amount deposited over 
a period of a number of hours. 

As a matter of interest, we have estimated the 
number of layers of Ba required to destroy the 
substrate diffraction pattern, determining the 
amount of barium deposited from the contact poten- 
tial change, using Gavriliuk’s measurements.” < 
Figure 3 shows the diffraction curves obtained by 
depositing barium onto a cold single crystal of 
tungsten; for clarity, the curves are displaced 
slightly along the vertical axis. Curve 4 shows 
that a barium layer for which Ag = 2.7 ev almost 
completely destroys the diffraction pattern. Here 
the concentration of barium atoms on the surface 
is approximately monatomic, i.e., 3 to 4 x 104 
atoms/cm?. It may be concluded from this that the 
formation of the diffraction pattern is due almost 
entirely to the uppermost layer of atoms. This 
argues in favor of Kalashnikov’s theory, !" which 
treats the diffraction of slow electrons as a purely 
surface effect. A study of the position of the sharp 
diffraction maximum at V; = 25 ev shows that as 
barium is deposited, the maximum shifts in the 
direction of lower energy, by an amount equal to 
the change in contact potential. This corresponds 
with the effects previously described above for 
slow electron diffraction. We have studied a thick 
layer of barium (curve 5), as well as thick layers 
of gold and germanium, all of which gave smooth 
curves without any maxima, in agreement with our 
previous work (see Lashkarev!®, p 93). 

To study the structure of thin adsorbed layers 
of barium on metallic tungsten, we have studied the 
diffraction of slow electrons from a monocrystal- 
line tungsten surface covered with less than a mon- 
atomic layer of barium. Two different methods 
were used for finding the mean shift in the work 
function Ag: one measurement was made after 
the barium had been evaporated onto a clean, cold 
substrate; and a second was made after the same 
value of Ag was attained by the gradual evapora- 
tion of a thick layer of barium when the substrate 
was heated. Experiment showed that the diffraction 
patterns obtained from these two surfaces were 
different. Invariably the surface obtained by evap- 
orating barium off a heated target gave the more 
sharply defined maxima. In explaining these re- 
sults it must be kept in mind that when heat is ap- 
plied to the uniform layer of barium obtained by 
deposition onto a cold surface, it may result in the 
formation of an ordered array of barium atoms, 
and also in the formation of isolated patches of 
barium. In the latter case, part of the tungsten 
surface becomes uncovered, resulting in the ap- 
pearance of its characteristic diffraction maxima. 
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In general the work of a surface is determined ex- 
perimentally by the use of electrons with a phase 
wavelength of the order of a few tens of angstroms, 
while at the same time diffraction patterns are 
measured by using electrons with wavelengths of 
only a few angstroms. Because of this, surfaces 
with the same average work function may give dif- 
ferent diffraction patterns, depending upon their 
degree of homogeneity. Hence it must be con- 
cluded that the change Ag in work function is not 
by any means a single-valued function of the state 
of a composite monatomic surface. 

In conclusion, I wish to express my thanks to 
Prof. N. D. Morgulis for suggesting the subject, 
and for his constant interest in the work. 
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The surface impedance of several superconductors has been measured at a frequency of 9400 


Mcs. 


The temperature dependence of the surface impedance of thin films of Sn and Hg has 


been studied. The penetration depth was investigated for these films and found to be in accord 
with the critical magnetic field measurements. The effective conductivity of the films in the 
superconducting state increases as the temperature is reduced. An investigation was also made 
of the relation between the impedance of thin Sn and Hg films and the magnetic field at T < Ty. 
The dependence of penetration depth on field strength is in satisfactory agreement with the 


Landau-Ginzburg theory. 


ie A knowledge of the complex impedance of a 
superconductor at frequencies on the order of 101° 
cps makes it possible to find the dielectric permit- 
tivity of the metal: 
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e =e —C°/0d. (1) 


Determining the penetration depth of the magnetic 
field 5) from static measurements, it is then pos- 
sible to estimate the value of €) due to the pres- 
ence of bound electrons in the superconductor. !+2 
On the other hand, if €) « c?/w%5?, it is possible, 
using these measurements, to find the penetration 
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depth 5, of the static magnetic field into the super- 
conductor. Since in a high-frequency field the 
superconducting electrons do not completely screen 
the effect of the electromagnetic field on the nor- 
mal electrons, impedance measurements also fur- 
nish data on the normal conductivity of a supercon- 
ducting current. On the basis of the data reported 
by Pippard and Simon,*** who measured the total 
surface resistance of lead at 9400 Mcs, it may be 
assumed that €) = 2 x 10’ cgs esu at T = 3°K and 
that below T, the ratio of normal-electron con- 
ductivity to free path length ONTAL falls off as the 
temperature is reduced. Khikin has investigated 
the surface resistance of thin, superconducting tin 
layers at the same frequency.*»* However, the ac- 
curacy of these experiments was not sufficient to 
justify the conclusion which was reached, namely, 
that €) is large (~ 10°). 

The present work is an extension of experi- 
ments in this same subject based on a new and 
more comprehensive method proposed by Khaikin. 

2. The method of investigating the surface im- 
pedance Z=R+ ix is based on the study of the 
properties of a hollow, copper, cylindrical reson- 
ator, the bottom of which is made from the mate- 
rial being investigated. Since the cavity is excited 
in the TE),; mode, no current flows across the 
joint between the bottom and the walls of the res- 
onator; thus the nature of the contact between the 
sample and the copper walls of the resonator is 
unimportant. 


FIG. 1, Block diagram of the system used for measuring 
the frequency width of the resonator and shift in resonant fre- 
quency. A) GSS-6; B) Sawtooth generator; C) EPP-09; D) Out- 
puts I and II; E) Amplifier; F) Detector; G) Standard Cavity 
Resonator; H) Attenuator; I) Cavity Resonator: J) K-19. 


In the experiment, direct measurements are 
made of the widths of the frequency characteristics 
and of the change in the resonant frequency of the 
resonator (Fig. 1). The frequency of the K-19 
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klystron is modulated periodically by a sawtooth 
voltage which is applied to the repeller. When the 
klystron frequency passes through the cavity res- 
onance, a signal is observed at the detector; this 
signal is proportional to the power transfer co- 
efficient, i.e. it corresponds to the resonator fre- 
quency characteristic. The same oscillator excites | 
a standard resonator made of lead and maintained 
at liquid helium temperature (4.2°K). Since lead 
is a superconductor below 7°K, this resonator has 
an extremely narrow pass band (approximately 

1 kes). 

The signal from the standard resonator is used 
as a reference, relative to which the frequency 
shift of the test cavity is measured. To obtain an 
absolute frequency scale, a radio-frequency voltage 
(500 —5,000kes ) from a standard signal generator 
is applied to the repeller of the klystron in addition 
to the sawtooth voltage. Because the klystron is 
frequency modulated, its spectrum contains side 
bands and the signal from the standard resonator 
has three narrow peaks. The distance between 
these peaks is determined by the frequency of the 
standard signal generator and serves as an abso- 
lute frequency scale with which the shift of the res- 
onant frequency and the width of the frequency 
characteristic of the resonator can be measured. 

A more precise determination of these quanti- 
ties is obtained by the use of a special circuit with 
which the frequency characteristic of the resonator 
is differentiated twice, producing the following: 

(a) a voltage proportional to the spacing between 
the reference point and the point at which the first 
derivative changes sign, characterizing the change 
of the resonance frequency of the resonator; (b) a 
voltage proportional to the distance between the 
points at which the second derivative of the fre- 
quency characteristic change sign, yielding the 
width of the frequency characteristic of the res- 
onator. Both voltages are recorded by an EPP-09 
recording potentiometer. The total accuracy of the 
measurement circuit is one per cent. To find R 
and X it is necessary to determine two different 
quantities: the shift of the resonance frequency of 
the resonator as the sample makes the transition 
into the superconducting state and the change in 
half-width of the resonance curve due to the losses 
in the sample. The error in the determination of 
these quantities is about 2 per cent and depends on 
the proximity to the transition temperature. The 
probable errors in the determination of e, On/L 
and go eff are shown in the appropriate figures. 

The resonator is a copper cylinder with an in- 
ner diameter of 43 mm. The resonator is coupled 
to the K-19 oscillator and the detector through two 
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circular irises 5 mm in diameter cut out of the 
upper (copper) cover of the resonator; the irises 
are located symmetrically along a diameter, ata 
distance of one-half the radius from the center. 
The irises are terminated by two lengths of circu- 
lar wave guide with diameter smaller than the 
critical value; these are used as limiting attenu- 
ators between the resonator and the outer coaxial 
lines. To avoid effects due to motion of the coup- 
ling loop on the resonator frequency, the lengths of 
the attenuators are not changed during the experi- 
ment; for this reason the coupling coefficient 
varies with changing impedance of the sample. 

The coupling coefficient is never greater than 0.3. 
The bottom of the resonator is an optically polished 
plane-parallel slab of smooth quartz, 46 mm in di- 
ameter and 3 —5 mm in thickness, to which the 
sample is clamped from the inside. The mercury 
films being investigaged are condensed on the out- 
side of this same slab. The quartz slab is used 
because the amplitude of the field which acts on the 
sample is considerably greater than the amplitude 
of the field acting at the other walls of the reson- 
ator because the quartz tends to “concentrate” the 
field (the dielectric constant of quartz is 3.6); the 
net result is an increase in the relative fraction of 
high-frequency resistance of the resonator in the 
end wall, i.e., the sample being investigated, com- 
pared with the rest of the cavity. 

The sensitivity is increased by a factor of 3.1 
when the quartz slab is 3 mm thick and the reson- 
ator length is 39 mm and by a factor of 30 when the 
thickness of the slab is 5 mm and the length of the 
resonator 20 mm (in the latter case it is necessary 
to introduce a correction for the thermal expansion 
of the quartz in the helium temperature region ). 

The test cavity is enclosed in a metal jacket in 
which gaseous helium ata pressure of 20p is ad- 
mitted (at T =4.2°K) to provide thermal contact 
between the resonator and the helium bath. The 
temperature of the resonator is measured with a 
thermometer made from a carbon resistor. The 
voltage drop across the carbon thermometer is 
recorded by the EPP-09 recording potentiometer 
together with the resonator characteristics. The 
error in the temperature determination is less than 
0.005°K. In special control experiments with a 
copper resonator it was established that the high- 
frequency resistance of the carbon remains con- 
stant within the limits of the experimental accu- 
racy. Since the experiments are always carried 
out with the coupling loop fixed (fixed length for 
the attenuators between the resonators and the ex- 
ternal lines) all changes in the resonator charac- 
teristics can be ascribed to changes in the proper- 


ties of the sample which makes the transition from 
the normal to the superconducting state. Knowing 
the change in the width Af of the frequency char- 
acteristic of the resonator produced by losses in 
the sample and the shift df in the resonance fre- 
quency of the resonator, and knowing the geometry 
of the resonator, it is possible to determine the, 
real part R of the sample impedance and the 
change in the reactive part dX. To determine the 
total reactance of the sample one must also know 
the reactance in the normal state X,. The total 
reactance is given by X= X, + dX. 

In large samples, where there is an anomalous 
skin effect, X, =V3R,, where R, is the resist- 
ance of the sample in the normal state, known from 
experiment. For thin films, the thickness of which 
is considerably less than the skin depth, X, « R, 
to that dX is comparable with R,; hence, the 
change in reactance measured in the experiment is 
essentially the total reactance of the thin layer in 
the superconducting state.® 

3. To test the method, the surface impedance of 
a single-crystal sample of tin of high purity (p399/ 
P4.. = 4.104) was measured. The temperature de- 
pendence of the dielectric permittivity ¢ of the 
sample and the ratio of the normal-electron con- 
ductivity to free path length oy/l, as computed 
by Abriksov,! are shown in Fig. 2. In this same 
figure are shown the limits of accuracy for the 
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FIG. 2. Dielectric permittivity and the ratio of normal con- 
ductivity to free path length in bulk tin. O— results of the 
present work; O—results obtained by analysis of the data of 
Ref. 3 at 0=62°K. 
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measurements of € and On /L at various temper- 
atures. Assuming €) « c?/w*6?, we can estimate 
the depth of penetration of the magnetic field into 
the superconductor 6). In the present experiments 
this quantity obeys the well-known relation between 
static depth of penetration of the magnetic field and 
temperature 


oo= 8o0/V 1 Se cen (2) 


The value of 69) is in good agreement with the data 
obtained from de measurements.’*® It follows that 
€y is smaller than the accuracy of the present 
measurements, i.e., virtually the entire dielectric 
permittivity of the superconductor is determined 
by the superconducting electrons; for T = 3°K, 

€) < 3.108. Directly below T, there is a system- 
atic increase in On/8 , the magnitude of which is 
approximately the same as the limits of accuracy 
of the experiment; as the temperature is reduced 
beyond this point, oy/f is reduced. Similar re- 
sults are obtained for e€ and On /h if one analyzes 
the data of Refs. 3 and 4 using the Abriksov for- 
mula.! The discrepancy in the absolute values of 

e€ and On/L is probably a result of anisotropic 
effects in tin. 

4. Thin mercury films were also investigated. 
These measurements were made conveniently at 
liquid helium temperature in the assembled appa- 
ratus. The film of mercury was condensed on the 
optically polished quartz slab which served as the 
end of the resonator. The evaporator was a copper 
cup with a nichrome heater in which a drop of mer- 
cury was placed. Before evaporation of the film, 
the heat-exchange gas was completely evacuated 
from the apparatus by means of an adsorption 
pump. A power of approximately 0.1 watts was 
applied to the heater. Under these conditions the 
temperature of the quartz slab increased at a rate 
of approximately 0.5°/min. In order to avoid tem- 
perature rises of more than 2 —3 degrees, the pre- 
cipitation of thick mercury films was carried out 
in steps. Films with a thickness d = (5.7—36) x 
10-® cm were studied. The critical temperature 
of freshly deposited mercury films was found to be 
somewhat lower than the critical temperature for 
bulk mercury (4.15°K), lying in the region 3.9 — 
4°K. Impedance measurements were made on 
freshly deposited and recrystallized mercury 
films; the latter were annealed at boiling nitrogen 
temperatures for a period of 18—20 hours. The 
critical temperature of the recrystallized films 
was 4.15 + 0.01°K. 

The thickness of the films was computed by 
weighing; the film was weighed by collecting the 
mercury of the film with the blade of a steel knife. 
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FIG. 3. The effective conductivity of thin films in the nor- 
mal state as a function of thickness: ~ — freshly-deposited 
mercury films, O—recrystallized mercury films, O0—tin films. 


FIG. 4. Resistance and reactance of superconducting thin 
tin films. The film thickness is given in 10° cm: @e—5.35; 
o—7.7; x—12. 


FIG. 5. Resistance and reactance of freshly-deposited su- 
perconducting films of mercury. The film thickness is given in 
10° cm: e—6.4, +—10, x—14, A—18, 0o— 36. 
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The error in the determination of the thickness was 
less than 2—3 per cent. The difference in film 
thickness between the center and the edge was less 
than 10 per cent. 

Thin tin films were made by deposition of spec- 
trally pure tin (99.918) on a glass plate at room 
temperature. Film with thicknesses of (3.3 — 33.2) 
x 107 cm were studied. The critical temperature 
of the tin films (3.8—3.9°K) were somewhat above 
the critical temperature for bulk tin (3.7°K). 

The effective conductivity ogg in the normal 
state (cf. Fig. 3) was determined from the high- 
frequency resistance of the mercury and tin films 
at temperatures above T,. For tin and recrystal- 
lized mercury films Ogg,¢ is in good agreement 
with the theoretical relation ogre ~ ond/f (£ is 
the electron free path in the bulk metal) obtained 
under the assumption that electron diffusion scat- 
tering takes place at the boundaries of the film, 
i.e., that the electron free path in the metal is 
limited to the thickness. In the unannealed mer- 
cury films Og¢¢ was found to be independent of d. 
This would seem to mean that films condensed at 
low temperatures have extremely fine crystal 
structure and are essentially amorphous. The 
electron free path in this film is considerably less 
than the thickness of the film. From a comparison 
of the absolute magnitudes of og¢r in freshly de- 
posited and recrystallized mercury films it may be 
assumed that £ ~ 5107’ cm in the freshly de- 
posited films. 
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FIG. 6. Resistance and reactance of recrystallized super- 
conducting mercury films. The film thickness is given in 105 
cm: O—5.7; +—6.4; A—10; o—14; x— 18. 


The change of surface impedance with tempera- 
ture as the film goes from the normal to the super- 


conducting state is shown in Figs. 4, 5, and 6. 
Using the Ginzburg formula,? we can compute e€ 
and Cott 
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this formula is valid when d? «K dgq. This condi- 
tion is satisfied for films in the normal state and 
at temperatures 0.3 —0.4 degrees away from Tg. 
All calculations were carried out for temperatures 
close to T, since Eq. (3) does not apply at lower 
temperatures; furthermore, there is a significant 
reduction in the accuracy of the measurements of 
R and dX. 

The results of the calculations of «€ and Go¢¢ 
are shown in Figs. 7—12. Assuming that the en- 
tire dielectric permittivity of the film is due to the 
superconducting electrons, i.e., €) « c?/w6?, it 
is possible to compute the depth of penetration of 
the static magnetic field into the superconductor 
6) and to estimate 6p), using the relation between 
6) and temperature (2); this relation is found to 
be in good agreement with the obtained results. 

For freshly deposited films 69 = (14.5 + 1.5) 
x 107-6 em; for recrystallized films 69 = (5.5 + 
0.5) x 107 cm. The latter value agrees with the 
value (5.3 + 0.5) x 107° em obtained by Khukhor- 
eva’ in measurements of 69) in the same films 
using the critical magnetic field method. For the 
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FIG. 7. Dielectric permittivity of superconducting tin films. 
The quantity d is given in 10° cm: O—5.35; x—7.7; A— 
12; e— 22. 


tin films 69) = (6.5 + 0.5) x 107 cm, which is in 
agreement with the data reported by Zavaritskii.! 
In all films which were investigated og¢¢ increases 
as the temperature is reduced in the vicinity of Tg. 
We may note that an increase of on/h with tem- 
perature was noted also in bulk tin (Fig. 2) at 
temperatures close to T,. This result is not as 
yet understood. 
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FIG. 8. Dielectric permittivity of freshly-deposited super- 
conducting mercury films. The quantity d is given in 107° 
cm: e—36; +—18; o—14; A—10; x—7.7. 
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FIG. 9. Dielectric permittivity of recrystallized supercon- 
ducting mercury films. The quantity d is given in 10% cm: 
@e— 18; x—19; +—6.6; A— 10. 


5. An investigation was also made of the rela- 
tion between the surface impedance of the super- 
conductor and a fixed magnetic field H< Hg. The 
experiments were carried out with bulk samples 
and thin films. In order to interpret the results 
of these experiments it is important that the mag- 
netic field be precisely parallel to the surface of 
the sample being investigated. In a bulk sample 
this requirement is automatically satisfied because 
of the Meissner effect. In thin films the critical 
magnetic field H,, parallel to the film is several 
times larger than the field perpendicular to the 
film H,,, i.e., when T <7, the resistance of 
film is a minimum when the magnetic field is par- 
allel to the plane of the film. This property was 
used to ensure that the plane of the film was par- 
allel to the magnetic field. 

The impedance of the bulk sample of tin re- 
mained unchanged, to within an accuracy of 2 per 
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FIG. 10. Effective conductivity of superconducting tin 
films. The quantity d is given in 10° cm: O—5.35; x— 
7.7; A—12; e—22. 
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FIG. 11. Effective conductivity of freshly-deposited su- 
perconducting mercury films. The quantity d is given in 10° 
cm: @—36; x— 18. 


cent, as the field was increased up to 0.91 Hg. 
Consequently, the depth of penetration of the field 
into the superconductor 6) is independent of field 
(within these same limits). This finding is in 
agreement with the results obtained by Pippard?® 
and is consistent with the Landau-Ginzburg theory,'! 
according to which 6) in a bulk sample should not 
change by more than 2 per cent as the magnetic 
field is varied. In thin samples, the thickness of 
which is comparable with the depth of penetration 
at a given temperature, the Landau-Ginzburg the- 
ory gives the following dependence of penetration 
depth on field: 


89 (H) = Bq / V1i=(4/4,). (4) 


The results of the present experiments with 
mercury films and tin films are in good agreement 
with this theoretical relation (Fig. 13). A discrep- 
ancy between theory and experiment is found only 
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FIG. 12. Effective conductivity of recrystallized super- 


conducting mercury films. The quantity d is given in 10~ cm: 


A—18; e—14; +—6.4; 0—5.3. 
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FIG. 13. The relation between dielectric permittivity 
(a) and effective conductivity (b) and the magnetic field for 
a tin film of thickness d = 22 x 10° cm. A — T = 3.754°K, 
Ome Ps 7240K 4 T 23.658 K (T. = 3.918° K). 


in the region close to Hg; this discrepancy is 
probably due to the fact that in a magnetic field the 
transition of thin films from the normal state to 
the superconducting state is not a sharp one. 

In all the films which were investigated ogg is 
independent of magnetic field in the normal state. 
In the superconducting state ogr¢ falls off as the 
field is increased, approaching the values of oos¢ 
in the normal state at H = Hg. 

The author is deeply indebted to A. I. Shal’ nikov 
under whose direction the present work was car- 
ried out, to M. S. Khaikin for his continued interest 
and a number of valuable discussions, and to V. L. 
Ginzburg and B. M. Bolotovskii for a discussion of 
the results. 


1A. A. Abrikosov, Dokl. Akad. Nauk SSSR 86, 
43 (1952). 

2V.L. Ginzburg, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 21, 979 (1951). 

3A. B. Pippard, Proc. Roy. Soc. 203-A, 98 
(1950). 

41, Simon, Phys. Rev. 77, 384 (1950). 

5M. S. Khaikin, Dokl. Akad. Nauk SSSR 86, 517 
(1952). 

6M. S. Khaikin, Dokl. Akad. Nauk SSSR 75, 661 
(1950). 

TJ. M. Lock, Proc. Roy. Soc. 208-A, 391 (1951). 

8, Laurmann and D. Shoenberg, Proc. Roy. Soc. 
198-A, 560 (1949). 

91. S. Khukhoreva, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 301 (1957). Soviet Phys. JETP 6, 
234 (1958). 

10N. V. Zavaritskii, Dokl. Akad. Nauk SSSR 85, 
749 (1952). 

lly. L, Ginzburg, Usp. Fiz. Nauk 48, 90 (1952). 


Translated by H. Lashinsky 
3 


SOVIET PHYSICS "JETP 


MAGNETIC SUPERVISCOSITY OF FERRITES 


R. V. TELESNIN and E. V. KARCHAGINA 
Moscow State University 


Submitted to JETP editor July 4, 1957 


VOLUME 34(7), 


NUMBER 1 JU GY 5 awe 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 23-28 (January, 1958) 


A study has been made of the magnetic superviscosity curves, at 78°K, of ferrites of the Ni-Zn 
series, sintered at temperatures from 1200 to 1400°C. The existence of a second maximum of 
the viscous emf has been observed in a range of fields less than the coercive force, and corre- 
sponding to the rapidly rising part of the curve of differential magnetic susceptibility. After 
the second maximum there is a hyperbolic decrease of the viscous emf curves. On increase 
of the field, the second maximum merges with the main maximum, and the viscous emf curve 
becomes approximately exponential. The observed phenomena can be explained within the 


framework of Néel’s theory. 
1. OBJECT AND METHOD OF THE RESEARCH 


Macene TIC superviscosity in nickel-zinc ferrites 
at a temperature of about 80°K was observed by 
Kuritsyna in 1952.! In 1955, Lednev and Telesnin? 
studied the temperature dependence of magnetic 
superviscosity in Ni-Zn ferrites in the temperature 
interval from 80°K all the way to the Curie point. 
Kuritsyna observed two maxima of the supervis- 
cosity on the back of the hysteresis loop of high- 
permeability ferrites; these went over to a single 
maximum on increase of temperature. In low- 
permeability ferrites, two maxima were observed 
at all temperatures, but the duration of the proc- 
esses was several orders of magnitude smaller. 
The object of the present research was to study 
the actual nature of the process of magnetization 
change in superviscosity. A series of six speci- 
mens was studied. They were of Ni-Zn ferrites of 
composition 16 mol % NiO, 34 mol % ZnO, the rest 
Fe,O3, sintered at 1200°C (specimen no.1), 1250° 
(nos2); 1270° (no. 3), 1320° (no.4), 1350° (no.5), 
and 1400° (no.6), for a period of four hours. The 
temperature of preliminary sintering was 1000°C. 
The superviscosity was studied on the back of 
the hysteresis loop by recording a curve of emf 
induced in a coil by the viscous change of magneti- 
zation that occurred in the specimen after a sudden 
change of the magnetic field by an amount AH. The 
apparatus used for the recording was a photo-com- 
pensated amplifier, F-16, of B. A. Seliber’s sys- 
tem, with automatic recording; the response time 
of its moving system amounted to 0.4 second, and 
its maximum sensitivity was 2 x 107° volt per divi- 
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sion. The toroidal specimens were placed in liquid 
nitrogen. 


2. RESULTS OF THE EXPERIMENT 


All the specimens exhibited superviscosity. 
Typical curves of the decrease of viscous emf in 
specimen 4 are given in Figs. la and b. The dura- 
tion of the process, defined as the time of decrease 
of the emf curve to 5% of the maximum residue, 
ranged for various specimens from 33 to 2.5 sec- 
onds. In a number of specimens (high-permeabil- 
ity ferrites) a new phenomenon was observed: after 
the initial residue and the subsequent decrease of 
the emf, a second maximum was observed; it ap- 
peared at some value of the field less than that that 
corresponding to maximum differential magnetic 
susceptibility. This maximum appeared 6 to 7 sec- 
onds after the change of field; and upon further in- 
crease of the field (approaching the value Hg), it 
occurred earlier and earlier, until finally it merged 
with the first residue of the recorder; this occurred 
near the maximum of the differential susceptibility. 
The time of appearance of the second maximum 
after the change of field decreased very rapidly, 
simultaneously with an increase of its amplitude 
(curves b and c in Fig. 1). The product of the 
time of appearance of the second maximum and of 
its amplitude was almost constant, for each of the 
specimens, and varied little from specimen to spec- 
imen. The curves of dependence on the field H of 
the time of decrease of the viscous emf to 0.05 and 
0.1 of the maximum value (the first residue of the 
recorder pointer) had two maxima; for specimens 
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FIG. 1. Curves of the decrease of viscous emf of speci- 
men No. 4, For all curves, AH = 0.098 oersted. a—H = 
0.557; b —H = 0.588; c—H = 0.618; d—H = 0.630; e—H 
= 0.704 oersted, 


3, 4, and 6, one lay in the neighborhood of the top 
bend of the hysteresis curve, the other close to the 
coercive force. For specimen 5, these maxima 
were shifted further to the right. 

In Fig. 2 are shown the curves of the time T of 
occurrence of the second maximum, its amplitude 
A, the viscosity curves on the basis of a decrease 
of the emf to 0.1 and to 0.05, the xq curve, and the 
back of the hysteresis loop for specimen 4. In 
fields corresponding to the maximum of the differ- 
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FIG. 2. 1, the back of the hysteresis loop, I; 2, curve of 
the differential susceptibility, xg; A and @—curves of vis- 
cosity, 7%; and 7%,; O—curve of the time of appearance of 
the second maximum of 7; O— amplitudes of the second maxi- 
mum A for specimen 4. 


ential magnetic susceptibility, the second maximum 
of the viscous emf vanished, and at high fields it 
did not appear. The curve of the viscous emf after 
the second maximum is a hyperbola. After the dis- 
appearance of the second maximum, the emf curve 
became transformed to an exponential, E = 

Ey exp(—t/7T); the value of Ey was found by ex- 
trapolation of the curve to its intersection with the 
axis of ordinates. The values of the relaxation 
time ranged between 2 and 3 seconds. 

At small values of the magnetic field, corre- 
sponding to the beginning of the rise in the differ- 
ential susceptibility curve, the second maximum 
either does not yet exist or is still very small 
(curve a, Fig. 1); the recorded curve of the de- 
crease of emf is nearly exponential, with the ex- 
ception of the very first part. Upon further increase 
of the field, the second maximum appears, then 
gradually increases and approaches the initial resi- 
due (Fig. 1, c and d). The curve of emf decrease 
after the second maximum is a hyperbola ( Fig. 1 c, 
d, e). The hyperbolic character of the curve is re- 
tained until the merging of the two maxima; after 
this the curve gradually changes to an exponential 
(Fig. 3, a), again with the exception of the very 
beginning of the curve. 

An interesting matter is the influence of the size 
of the jump AH in magnetic field intensity that is 
responsible for the viscous change of magnetization. 
When AH exceeds 0.055 oersted and the value of 
the field intensity H is constant, the time of ap- 
pearance of the second maximum and its magnitude | 
are almost independent of AH; the duration of the 
decrease of the emf curve is also almost independ- 
ent of AH [the second law of magnetic viscosity 
(Figs. 3b and c)]. On decrease of AH below 
0.055 oersted, the second maximum rapidly de- 
creases and then vanishes (Figs. 3d and e). For 
AH = 0.01 oersted, no viscous process is in gen- 
eral observed, possibly because of the smallness 
of the viscous emf, 

If after commutation from a positive to a nega- 
tive value of the field, and before switching off of 
an auxiliary field of less than 0.055 oersted, a de- 
lay of about a minute is allowed, the magnitude of 
the first residue diminishes, and the second maxi- 
mum vanishes, although the duration-cf the whole 
process actually increases (Fig. 3, f). When AH 
exceeds 0.055 oersted, an even larger delay after 
commutation does not decrease the second maxi- 
mum and lowers the first residue hardly at all. In 
Fig. 3g is given the curve of emf decrease for a 
five-minute delay after commutation. Figure 4 
shows, for specimen 4, the curves of dependence 
of the viscous emf on the reciprocal of the duration 
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FIG. 4. Dependence of the viscous emf of specimen 4 on 
the reciprocal of the duration of the process. O— H = 0.630; 
A— H = 0.636; 0— H = 0.643 oersted. 
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FIG. 5. Dependence of the logarithm of the viscous emf on 
the duration of the process. O— H = 0.643; A— H = 0.704; 
— H = 0.857 oersted. 


FIG. 3. Curves of the decrease of viscous emf when 


there is a time delay between commutation of the basic — 


field H and removal of the auxiliary field AH. a—H= 
0.857 oersted, AH = 0.098 oersted, At > 0; b— H = 0.566, 
AH = 0.098, At » 3 min; c—H=0.566, AH= 0.098, At 
+0; d—H= 0.566, AH = 0.042, At» 0; e—H = 0.597, 
AH = 0.024, At >0; f—H=0,566, AH =.0.042, At=5 
min; g—H = 0.566, AH = 0.098, At = 5 min. 


of the viscous process. As is evident, at fields of 
0.63 and 0.636 oersted the experimental points lie 


exactly on a single straight line, which corresponds 


to a hyperbolic dependence E = (a@/t) + b (curve 
1). On increase of the field to 0.643 oersted, the 
hyperbolic dependence breaks down (curve 2). On 
further increase of the magnitude of the field to 
0.857 oersted, as is evident from Fig. 5, the de- 
pendence of E on t becomes exponential. 


3. DISCUSSION OF RESULTS 


The observed phenomena can be interpreted 
within the framework of Néel’s theory® regarding 
the existence of two types of magnetic viscosity: 
reversible and irreversible. According to Néel, 
reversible viscosity is characterized by the pres- 


ence of a field H; opposing the change of magneti- 
zation, and which in the case of 180° walls becomes 


equal to zero at sufficiently large displacement of 
the wall. 

Irreversible viscosity is characterized by an 
opposing field 


My (t) = S(Q +logt), 


where S and Q depend only slightly on log t; 
they may be considered constant over the whole 
range of the hysteresis loop. 

The viscous change of magnetization is 


ff) = x41, @) = x,SQ +48 logt. 


At a given point of the hysteresis loop, Xq SQ 
may be set equal to a constant; then 


I, (t) = alogt + const. 


This gives a hyperbolic dependence of the viscous 
emf on time, which was observed in our experi- 
ments after appearance of the second maximum 
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(Fig. 4). The decrease of viscous emf after the 
first residue and its subsequent increase, giving 
the second maximum, can be explained by the de- 
crease of the opposing field of reversible viscosity, 
which occurs in our specimens in the course of a 
few seconds. The later process is explained on the 
basis of the process of irreversible viscosity. 

The physical mechanism of the process under 
consideration can be described as follows. On pas- 
sage to a point that lies near the maximum of the 
differential susceptibility, some of the domains 
undergo magnetization reversal; this process pro- 
ceeds with a speed determined by the diffusion of 
impurities (reversible viscosity). Under the in- 
fluence of the reversed domains, other domains, 
for which there was previously not enough energy 
for magnetization reversal, begin to reverse. 
These are “captured” domains, in the terminology 
of Street and Woolley.* This viscous process is 
determined by energy fluctuation, which gives ir- 
reversible viscosity. With approach to the maxi- 
mum of the differential susceptibility, the number 
of such “captured” domains becomes smaller and 
smalier, and a larger and larger number of do- 
mains reverse by the reversible process; this 
leads to coalescence of the maxima, and the change 
of emf becomes exponential. _ 

An important fact is that after repeated immer- 
sion of the specimens in liquid nitrogen, the second 
maximum decreased considerably, and the whole 
process described became almost imperceptible. 
‘This is attributable to a kind of hardening of the 
specimen upon repeated violent cooling, which was 
observed previously by one of us and Lednev.? 
Through such hardening, internal stresses appear 
in the material, and the energy fluctuations that 
occur are no longer sufficient for magnetization 
reversal of “captured” domains. 

The disappearance of the second maximum upon 
continued exposure to the magnetic field after com- 
mutation can be explained by the fact that the field 
of reversible viscosity is essentially created on 
commutation of the field, but not on switching off 
of a field AH. Consequently, if we allow a suffi- 
ciently long delay after commutation, the impurity 
atoms responsible for this form of viscosity have 
time to diffuse into positions determined by the 
new position of the walls; and a change of field by 
a small amount AH, less than 0.055 oersted, gives 
only elastic wall displacements, not accompanied by 
diffusion of atoms. If the magnitude of the change 
AH exceeds 0.055 oersted, for example if it is of 


FIG. 6. Analysis of the experimental curve of decrease of 
viscous emf into two curves, and curves of magnetization ob- 
tained by graphical integration. H = 0.60 oersted. a— exper- 
imental curve; b— exponential component; c—second compo- 
nent; d—magnetization determined by the second component; 
e — magnetization determined by the exponential component; 

f — total magnetization. 


order 0.1 oersted, then this process is accompanied 
by diffusion of impurity atoms; and, independently 
of the delay time after commutation, the second 
maximum appears, but the time of its appearance 

is earlier — about two seconds. 

In Fig. 6 the experimental viscous emf curve a 
is represented as the sum of two emfs — a fast one 
that decreases according to an exponential law 
(curve b), and another that first rises and then 
falls-(curve c). The change of magnetization with 
time is shown in curves d, e, f. Curve e is the 
magnetization whose change gives the exponentially 
decreasing emf. Curve d corresponds to curve c, 
and curve f shows the complete change of magneti- 
zation. 
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A magnetic $-spectrometer was used to study the electron spectrum of Yb!68 in the energy 
range from 3—70 kev. The conversion lines which were found have the following relative in- 
tensities: (a) for the 8.32 kev y-transition, My: My: Myyy: Myy = 1: 0.42: 0.48: 0.10; (b) for 
the 20.65 kev y-transition, Ly: Ly: Lyy= 1: 0.14: 0.03; My:My-y =1: 0.2. The multipolar- 
ity of the 8.32 kev transition is shown to be M1+ E2 (< 3%), while the 20.65 kev transition 


is Ml. 


ik a series of papers‘~ on the structure of the en- 
ergy levels of Tm‘® it was shown that the experi- 
mental spectrum essentially coincides with the the- 
oretical rotation spectrum for nuclei with odd A 
and spin 3.6 However, the data*»®»" for the low en- 
ergy y-transitions ~ 8 and 21 kev, which are diffi- 
cult to study, were not sufficiently reliable. The 
purpose of the present work is to investigate these 
transitions. 

The radioactive source used in our work was 
Yb!®?, which decays by K-capture with half-life T1 
= 30.6 days,® and which was produced by slow neu- 
tron irradiation of a natural mixture of isotopes of 
ytterbium in the Physics-Engineering Reactor.? 
The study of the electron spectrum of Yb!® was 
done with a magnetic beta-spectrometer having 
mv2 focusing (rp = 27 cm). Thin celluloid film 
was used for the window of the Geiger counter to 
transmit electrons with energy ~ 2 kev, and for the 
source backing. The 2 X 25 mm source was pre- 
pared by evaporation from an aqueous solution of 
ytterbium chloride. Aquadag was used to make it 
a conductor. The spectrometer was calibrated 
using the conversion lines of Np*?’, The electron 
spectrum was studied over the energy interval 
from 3 to 70 kev. The figure shows the low energy 
region from 3 to 13 kev. No electron lines were 
found which did not belong to Tm‘®*, The half width 
of the conversion lines was ~ 0.7%. 

Because of insufficient resolution the Auger 
spectrum produces a continuous background of 
electrons. The Auger peaks 2, 3, 4, 8 were detected 
in the 3 —8 kev range. From Table I, we see that 
the theoretical and experimental energy values co- 
incide for these Auger lines. 

Let us consider the relative intensity of some 
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of the Auger transitions. We know that in the decay 
of Yb!® a considerable fraction of the y-transi- 
tions are magnetic and electric dipole transitions, 
which are more strongly converted in the Ly; sub- 
shell than in the other L subshells. We should 
therefore expect that the Ly — MyMj will be the 
most intense of all the Auger transitions of this 
series. If we look at the figure, we see that the 
Auger transition L;—~ M,;M,; (peak 3) is actually 
considerably more intense than the next transition 
Ly — M,;My, (peak 4) and the transitions Ly; > 
M,My; Lyy > MyyMyy (peak 2) etc. Consequently 
we should suppose that the Auger lines which coin- 
cide with the conversion lines (5,6, 7 etc.) have 
still lower intensity and do not produce any essen- 
tial distortion of the shape of those lines. The in- 
terpretation of the Auger lines and conversion 
electrons is given in Table I. 

Conversion of 8.32 kev y-rays is observed on 
all the M- and N-subshells. The intensity of the 
conversion lines (cf. Table I) was computed taking 
into account the possible contribution from Auger 
electrons. By comparing the experimental and 
theoretical values given in Table II for the relative 
probability of conversion of this y-ray on the M- 
subshells (for M1 and E2 transitions), we may 
conclude that this y-radiation is a mixture of mag- 
netic dipole and electric quadrupole radiation. 
Since the absolute conversion coefficient for mag- 
netic dipole radiation is much smaller than for 
electric quadrupole radiation (from a rough esti- 
mate, a,/B; > 10), apparently the admixture of 
E2 amounts to at most a few percent (< 3). 

Conversion of the 20.65 kev y-rays is observed 
on the L-, M- and N-subshells. The conversion 
lines Lyy; My; My; N; O (#19, 20, 21, 22, 23 ih 
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Table I), which are not shown on the figure, were 
detected using a more intense source. Compari- 
son of experimental and theoretical values for the 
relative probabilities for conversion on L- and 
M-subshells (for M1 and E2; cf. Table II), shows 
that the 20.65 kev y-transition is a pure M1 (with 
no E2 admixture). 

For the 63.12 kev y-transition, only the K- 
conversion line #1 is shown on the figure. The in- 


* Approximate values from Church and Monahan.” 


tensity of the line is greatly reduced because of 
absorption in the source and in the film over the 
window of the counter. We did not study the con- 
version of these y-rays in other shells. Except 
for those enumerated (8.32, 20.65 and 63.12 kev), 
no other y-rays were detected in the energy in- 
terval 3 — 70 kev. 

During the time of this investigation we learned 
of the work of Hatch et alee who also studied the 
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low energy y-transitions in Tm! These authors 
state that the 8.42 and 20.75 kev y-transitions are 
magnetic dipole (M1),* whereas according to our 
data the first transition is M1+ E2 (< 3%), while 
the second is M1. In the same paper it is shown 
that the rotational band (for K = VES) has levels 
with spins of 4, *4*, 54%, and %*, while the level 
with spin a is absent. Our measurements are in 
accord with these data. 

Computations by Zaretskii based on the coupling 
scheme treated in Reference 13 show that the 8.32 
and 20.65 kev y-transitions in Tm!® should be 
mainly magnetic dipole, with a possible small ad- 
mixture of E2° (afew percent). As one can see, 
the experimental data are not in contradiction with 
this result. 

In conclusion, we express our gratitude to D. V. 
Timoshuk for much valuable advice. 
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The density of He? —He‘ solutions at saturated-vapor pressure was determined as a function 


of the temperature at He® concentrations of 10, 20.1, 30.3, 41.2, 49.9, 68.5 and 85.4%. The 
break in the p(T) curve affords an estimate of the A’ point temperatures for concentrations 


of 10, 20.1, 30.3, and 41.2%. 


hss usual pycnometer method was used to deter- 
mine the density of He’ —He* solutions. The pyc- 
nometer (see Fig. 1) comprised a small glass 
bulb 1, which narrows down into a capillary 2 of 
volume 6.5 X 10°? cm*/mm and length 29 mm. A 


*A supplementary communication” states that the 
8.42 kev y-transition has multipolarity M1 + E2. 


platimun “cup” 3 is fused into the lower half of the 
bulb, This cup is needed to accelerate the equilibri- 
um between the solution in the bulb and the helium 
in the bath. The cup has a volume of 0.44 cm?, 
Marker 4, etched on the capillary, was used as the 
reference. 
Capillary 2 was checked with mercury for ab- 

sence of taper, after which the volume of the pyc- 
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nometer was carefully calibrated (accurate to 1 x 
10~*cm?) by weighing it empty and filled with 
water to various levels in the capillary. A correc- 
tion for the expansion of the glass (~ 0.6%) was 
calculated from the data by van Agt,! extrapolated 
to the region of helium temperatures. An analo- 
gous calculation for platinum (data by Henning?) 
yields an equal correction. 

When working with solutions there is great 
danger of a change in the concentration of the 
liquid due to enrichment of the gas phase by the 
lighter isotope. To reduce to a minimum the 
harmful volume occupied by the vapor over the 
solution, a small valve 5 was provided to close 
off the pycnometer directly at the inlet. The de- 
vice makes it also easy to correct for the mass of 
the vapor, which is difficult to determine under 
conditions when the vapor is contained in the entire 
filling tube. The pycnometer is connected with the 
valve through a thin capillary 6, 0.9 mm in diam- 
eter and 12 mm long. The valve is fused into a 
tube of stainless steel, which serves to fill the in- 
strument with a mixture, The valve is operated 
from the outside with the aid of a rod. The pyc- 
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FIG. 1. Pycnometer. 
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nometer volume, not including the valve, is 1.2785 
+ 0.0001 cm?. | 

The apparatus used to measure the mass of the 
gas consisted of a small mercury gas tank 5 liters 
in volume, a mechanical mercury pump,’ three 
manometers to measure the pressures in different 
parts of the system, and a connecting line. The 
gas-tank volume was calibrated and was known to 
within 20 em*®. The helium-bath temperature was 
lowered by pumping. The temperature was deter- 
mined from the vapor tension. The height of the 
mercury column in the manometer was measured 
with a cathetometer accurate to 0.1mm. At low 
pressures, check readings were made with an oil- 
filled manometer. 

The mixture was made with He? of purity not 
less than 99.98%, as determined with a mass spec- 
trometer.* The solution was prepared for each 
concentration by mixing known amounts of He® and 
He’. The concentration was expressed in molar 
fractions He®/(He?+He‘) and could be determined 
from the ratio of the He® and mixture pressures 
with a relative error of 0.3%. 

The density p was measured as follows. Gas 
was fed to the bulb in small batches from system 
of total volume V, comprising the mercury pump, 
gas holder, and manometer. As soon as enough 
liquid was condensed, the valve was immediately 
closed and the gas in the line leading from the pyc- 
nometer valve to the system (of constant volume 
V) was pumped back into the system. A KM-5 
cathetometer was used to measure the amount of 
gas remaining after the condensation. In the cal- 
culation of the vapor mass, the manometer read- 
ings were referred to 0°C and to standard gravity 
(980.665 cm/sec’). 

During the measurement of the mass of the con- 
densed gas, the room temperature remained con- 
stant within 0.5°C. An especially prepared small 
manometer monitored the absence of vapor in the 
cold tube over the pycnometer valve during the ex- 
periment. The volume of the liquid was measured 
with the same KM-5 cathetometer, sensitive to 
0.01 mm of helium. Actually, since the walls of 
the helium and air Dewar flasks introduced dis- 
tortions due to the inhomogeneity of the glass, the 
accuracy, as determined by control measurements, 
was somewhat less, but did not drop below 0.05 
mm. 
The table lists the experimental results for the 
density p of He? — He’ solutions, of various concen- 
trations, as functions of the temperature. The 


*The mass-spectrometric analysis of the helium was per- 
formed by the laboratory of N. E. Alekseevskii. 
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Densities of Solutions He® —He* 


i SS eee 


~ 3 
c,%| T,°K |p, e/em? |e %| T.°K | 6, e/em*}e,%] 7. °K | A, e/om 
1.661 | 0.12508 3.215 | 0,10043 
19) f 535 0°13970 1.764 | 0.12494 3.333 | 0.09855 
4.604 | 0,413982 4,824 | 0.12492 3.404 | 0,09770 
1.679 + 0,14001 1.962 0.12440 |§8.5) 1,309 | 0.09966 
1.771 | 0,13982 2.134 | 0.12388 1.447 | 0.09948 
1.869 | 0,14017 2,345 0). 12259 4.606 | 0.09898 
1.996 | 0,14033 2,682 | 0.12013 1,651 |0,09887* 
2,054 | 0,14030 3.060 | 0,11703 4.914 |0.09784 
2.095 | 0,13987 3,257 | 0,11493 2°284 | 0.09558 
2.131 | 0.14005 3,399 | 0.11307 2.577 |0,09320 
2,180 | 0,413962 3,767 0.10766 2.936 |0,08960 
2,194 | 0,13961 [47.2) 1.374 | 0.11769 3.064 |0,08763 
2,264 | 0,13910 1,480 | 0.11773 3.278 |0,08460* 
2,309 | 0,13908 4.577. | 0.41771 3.329 | 0.08347 
2,587 | 0,13717 4.673 | 0.11754 3,443 | 0,08147* 
3,179 | 0.13203 1,765 | 0,11732 |$5,4) 1,323 [0.08914 
3.592 | 0, 12724 2,058 | 0.11628 4,355 |0.08929 
3.868 | 0,12312 2,203 | 0.11552 4.401 |0,08914 
20.11 1.365 | 0.13173 2,338 | 0,11465 1,503 | 0.08885 
1,447 | 0,13176 2,630 0,11264 1.646 |0,08832 
owe Oe ew Wir 2,779 Omidtion 4.777. | 0.08766 
1.660 | 0,13186 2,948 | 0,10972 2.252 | 0.08464 
1.762 | 0.13195 3,122 | 0,10790 2°486 | 0.08269 
4,834 | 0,13205 3,202 | 0,10698 2,693 |0,08016 
4.852 | 0.13200 3,432 0.10443 2,758 |0,07930 
4,885, | 0.13183 eronken | Oe iOPAl2? 2,787 |0,07892* 
1,909 | 0.13172 |49 9] 4,333 | 0.11196 2,871 | 0.07791 
1.985 | 0,13143 4.447 | 0.11180 2,933 |0,07667 
2.476 ts en 1.534 | 0.14188 3,069 |0.07413 
2,705 1274 1,669 | 0.11157 | Fes) 1.315 10.08/11 
3.050 | 0.12479 1.778 | 0.11134] | 47401. | 0.08098 
3.365 | 0, 12126 1,883 | 0,11074 1.600 | 0.08022 
3.912 | 0,11944 2.067 | 0,10983 4.888 | 0.07868 
30.3) 1,339 | 1.12516 2.334 | 0,10821 9°36 10.07443 
4300 | OniZods 2.989 0.10665 2.461. | 0.07347 
1.508 | 0.12508 2,788 0,10508 2.685 | 0.07038 
1.579 | 0.12506 3.009 | 0.10275 


table contains also the values of the density of pure 
He’, measured by the same procedure as used for 
the solutions. The values obtained are in good 
agreement with the data of Ref. 4. The tempera- 
tures are given in the van Dyke and Duryea 1955 
scale. The densities of the solutions were calcu- 
lated from the formula 


>» [ceva + (1 —c) val pVTo 
ers vT pV o 


where c is the concentration of He® in the solu- 
tion, v the volume of the liquid in the pycnometer, 
and p and v the pressure and volume of the gas 
in the system, taken at room temperature T. The 
subscript 0 denotes the same quantities at stand-- 
ard conditions. The atomic weights of He’ and He? 
were taken to be w3 = 3.017 and py = 4.0039. Since 
the volume occupied by the saturated vapor was 
small, the He® content of the vapor did not exceed 
0.5 —0.7% of the condensed He? even under the 
most unfavorable conditions, and the correction 
for the change in the liquid concentration was 
therefore disregarded. 

The corrections for the mass of the vapor were 
based on the data on the vapor tensions of solutions, 


FIG. 2. Dependence of the density of the solutions on the 
temperature: x — Kerr’s data, O — results of the present work. 
The curve for He* was plotted from data of Box and Kammer- 
ling-Onnes.” The vertical bars denote the temperatures of the 
A transitions: 1 — 2.17°K (from Ref. 9), 2—2.06°K, 3~1.87°K, 
4 — 1.73°K, 5 = 1.56°K. 
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FIG. 3. Dependence of T) on the concentration: 


x — data of Ref. 9, @ — Esel’son et al.,* A — 
Abraham et al.,"° O — results of the present work. 


FIG. 4. Curves showing establishment of equi- 
librium. h — height of liquid column in the bulb 


(in arbitrary units), t — time in minutes. Solid 


curve — T = 1.852°K, dotted curve — T = 1.885°K. 
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FIG. 5. Dependence of p(T) in the vicinity 
of the A point for concentrations of 20.1 (a) and 
30.3% (b). 


FIG. 6. Dependence of the density of the so- 
lutions on the concentration. Solid curve — ex- 
perimental, dotted curve — calculated under the 


assumption that molar volumes are additive. 


obtained by Esel’ son and Berezniak.° The vapor 
pressure of He® was obtained from Ref. 6. The ex- 
perimental results are plotted in Fig. 2. 

Three to five experiments were performed for 
each concentration, to avoid random errors due to 
incorrect determination of the mass of the con- 
densed gas. The spread of the points relative to 
each of the curves for p(T) does not exceed 0.2%, 
although the estimated possible systematic error 
given is on the order of 1%. It is interesting to 
note that as the concentration increases, the fairly 
sharp break at the A point, characteristic of the 
p(T) curve of He‘, becomes smoothed out. The 
densities below T, become constant within 0.1% 
for concentrations of 30.3 and 41.2%. 

The break in the p(T) curve made it possible 
to determine the temperatures of the A transition 
for the 10, 20.1, 30.3, and 41.2% concentrations. 


The A temperatures were determined for the last 
two concentrations from the intersection of the tan- 
gents at the bend. The points determined in this 
manner (Fig. 3) are in good agreement with the 
results of Ref. 8 to within an experimental accu- 
racy of + 0.05°K. 

Let us note that it takes much longer to estab- 
lish equilibrium in the solutions at temperatures 
below T, (50—60 minutes) than at temperatures 
above the A transition, when the measurements 
can be made in practice within 3 —5 minutes after 
the helium-bath temperature is established. Since 
control measurements with pure He‘ have shown 
that the equilibrium is reached here very rapidly 
(3 —5 minutes) over the entire investigated tem- 
perature range from 1.3 to 4°K, we can conclude 
that as the bath temperature is lowered, the pyc- 
nometer becomes unevenly cooled and the normal 
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liquid carries the He® towards the colder portion 
of the apparatus; then, as the concentration be- 
comes equalized, the system acquires equilibrium 
through a slow diffusion process. Figure 4 shows 
typical settling curves for one of the experiments. 
The solid curve was plotted for the point 1 of Fig. 
- 5, and the dotted one for point 2. Comparison of 
the two curves shows that point 2 lies above T), 
while point 1 is in the He II region. Thus, the tem- 
perature of the A transition can also be deter- 
mined from the character of the equilibrium 
curves. 

To verify that the measurements made at tem- 
peratures above T, were really performed in the 
equilibrium state, several points (marked in the 
table by asterisks) were obtained under conditions, 
in which the required temperature was obtained by 
placing a heater under the pycnometer bulb. After 
the bath temperature was fixed, the heater was 
turned off and the dependence of the position of the 
level in the capillary on the time was plotted. The 
points corresponding to equilibrium under these 
conditions fit the p(T) curves quite well. 

The experimental values of the densities of the 
solutions differ somewhat from the theoretical 
ones, calculated under the assumption that the 
molar volumes are additive (Fig. 6). For a given 
concentration, this difference increases with the 
temperature, reaching, for example, 8.5% at c= 


50% and T =3°K. Such a behavior of the density 
corresponds to a reduction in the molar volumes 
of He® and He‘ upon dissolution. 

In conclusion, I express deep gratitude to V. P. 
Peshkov for valuable advice and help in this work. 
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Paramagnetic resonance absorption at centimeter wavelengths has been investigated in the 
temperature region 90 —500°K in CrCl,, MnF,, MnO, CuF, and Cr(OH)3. It was found that 
in CrCl; and CuF, the line width is temperature independent while the intensity varies in 
accordance with the Curie-Weiss law. In MnF, and MnO the temperature dependence is 
more complicated, indicating the existence, in these compounds, of residual antiferromag- 


netism at temperatures above the Curie point. 


as absorption measurements reported here were 
carried out in the temperature range 90 — 750°K 
using the standing-wave method. The details of the 
method are described in Ref. 1. 

The measurements were carried out with a spe- 
cial system, a block diagram of which is shown in 
Fig. 1. The rf source was a klystron with a stabi- 
lized power supply. The klystron power was moni- 
tored with a thermistor bridge. The measuring 
cavity was a shorted rectangular waveguide excited 
in the TE);; mode; a sample of the material inves- 
tigated was placed at an antinode of the magnetic 
field. The effect of y’ on the resonance absorp- 
tion curve was small. To avoid this effect the 
method described in Ref. 1 was employed. In the 
measurements of paramagnetic absorption at low 
temperatures, use was made of a supplementary 
wave guide system made from a thermally insu- 
lating material with an inner conducting surface; 
this was placed in a Dewar flask with liquid nitro- 
gen or oxygen. The measurements at high tem- 
peratures were carried out with a measuring wave- 


guide enclosed in an electric heater, with which 
the sample could be heated to 500°C. The tempera- 
ture was measured with a platinum-rhodium ther- 
mocouple, the junction of which was attached to 

the end wall of the waveguide. The measurement 
waveguides were connected by choke joints between 
which there were insulators made from thin mica 
sheets (0.04 mm thick) at a distance of 420 mm 
from the end of the waveguide. The space between 
the measuring line and the cavity was covered by 

a metal jacket which was cooled by circulating 
water. 

Curves showing the quantity Xj,9, as a func- 
tion of Hy were plotted in the temperature range 
between 90° and 500°K for the following salts: 
CrCl3, MnF,, MnO, CuF,, Cr(OH)3. The meas- 
urements were carried out at a frequency v = 
9378 Mcs. 

In Fig. 2 are shown the results of an investiga- 
tion of paramagnetic absorption at different tem- 
peratures in CrCl 3. In the same figure is shown 


aA 


the absorption strength at maximum X)ay in 


FIG. 1. Block diagram of the klystron oscillator. 
A) ferromagnetic resonance stabilizer; B) electronic 
stabilizer; C) power monitor; D) oscillator; E) re- 
sonance wave meter; F') variable attentuator; 

G) choke joint; H) cooling system; I) absorption cell; 
J) heater; K) detector; L) recorder. 
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CrCl, as a function of temperature. These results 
indicate that at all temperatures the line width of 
the curve remains constant (AH ~ 170 oersted), 
at a value corresponding to a transverse relaxation 
time T, = h/27gBAH = 3.2 X 10°! sec. The line 
width for CrCl, is in agreement with the results 
of earlier measurements.?* - 
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FIG. 2. AH and 
Ne as functions 
of temperature in 
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Kozyrev and the author,° on the basis of an in- 
vestigation of paramagnetic resonance absorption 
in a number of salts of copper, chromium, and 
manganese at several frequencies, have established 
the fact that 


u 


Kmax At const 
5 f (1) 


where x, is the static magnetic susceptibility. 
The experiments described here indicate that Eq. 
(1) also applies when the temperature is varied: 


ae WER OG 


% (1) = const = W. (2) 


In CrCl, this relation is valid over a wide tem- 
perature region, as is apparent from Table I. 

It is also apparent from the table that the com- 
puted value of W remains constant over the en- 
tire temperature region which was investigated. 

In Fig. 3 are shown the results of measure- 
ments of resonance absorption in MnF,. The anti~ 
ferromagnetic Curie point in this compound is 
Santi = 72°K. It is evident that the line width AH 
in MnF, is reduced by approximately a factor of 
2 as the temperature is increased from 90° to 
350°K. Table II lists the results of a calculation 
of W based on Eq. (2). 

The temperature dependence of the magnetic 
susceptibility X 9 is taken from Refs. 8 and 9. 

It is apparent from Table IJ that in MnF, Eq. 
(2) applies only for temperatures between 300° and 
350°K; below 300°K the quantity. in question falls 
off monotonically with diminishing temperature. 
This effect is undoubtedly due to the effect that the 
antiferromagnetic properties of MnF, have on W 
above the Curie temperature. As a matter of fact, 
neutron diffraction experiments in MnF, indicate 
that even at room temperature the scattering of 
this material is not completely paramagnetic.’ 

A similar pattern for W is found in other anti- 
ferromagnetic materials at temperatures above the 
Curie point. Thus, for example, we have the case 
of manganese oxide MnO ( Fig. 4). In this mate- 
rial the antiferromagnetic transition point (Curie 
point) Santi = 116°K. The results of a calculation 
of W in MnO, using Eq. (2) are shown in Table 
Ill. It is apparent from the table that the residual 
antiferromagnetism continues to have an effect on 


FIG. 3. AH and x," as functions of tem- 


perature in MnF,. 
FIG. 4, AH andy’. as functions of tem- 
perature in MnO. 
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TABLE I 
LN 90 200 310 400 500 
_ xo°108 172 \ 400015 52 1) eadenh 9G 
Xmax > atbitrary units | 122 79 40 20 15 
AH, gauss 170 LO ATOM AZO 170 
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TABLE II 
Tio ek 90 | 200 | 300 | 350 
Xo 108 20.0 12.8 9,60 8,7 
%max arbitrary units} 25,0 23.0 24,0 LORS 
A H, gauss 465 400 360 342 
W, arbitrary units 58,0 72,0 78.0 TO) 
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TABLE III 
Tok 90 | 200 260 294 400 500 600 700 
Yo 108 90 | 81 79 | 78 65 | 58 BD 40 
Xmax,atbitrary units| 5 SO*) 387 | F431 4036 11093 29 
AH, G 950 | 616 | 560 | 500 | 495 | 490 | 480 | 470 
W, arbitrary units! 535 | 228 | 265 | 304 | 304 | 304 | 304 | 304 
W at room temperature. Starting at room tem- tion Max increases as the temperature is in- 


perature, however, and up to 700°K, MnO, appar- 
ently exhibits paramagnetic properties. Approxi- 
mately the same behavior was observed in MnS. 

Thus, the present experiment on MnF,, MnO 
and MnS, as well as neutron diffraction experi- 
ments in MnF,,? indicate the presence of residual 
antiferromagnetism at temperatures above the 
Curie point. ! 

In order to compute the effect of the antiferro- 
magnetic properties of MnF, on the spin-lattice 
relaxation time close to the Curie point, special 
experiments were performed to examine paramag- 
netic fields at T =77°K. A spin-lattice absorption 
depending on the external magnetic field was not 
found in the frequency region 15 —600 Mcs. It is 
possible that the spin-lattice relaxation time in 
MnF, is of the same order of magnitude as the 
spin-spin relaxation time T,. 

In addition to the three indicated Mn** com- 
pounds, we studied Cr(OH)3 and CuFy,. In the first 
material the line width AH falls from a value of 
approximately 600 oersted at 90°K to approximately 
400 oersted at 290°K and remains constant as the 
temperature is increased beyond this value. The 
strength of the maximum in the resonance absorp- 
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creased, reaching its highest value at room tem- 
perature and then falling off slowly to one-third of 
its value at T = 523°K. Thus, the behavior of 
Cr(OH)3 is similar to that of MnO. It was not pos- 
sible to check the constancy of W in Cr(OH)3 be- 
cause of the lack of data on Xo ( Ty. However, the 
functions Xfy9x(T) and AH(T) in Cr(OH)3 would 
seem to indicate that residual antiferromagnetism 
in this material can still be found at room tempera- 
ture. 

The results of the measurements in CuFy, are 
shown in Figs. 5 and 6. This material is antiferro- 
magnetic at temperatures below 78°K. However, 
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FIG. 6. Resonance absorption curves in CuF, at various 
temperatures: O — T = 90°K; @- T = 290°K; x — T =. 403°K; 
A — T =-473°K; A — T =:573°K. 
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no anomalous behavior above the Curie point, simi- 
lar to that observed in the other antiferromagnetic 
materials, was found in this case. The line width 
for CuF, was constant in the temperature region 
investigated and equal to 400 oersted. The strength 
of the resonance absorption at the maximum was 
reduced by a factor of one and one-half as the tem- 
perature was increased. Eq. (2) is in good agree- 
ment with the results found in CuF, over the entire 
temperature region from 90° to 294°K. Thus the 
behavior of CuF, above the Curie point is that of 

a typical paramagetic material. 

In conclusion we may note that the effective g- 
values for all materials investigated were close to 
2 and temperature independent within the limits of 
‘the experimental accuracy. The experimental res- 
onance absorption curves are a better fit to a Lor- 
entzian line-shape than a Gaussian shape.'! 

This work was carried out under the guidance 
of B. M. Kozyrev. 


1N. S. Garif? uanov, Dissertation, Kazan’ State 
University, 1953. 
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Nuclear processes induced by particles of extensive air showers were studied by means of a 
cloud chamber containing seven lead plates. The lateral distribution of nuclear-active particles 
in extensive showers as well as the nature and the energy spectrum of the particles were found. 


ine nuclear-active component of extensive air 
showers was studied by means of the previously 
described experimental arrangement} consisting 

of a cloud chamber? and a counter telescope. Seven 
lead plates, 0.5, 1.5, 2, 2, 2.5, 2, and 2.5 cm in 
thickness (top to bottom respectively ) were placed 
in the cloud chamber 60 X 60 x 30 cm. The effec- 
tive chamber area for detection of nuclear-active 
particles, accounting for their angular distribution, 


was equal to 0.15 m?, A shower -detecting counter 


system was used to trigger the hodoscope and the 
cloud chamber. The hodoscope made it possible to 
determine the distance of the shower axis from the 
cloud chamber and the total number of particles in 
the shower. 

A particle was considered nuclear-active if it 
produced a shower in a lead plate, satisfying at 
least one of the following requirements: 
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(1) At least two penetrating particles could be 
found among the secondaries when the primary was 
charged, and at least one when the primary particle 
was neutral. A particle was considered as pene- 
trating if it traversed at least one lead plate with- 
out multiplication. 

(2) At least one heavily ionizing particle was 
present among the secondaries. 

2175 extensive air showers were recorded dur- 
ing 1189 hours of operation. In these, 30 nuclear- 
active particles were detected. The number of 
chance coincidences between a single nuclear-ac- 
tive particle and an extensive shower was calcu- 
lated and found to be less than 1 during the whole 
period of operation. 


1. LATERAL DISTRIBUTION OF NUCLEAR- 
ACTIVE PARTICLES 


We found first the flux density p,(r) of nu- 
clear-active particles in extensive air showers at 
various distances from the axis using the well- 
known formula 


Ny (r) 
ey (7) an “C (ro [1 — exp(— x/ J] ; 


where C(r) is the total number of extensive air 
showers with axes falling at the distance r from 

_ the cloud chamber, N,(r) is the number of nu- 
clear-active particles at the distance r, o is the 
effective area of the chamber, A is the interaction 
mean free path of nuclear-active particles (in lead 
= 160 g/cm’), and x is the total thickness of 
lead plates in the chamber (x = 140 g/cm’). 

The results for extensive air showers with the 
mean number of particles N = 2% 10° are shown 
in Fig. 1. The large statistical errors make it 
impossible to conclude about the exact shape of 
the lateral distribution function of nuclear-active 
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FIG. 1. Lateral distri- 
bution of nuclear-active 
particles: 


particles. The results, however, do not contradict 
a function of the type r™ with n close to 1, which 
is in agreement with the results of Ref. 3, in which 
a hodoscope covered with lead was used for the de- 
tection of nuclear-active particles. 

It should be noted that our data obtained by 
means of a cloud chamber are in agreement, with 
respect to the absolute value of the flux of nuclear- 
active particles, with the results obtained at sea 
level by means of a hodoscope array.’ The light 
circles in Fig. 1 denote the experimental points 
referring to showers with N = 3 x 10°, given in 
Ref. 3. Since the identification of nuclear-active 
particles by means of a cloud chamber is more 
positive, the agreement in the values for the abso- 
lute density of the particle flux proves the correct- 
ness of the criterion for the selection of nuclear- 
active particles assumed in the counter work. 


2. ANALYSIS OF NUCLEAR INTERACTIONS 
OBSERVED IN THE CLOUD CHAMBER 


A careful study of the electron-nuclear showers 
generated by nuclear-active particles showed the 
existence of two separate groups: 

The first group comprised electron-nuclear 
showers containing dense electronic cascades. 
Thirteen such showers were detected. In ten of 
these, penetrating or heavily ionizing particles 
were present in addition to electrons. An example 
of such a shower is shown in Fig. 2. In the remain- 
ing three events no particles other than electrons 
could be observed due to high particle density. 
These three cases were produced by neutral pri- 
maries with path length in lead longer than 2 cm. 
The primaries could not have been identified as 
photons since the probability that a photon trav- 
erses without multiplication more than 4 radiation 
units is equal to 0.05. Moreover, only 8 photons 
of a similar energy were detected at all. In the 
first group of showers penetrating particles, if 
visible, were going at relatively small angles to 
the direction of the electronic cascade. 

The second group consisted of electron-nuclear 
showers in which high-energy electron cascades 
were absent. A rather large number (about 10) 
of penetrating particles going at widely distributed 
angles, heavily ionizing particles, and low-energy 
electrons absorbed in next lead plate, were present 
in these showers. Eight such cases were recorded. 
An example of a shower of that type is shown in 
Fig. 3. 

A narrow angular distribution of particles and 
large energy of mn’ mesons generating the electron- 
photon cascades are, therefore, the characteristic 
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features of the first group of showers. The show- 
ers of the second group are, on the other hand, 
characterized by a wide lateral distribution of par- 
ticles and a relatively low energy of a mesons. 

It follows from the well-known formula of rela- 
tivistic angle transformation that as the velocity of 
the center of mass of colliding particles increases, 
the spread of produced particles in the laboratory 
system becomes narrower. It can be assumed 
therefore that the showers of the second group 
were induced by collisions with a small velocity of 
the center-of-mass system. Since, however, these 
showers consist of large numbers of particles, the 
primary energy should be large. 

On the strength of the above, we assumed that 
the showers of the first type originated when the 
primary particle collided with a small number of 
nucleons in the nucleus, in the main with one only, 
and the showers of the second group were produced 
in collisions between the primary and several nu- 
cleons of the lead nucleus. In that case, the veloc- 
ity of the center of mass may be small even for a 
relatively large energy of the primary because of 
the large mass of all nucleons involved in the col- 
lision. 

Two smaller groups of electron-nuclear cas- 
cades were observed besides the two main types. 
The third group consisted of four cases only. The 
showers were of low energy and the secondaries 
consisted of a few heavily ionizing particles, a few 
electrons, and 1 — 2 penetrating particles. The 
latter might have been also absent. An example 
of a shower belonging to this group is shown in 
Fig. 4. Finally, the fourth group of showers, con- 
sisting of five events, contained showers originat- 
ing in the last, 7th, plate. In that case it was im- 
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possible to differentiate between penetrating par- 
ticles and electrons and it was therefore impos- 
sible to find any characteristic features which 
would enable the classification of the event within 
one of the three groups. Additional criteria (neu- 
tral primary, presence of heavily ionizing second- 
aries) made it possible to ascertain that the show= 
ers belonged to the electron-nuclear type. An 
example of such a shower is shown in Fig. 5. Data 
on all recorded showers are given in Table I. 


3. DETERMINATION OF THE ENERGY OF 
NUCLEAR-ACTIVE PARTICLES 


The energy of nuclear-active particles was de- 
termined for the different groups of showers by a 
method most suitable for the type of event. 

We used the method of Ref. 4 for determination 
of the energy of nuclear-active particles generating 
the showers of the second group. This method is 
based on the application of the statistical theory of 
Fermi? to collisions of the primary with several 
nucleons of the target nucleus and consists in find- 
ing the energy of the primary particle and the num- 
ber of nucleons involved in the collision from the 
number of penetrating secondaries and the velocity 
of the center of mass of colliding particles. The 
first is observed directly, and the second can be 
found from the angular distribution of secondary 
particles if we assume that (1) the distribution is 
isotropic in the center-of-mass system and (2) the 
velocities of particles in that system are close to 
Ci 

Under these assumptions one can obtain easily 
the relation between the velocity of the center of 
mass, or the value Y, = (1 —- v?/c?) -¥2 and the 


TABLE I. Data on nuclear interactions* 


Charged primary Neutral primary Charge of primary 
undetermined 
i c 
epee im| = N EL (ev) | eee este N E, (ev) bans ees N E, (ev) 
\ | | 
| 
22.522 \005| 4-102 |) 7-409 Dace) ee 1,3-102 |1.5-1029| 18,29 7) 6-104 | 1.5-1010 
20-02), |216loco A) Won OLS Rass Se oe 1D oa O20 ROG 9145-40")! 6-109 
Eee) Sel ees eee OLO SOR Zale 8-102 | 3-102 | 15,49** 10.5) 7,4-108 2.110 
By AMO) 1,4)1,1-404 {09 49,10 10.5) 7.4-102 | 3-402 | 22, 72** 10,5) 2.5-105) 1.5.4020 
().14 2.7)3, 1-104 2-109 | 46,1 ayn 2-10° 6-109 | 44.44 4) 1.4-108| 1.2.1010 
TOnZ0 a weed OPS | ee O LONG Sir — 4.3-109| 55.1 6,7). 3-106 — 
76,51 2 5/2,4-40° 14 ,5-4019 75.4 14.61 11.9-10° 109 UO xcartl Oacoe LOM ds oeiee 
82,21** |12,516.7-40% | 3-402 | 80,17 9.9) 8.4.10? A AOL SS. 49) 10.6) 1 betiOr jedine 
80.33 |3,8) 2.3-10° 14.5-1029) 72.93 |4, 711, 4-405! 4. 5.-4r0 
86,40: 13,2) 45-104 | 2.5- 109) 63.48** 10,5) 4.6-108] <1010 
187.2 |8,3]5,5-10° 13,3-101) 87.28 19,5) 2-40° | 293-410 


( i 


*r — distance between shower axis and the cloud chamber (in meters), N — num- 


ber of particles in the extensive air shower, E, — kinetic energy of the particle 
generating the shower in the cloud chamber. 


**Event originating in the last plate. 
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FIG. 4. Electron-nuclear shower produced in the gas 
by a low-energy particle (case 60,14). 


FIG. 2. Electron-nuclear shower generated by a charged 
particle in the fifth plate of the cloud chamber (case 78,20). 
Track of the primary particle indicated by arrows. 


FIG. 5. Electron-nuclear shower generated by the primary 
particle in the seventh plate of the chamber (case 82,21). 
Track of the primaty particle indicated by arrows. 


angle 0, p which contains half of the particles in 
the laboratory system: 


V2 — 1 = 1 /tands, (1) 


We used Eq. (1) to calculate y, for all showers 
of the second group and, using the graph in Fig. 1 
of Ref. 4, determined the values of kinetic energy 
E, of primary particles initiating the showers as 
well as the possible number n of nucleons in- 
volved in the collision. The results are given in 
Table II. The error in the energy value, due to the 
error in Yg, amounts to 30 —50%. 

The values of yg calculated according to Eq. 
(1) might possibly be overvalued because of the 


FIG. 3. Electron-nuclear shower consisting of a large num- 
ber of penetrating particles (a, b, c, d, e, f) (case 22:22). 
Track of the primary particle indicated by arrows. 
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TABLE II. Showers of the second group* 
coe Np Npi Ne 0), ve t he E,. (ev) Eps (ev) 
nee 7 QO | 3—4 48 sexe) 5 6 7-109 4,9-108 
287 32 12 @ | 24 128. || 2.6.1 Seu eae eoamenon 1.9-109 
44.14 9 eles, | 205115) oo 9 | 4,2-1010 6.2-108 
63,7 5 De nG 55"), 4.2 4 | 4.3409 3,3-108 fe 
73,39 14 Slee | 40. | 4,55:|. Olneieel aan eae da 7.6-108 
80,17 7 jibes | 23° 12,6 1) 3 8 | 2.0-101 1.4.109 
87,2 11 foto |\\27 || 2.0' 0)" See Oe eens tie 4.3.10 
87,28 9 10 6 30 20 4 10 2.3-101° 1,2-109 


*N, — number of penetrating particles in the shower, N,j — number of heavily 
ionizing particles in the shower, Ne — number of electrons, n — number of nu- 
cleons involved in the collision, m — number of produced 7 mesons. 


assumption that the velocity of all particles in the 
center-of-mass sytem is close to c. We therefore 
found y, for the showers of the second group in 
yet another way. The energy of the particles, all 
assumed to be m mesons, was determined from 
their range in the lead plates of the cloud chamber. 
In case of particles not stopping in the chamber, 
the minimum value of energy was found. A value 
Yc for which the distribution in the center-of-mass 
system became isotropic was then found by means 
of curves giving, for various y,, the relation be- 
tween the angle in the laboratory system and the 
angle in the center-of-mass system for particles 
with various momentum. Such a value represented 
the lower limit of yg since, for the case of many 
particles a minimum energy was assumed instead 
of the real value. The values for y,~ obtained 
using the above method were, within limits of ac- 
curacy, identical with those obtained from Eq. (1). 

The absence of high-energy electron cascades 
in showers of the second group was explained cal- 
culating the mean energy of 7 mesons under the 
assumption that the kinetic energy is divided evenly 
between the particles at the moment of disintegra- 
tion. The values of the mean energy of 7 mesons 
are given in the last column of Table II. 

It can be seen from the table that the mean en- 
ergy of m mesons is relatively small in the cases 
22,22; 44,14; and 63,7. It should be remembered 
also that the energy of photons originating in 7° 
decay is, in the mean, smaller by a factor of 2. 

All this could explain the absence of dense elec- 
tronic cascades when a few electrons only are 
present directly under the plate in which the inter- 
action occurred. The approximate number of such 
electrons is given in column 4 of the table. In the 
cases 80,17 and 87,28 the mean energy of the 7 
mesons is quite large. The interactions, however, 
occurred near the border of the illuminated region 
of the chamber and the continuation of the elec- 
tronic cascades could have well developed beyond 


the visible region; 6 — 8 electrons are observed 
below the plate in which the interaction took place. 
Finally, in the cases 28,32; 73,39; and 87,2 the 
absence of large electronic cascades can be ex- 
plained either by fluctuations in the ratio of charged 
and neutral a mesons or by fluctuations in energy 
distribution, favoring the charged mesons. It can 
be seen from the table that in those cases the larg- 
est number of charged penetrating particles Np 


is observed. If the primary energy is recalculated _ 


assuming that only one neutral 7 meson was pro- 
duced, the energy of the nuclear-active particle 
decreases only by 20 — 30%. 

It was impossible to determine the energy of the 
showers of the first group in the same way since a 


part of penetrating particles might have been hidden 


in-dense electronic cascades. Consequently, it was 
impossible to determine the velocity of the center- 
of-mass system. The energy of the primary par- 
ticles generating the showers of the first group 
was, therefore, found from the energy of the elec- 
tronic cascades, As it was mentioned above, the 
relatively small number of penetrating particles in 
these showers and their narrow angular distribu- 
tion made it possible to assume that the showers 
originated in nucleon-nucleon collisions. If we as- 
sume that the relation between the mean energies 
of the nucleons and ma mesons obtained for the 
showers of the second group remains valid for the 
first group, i.e., that in the mean a nucleon car- 
ries away an amount of energy three times larger 
than a m7 meson, then the energy carried away by 


all nm’ mesons can be written as follows: 
ne By, bate cues 


Ew = = 
u 3 3n-+m 3 3n+m’ 


where Ey is the total energy in the center-of- 

mass system, Ey, is the total energy in the labo- 
ratory system (Ey; =E,+nMp, where My is the 
nucleonic mass), m is the number of 7 mesons, 
n is the number of nucleons (in the above case 
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TABLE III. Showers of the first group 


Toe Ene, (ev) Np Nhi max, 
3,30 2,0-4109 

18,29 3-109 2—3 2 62 
36,12 5-109 _ 2s 
40,16 109 1 — 20 
45,10 5-109 

56,1 le 2 

70,37 2,5-109 Fd | 1-2 47 
72,13 3, 10° Fo 4 48 
76,54 3-109 Sul 1 30 
78,20 5-409 FA 1 40 
80,33 3-408 SS 

85,19 3-109 38 


n=2 n=3 
Ex+ (ev) |m| Ye Ex»(ev)|m| ve 
HBO. I ay Bae 
1.5.4020 |.5 | 3,0 | 1,6-4010] 7 | 2,2 
3-41010 LN ESD 
6-109 3 | 2,0 
3-1010 EW A 
6-109 One) 
NSA S| Bee [Sono 76 | 2.2 
WS a OO! oy I 0 |p ee@e iLO) 7 || a2 
ARCA OO eo BC 
3-100 7 1 4.074528. 4010 91) 2278 
Vs ycAKOHRY II), coh) 
Ae | ay | eo) 


*@ nax — Maximum angle of emission of a penetrating particle with respect to > 
direction of the primary in the laboratory system. 


=2). 

Using the above formula and the curve for nu- 
cleon-nucleon collisions from Fig. 1 of Ref. 4, it 
is possible to find the energy of the shower gen- 
erating primary from the energy of the electronic 
cascade. The energy of electronic cascades was 
determined from cascade curves® using the method 
described in Ref. 7. Energies of primary particles 
generating the showers of the first group are given, 
together with other data on the showers, in Table 
Ill. 

It should be noted that among the showers of the 
first group some may be due to collisions with two 
or more nucleons of the target nucleus. Such may 
be, e.g., the cases 18,29; 70,37; 72,13; and 78,20 
in which a relatively large number of penetrating 
particles is observed. It should be noted that only 
penetrating particles emitted at large angles to the 
direction of the primary are given in Table III, 
since particles going in the core are hidden by 
dense electron cascades. The energy of the pri- 
mary particle can be found by a similar method 
assuming that three nucleons were involved in the 
collision. The values of y, and Ej, obtained in 
that way for the four events are-given in Table III. 
It can be seen that the assumption that the collision 
involved two nucleons of the nucleus, instead of 
one only, hardly changes the value for the primary 
energy. Only the number of 7 mesons produced 
and the value of y, are affected. 

Corresponding to the narrow angular distribu- 
tion of particles in showers of the first group the 
values of y, are larger than is the case for show- 
ers of the second group. 

Showers of the third group were generated, 
clearly, by particles with energy close to the elec- 


tron-nuclear shower production threshold. The 
energy of the primaries was therefore determined 
approximately from the number of charged parti- 
cles in the shower using the curves of Camerini et 
al.° which give the dependence of the number of 
relativistic, grey, and black tracks on the energy 
of the primary particle. The results are given in 
Table IV. 


TABLE Iv. 


Showers of the third group 


| Mea Seale 

57,10 es. ~ 10° 
60,14 4 3 ~ 2-109 
75,4 4 4 ~ 10° 
86, 40 oft es ee 


Determination of the energy of primaries was 
especially difficult for showers of the fourth group 
since it was impossible to discern between pene- 
trating particles and electrons. The energy was 
estimated as follows: it was assumed that all rela- 
tivistic particles were electrons and that the inter- 
action occurred in the middle of the plate. The 
energy carried away by nm? mesons was found 
from cascade curves. The primary particle en- 
ergy was then determined by a method similar to 
that used for the showers of the first group. Such 
an estimate is very crude since, firstly, penetrat- 
ing particles may be present among relativistic 
particles and, secondly, the energy of electron cas- 
cade is not given very accurately by the number of 
electrons at a single — and at that uncertain — 
depth. The results, nevertheless, agree in the 
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order of magnitude with the values obtained for the 
other shower groups and there are therefore rea- 
sons to believe that they do not differ more from 
the true values than by a factor of 2 or 3. 

The energies of nuclear-active particles gen- 
erating showers in the lead plates of the cloud 
chamber are given in Table I. 

The integral energy spectrum of nuclear-active 
particles is given in Fig. 6. The spectrum refers 
to extensive air showers with number of particles 
in the range 104—10® (N = 1.4 x 10°) and distances 
< 10 m from shower axis (r = 3.7m). 
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active particles with 
energy >. Ey. 


In 19 cases out of the 30 recorded nuclear inter- 
actions it was possible to determine if the gener- 
ating particles were charged or neutral. In 11 
cases no conclusions could be drawn concerning 
the nature of primary because of unfavorable posi- 
tion of the shower in the cloud chamber (close to 
the glass or to the walls, in a dense electron clus- 
ter). The charge of the primary, for the cases 
when it could be ascertained, is given in Table I. 
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It can be seen that about half of the nuclear-active 
particles are charged and half neutral. This leads 
naturally to the assumption that at sea level the 
nuclear-active component of extensive air showers 
with energies of 10° — 10!4ey consists mainly of 
nucleons. 
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The differential cross section for scattering of 580 Mev neutrons by protons was measured at 
angles of 11.25 to 35° (in the c.m.s.). The cross section was observed to rise rapidly with 
decrease of the scattering angie. The results indicate that the probabilities for scattering in 
the forward and backward directions are approximately equal. 


‘le present work is a continuation of investiga- 
tions of the scattering of neutrons having an aver- 
age energy of 580 Mev against protons,! with par- 


ticular interest in elastic n-p scattering at neutron 


energies considerably above the threshold energy 


for meson production. The experiment consists in 


measuring the differential n-p scattering cross 


sectionin the smallangle region ( # < 35° in c.m.s.). 


The usual method for measuring the differential 
cross section for elastic n-p scattering by count- 
ing recoil protons in a given angular region is not 
convenient because of the small energy of the re- 
coil protons. Because of this fact, the measure- 
ments described here were obtained by a method 
which differs from that of Ref. 1, the basic condi- 
‘tions of the experiment, however (energy thresh- 
old, angular resolution, and detector solid angle), 
are still the same as in Ref. 1. 


EXPERIMENTAL ARRANGEMENT 


The differential n-p scattering cross section 


was obtained by measuring the number of neutrons 


scattered at a given angle from a hydrogen target 
placed in the path of the neutron beam. The high 


energy neutrons are obtained from charge exchange 


scattering of 680 Mev protons against a beryllium 
target placed in the chamber of the synchrocyclo- 


tron of the Laboratory for Nuclear Problems (Joint 


Institute for Nuclear Research). The energy dis- 


tribution curve for the neutrons has a maximum at 


600 Mev and a half-width of 130 Mev (Rev. 2). 
Taking into account the threshold of the neutron 
detector (450 Mev) the mean effective energy of 
the neutrons turns out to be 580 Mev. The inten- 


sity of the neutron beam at the position of the scat- 


f 2 
terer is 2 x 104 neutrons/sec-cm’. 


The first experiments were carried out with 
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polyethylene and graphite scatterers. The main 
experimental data was then obtained using a scat- 
terer of liquid hydrogen contained in a cylindrical 
glass Dewar flask. The Dewar flask has a capacity 
of three liters and measures 10 cm in diameter and 
34 cm in height; it is encased in a protective dur- 
aluminum jacket; the beam passes through a win- 
dow consisting of an aluminum foil 20y thick. The 
structure of the target allows an experiment with 
liquid hydrogen to proceed during seven hours. 

The effect of elastic n-p scattering was deter- 
mined in the first case by comparing results for 
polyethylene and carbon, and in the second case by 
comparing results obtained with an empty Dewar 
flask and one filled with liquid hydrogen; the small 
effect (< 3%) due to air filling the Dewar flask 
after evaporation of the liquid hydrogen was neg- 
lected. 

The neutron detector used in this experiment 
for measuring the flux of scattered neutrons is 
made of five scintillation counters and a “con- 
verter” consisting of a polyethylene cylinder hav- 
ing a thickness of 5.6 gm/cm? and a diameter of 6 
cm, placed between the first two counters (Fig. 1). 
The neutrons falling on the converter undergo ex- 
change scattering. The recoil proton leaving the 
converter are detected by the last four counters. 
The first counter is used to exclude charged par- 
ticles arriving from the target and operates in 
anticoincidence with the remaining counters. In 
order to decrease overloading in the anticoinci- 
dence scheme, counter 1 is originally connected in 
coincidence with counter 2, and then pulses result- 
ing from their coincidences are used in the antico- 
incidence scheme (Fig. 1). The scintillators con- 
sist of a solution of terphyl (CgHs5).CgH, in pheny- 
cyclohexane CgH,;CH(CH,)5 with a concentration of 
3 gm/f, filling plexiglass containers which meas- 
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FIG. 1. Experimental arrangement. n — neutron beam; 
M — monitor; Sc — scatterer (Dewar flask with liquid hydro- 
gen); 1, 2, 3, 4, 5: scintillation counters; Conv — converter; 
F — filter; C — coincidence arrangement; AC — anticoinci- 
dence arrangement; Out — output. 


ure as follows: (1) 12 x 12x lcm, (2)5x5xX1cm, 
(3) 5X5 x1cem, (4) 12 x 12 x 1 cm, and (5) 12 x 12 
x 1cm. The energy threshold of the neutron detec- 
tor is set by a copper filter placed between coun- 
ters 3 and 4. In computing the thickness of the fil- 
ter for scattering angles # = 15, 10, 5° (in the lab- 
oratory system), it was assumed on the basis of 
the results obtained in Refs. 2 and 3, that the av- 
erage energy loss due to charge exchange of the 
neutron in light materials is about 15% of the ini- 
tial energy and remains constant in a large energy 
interval (170 —680 Mev). Estimates indicate that 
the average effective energy of neutrons scattered 
at small angles of 15, 10, 5° (in the laboratory 
system) changes by a relatively small amount (in 
our case 40 Mev), which permits one toassume that 
the neutron detector has constant efficiency over 
the given angular interval. The angular resolution 
of the detector is 2°. 

In measuring the differential cross section for 
elastic n-p scattering, the scatterer is placed in 
the path of the neutron beam, the neutron detector 
is set up at a given angle with respect to the direc- 
tion of the beam and one measures for a given 
scatterer the difference of the counting rate with 
the converter placed between the first and second 
counters, and with no converter. The relative dif- 
ferential cross section is then found from the 
formula: 


(Ha, — NB,)—(Ny—N9) =nonp(®), (1) 


where Ni? Ni? ng, Ny are respectively the 


counting rates with and without converter, when the 
Dewar flask is filled with hydrogen, and when it is 
empty; Onp(®) is the differential cross section 
at a given angle © (in the laboratory system); 

n ‘is a proportionality factor which depends on the 


geometry of the detector and the intensity of the 
neutron beam (it remains constant under the ex- 
perimental conditions ). 

Thus the measurement of the neutron count 
scattered at a given angle allows one to compute 
the differential cross section for n-p scattering 
in relative units at angles of 5, 10, 15° (in the lab-— 
oratory system). The absolute value of the cross 
section was obtained from the knowledge of the 
cross section at 15° found in Ref. 1. The counting 
rate Ni, was 50% of the counting rate NE, at 


angles of 15° and 10°, and 60% at an angle of 5°. 
Background due to accidental coincidences did not 
exceed 3%. 

It must be noted that the small efficiency of the 
neutron detector (1—2%) imposes severe condi- 
tions on the efficiency of the anticoincidence 
scheme. Indeed, a change in position of the con- 
verter, when measuring with and without it, notice- 
ably (about 20 Mev in our case) changes the de- 
tector threshold for charged particles which are 
erroneously allowed by the anticoincidence channel 
and because of this, registered by the detector. An 
estimate based on a known neutron spectrum at the 
given converter thickness (5.6 g/cm? CH,), indi- 
cates that the relative increase in the number of 
charged particle due to the indicated change in 
detector threshold, is AN/N = 1/19(1—-€), where 
e€ is the efficiency of the anticoincidence channel. 

The efficiency of the anticoincidence channel 
was obtained in a special experiment on the 660 
Mev proton beam and turned out to be 99.9 + 0.1%. 
Therefore in our case, AN/N = 0.005%, and the 
error in the measured number of registered neu- 
trons due to inefficiency of the anticoincidence 
channel did not exceed one percent and was thus 
neglected. 


RESULTS OF THE MEASUREMENTS 


The differential scattering cross section meas- 
ured at angles of 11° and 23° (in the c.m.s.) were 
found to be as follows: Gn (112) = (7.0 Eb) xe 
1072" cm?/sterad and Onp (23°) = (5 + 0.8) x 107?” 
cm?/sterad. The indicated errors are due to the 
standard statistical deviations. As in Ref. 1, the 
uncertainty in.the total cross section for elastic 
n-p scattering from which the differential scatter- 
ing cross section is normalized, is not included in 
the indicated error. 

The differential cross section for elastic scat- 
tering of 580 Mev neutrons against protons, on (#) 
in the angular region 11° to 180° (in the c.m.s.) is 
shown in Fig. 2. For the sake of comparison, the 


ELASTIC SCATTERING OF 580-MEV NEUTRONS 39 


results of n-p scattering at 90 Mev (Ref. 4) and 
400 Mev (Ref. 5) are also shown. 

The behavior of Cnp (0) in the region of small 
angles ( ¢ <35°) at 580 Mev, shows a strong in- 
crease in differential cross section with decrease 
in the scattering angle. Comparison of the data 
shown in Fig. 2 indicates that the character of the 
scattering in this angular region varies consider- 
ably as the neutron energy grows from 400 to 580 
Mev. The approximate constancy of the scattering 
cross section for angles # <35° observed at 400 
Mev, disappears and the symmetry in “forward” 
(3 ~ 0°) and “backward” (#~ 180°) cross sec- 
tion which is present at an energy of 90 Mev, is re- 
established to a considerable extent. The ratio of 
the scattering cross section at angles of 10° and 
170°, Opp (170° )/anp (10°), equals 1, 2.4 and 8 at 
energies of 90, 400, and 580 Mev. Thus the rela- 
tion between “ordinary” and “exchange” scattering 
at 580 Mev, apparently approaches the relation 
which exists at 90 Mev, when the curve for np (3) 
is symmetrical about # = 90° (in the c.m.s.), and 
the two types of scattering contribute about equally 
to the total interaction cross section. This change 
in the character of the elastic scattering of neu- 
trons against protons in the angular region ? < 35°, 
is apparently related to the growth of the probabil- 
ity for the process of ma meson production in n-p 
collision, with increase in nucleon energy from 400 
to 580 Mev (Ref. 6). 

It is interesting that the increase in the differ- 
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FIG. 2. Differential cross section for elastic n—p scat- 
tering. @, O— Ref. 5, E, = 91 Mev; 0 —Ref. 4, E, = 400 Mev, 
A — Ref. 1, E, = 580 Mev; & — Present work. Solid curve — 
graph of the approximate expression (3). 


ential cross section at small angles near 0° as the 
energy grows from 400 to 580 Mev is predicted by 
the optical theorem! 


Inp(0)>k?o#/1 6x, (2) 


where Tnp (0) is the differential cross section for 
elastic n-p scattering at 0°(c.m.s.); k is the 
wave number of the incident neutron; o; is the 
total n-p interaction cross section. The smallest 
possible value of Onp (0) at 580 Mev is about 6 x 
10-*cm? according to the inequality (2), while the 
experimental value of o,)(0) at 400 Mev does not 
exceed 4x 107? cm? (Fig. 2). Therefore the dif- 
ferential cross section for elastic scattering of 
neutrons against protons at 0° (c.m.s.) must go 
through a minimum in the energy range 300 — 400 
Mev, and must increase as the energy of the col- 
liding nucleons goes up. 

In Ref. 1, an approximation was obtained by 
least squares to Onp () in the form of a series of 
Legendre polynomials up to and including L = 12. 
The behavior of o,,(%) for # =35°, found in the 
present work, noticeably changes the character of 
the approximate expression which in our case has 
the form 


Onp (9) = 2X [1.38 + 0.07 — (0.7 + 0.08) P, (cos 9) 
+ (1,92 + 0.08) P, (cos 3) — (0,12 + 0.09) Ps (cos 9) 
+ (0,92 + 0,1) Py (cos }) — (0.03 + 0.1) P; (cos 2) 
+ (0,58 + 0.11) Pg (cos #) — (0.15 + 0.12) P, (cos 9) 
+ (0.33 -- 0.14) P, (cos 3) — (0,23 + 0,15) P, (cos 4) 
+ (0.11 + 0.15) Py (cos ) — (0,04 + 0,15) P,, (cos 9) 


= (0.14 =- 0.1 1) Pye (cos 8), (3) 


where * is the wave length of the nucleon in the 
center-of-mass system. 

The discovery that the probability for scattering 
is about the same at 3 = 0° and 180° leads to the 
fact that the odd order terms in the polynomial ex- 
pansion have small coefficient. Deviations from 
symmetry with respect to 3 = 90° are character- 
ized in the given expression by the main term con- 
taining P,(cos 3). Contributions to the scattering 
cross section of interference waves corresponding 
to isotopic spin states T=0 and T=1 of the n-p 
system are much smaller for # = 0° and 180° in 
the 580 Mev region than in the regions of 300 — 400 
Mev where a strong asymmetry is observed between 
forward (0 = 0°) and backward (0 = 90°) scatter- 
ing. 

It is worth noting that an estimate of the accu- 
racy of the expansion (3) is given by the criterion® 


D[on9(9) — Dd Pr (cos 9) |’ /(Aci)?=m —t; (4) 


i 


40 ELASTIC SCATTERING OF 580-MEV NEUTRONS 


Tnp (¥j ) is here the measured value of the differ- 
ential cross section at the point 3;; >) a,,Pyz,(cos #) 


is the cross section computed from enenaion (3); 
(Ao;)? is the weight of a given measurement, Ao; 
being the experimental error; m is the number of 
points at which the cross section is measured, and 
2 the number of coefficients in (3); such an esti- 
mate does not yield a completely satisfactory re- 
sult. It is found that the sum of the squares of the 
deviations of the computed curve from the meas- 
ured values of the cross section which appear on 
the left-hand side of Eq. (4), equal 7.7 when 2 =4. 
The largest deviations are found in the angular re- 
gion around 180°, which apparently indicates the 
need for increasing the number of terms in the ex- 
pansion (3). However, the magnitude of the errors 
in the coefficients ay, of expansion (3), shows that 
in view of the existing experimental uncertainty, an 
increase in the number of terms for expansion (3) 
is hardly sensible. 

Finally it must be noted that comparison of the 
present results with the data on elastic p-p scat- 
ering at the same energy® confirms the hypothesis 
of isotopic invariance. 

The authors consider it their pleasant duty to 
thank Prof. V. P. Dzhelepov for discussing the re- 
sults of this work, S. A. Baldin for carrying out 
preliminary measurements whose results have 


permitted choosing optimal experimental condi- 
tions, Iu. N. Simonov and G, N. Tentiukov for help- 
ing with the experiment. 
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The canonical transformation method previously developed by the author for the theory of su- 
perfluids is generalized in the present paper. By application of this method and the principle 
of compensation of “dangerous” diagrams, it is shown that a superconducting state is inherent 
in the Frohlich model. Computation of the principal parameters of this state leads to formu- 
las that confirm those of the theory of Bardeen, Cooper, and Shrieffer. 


earn the discovery of the isotopic effect, the 
idea became universal that the interaction between 
the electrons and the lattice must play a fundamen- 
tal role in the phenomenon of superconductivity. A 
series of very interesting syntheses,!~‘ which treat 
a system of electrons interacting with the phonon 
field have already been carried out. In the present 
paper, we shall show that, by further development 
of a method which we have put forward previously 
for the theory of superfluidity, it is possible to 
give a systematic theory of the superconducting 
state. In this case, in particular, the results of the 
theory of Bardeen, Cooper, and Schrieffer? are con- 
firmed. 

For simplicity, we shall start out from the 
model proposed by Frohlich,! in which the Coulomb 
interaction is not introduced explicitly and the dy- 
namic system is characterized by the Hamiltoniant 


Hrr= >; E (b) aksans + D)@ (q) bg bq + H’, 
hk, s q 
H’= YS g {sr} Giareo; + conjugate. © (1) 


G8 
h'—k=q 


where E (k) is the energy of the electron, w(q) 


is the energy of the phonon, g is the coupling con- 
stant, and V the volume. 


*Note added in proof (Dec. 20, 1957). Very recently, when 
our papers had already gone to press, the manuscript of the 
detailed work of Bardeen, Cooper, and Schrieffer became known 
to us. In particular, a derivation is given therein for formulas 
which we have cited from the brief letter by the same authors. 
We must note that there are several places that are not clear 
in the formulation of the method of Bardeen, Cooper, and 
Schrieffer. A detailed comparison of the two methods will be 
given in a paper which is currently being prepared for press. 


+A system of units is employed here in which f = 1. 
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As is now well known, ordinary perturbation 
theory in terms of powers of the coupling constant 
is inapplicable, since the electron-phonon interac- 
tion, in spite of its smallness, is seen to be very 
considerable when close to the Fermi surface. 
Therefore, we shall first carry out a certain ca- 
nonical transformation, starting out from the fol- 
lowing considerations. 

First, we note that the matrix elements, corre- 
sponding to virtual creation of “particles” from 
the vacuum, are always associated with the energy 
denominators 


{2 (Ai) +... +. (Res) + O(G) + --- FOG), 


in which ¢€(k) ~]E(k) — Ef] is the energy of 
the particle [electron— E(k) > Ef or hole — 
E(k) < Eg] which becomes small at the Fermi 
surface. 

Such denominators are not generally “danger- 
ous,” and do not lead to singularities in integration 
over the momenta ‘ky, ...., Kes, Gj ..-5 drs eX= 


cept when we deal with a virtual process of the 
creation of a single pair, without phonons. Then, 


because of the conservation law, the particles of 
this pair will have oppositely directed momenta 
+k, and the energy denominator 3¢€(k) will be- 
come “dangerous” for integration. We note further 
that their spins will also be opposite. 

Thus, in the choice of the canonical transforma- 
tion, it must be kept in mind that it is necessary to 
guarantee the mutual compensation of the diagrams 
which lead to virtual creation from the vacuum of 
pairs of particles with opposite momenta and spins. 

We now underscore the analogy with the situa- 
tion holding in our theory of superfluids, namely, 
in the consideration of a non-ideal Bose gas, where 
virtual creation of a pair of particles (with mo- 
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menta +k) from the condensate plays the same 
role. We then made use of a linear transformation 
of the Bose amplitudes, “mixing” bg with big. 
Generalizing this transformation, we now bring 
into consideration the case of new Fermi ampli- 


tudes 4 

Oko = URQp, 1[. — URA—k, —1]2) 

at 
Ory = UpA_p, 1}, + UpQ@p, Jo 

or die 

Ap, 12 = Un%ro 1 Une 

+ 

A_p, —1|, = UnXpy — URXRo» 


where ux, vk are real numbers, connected by the 
relation 


ip ope 


It is not difficult to check that such a transfor- 
mation preserves all the commutation properties 
of the Fermi operators and is therefore canonical. 

We further note that it represents a generaliza- 
tion of the ordinary transformation, with the help 
of which the creation and annihilation operators of 
holes inside the Fermi surface and of electrons 
outside this surface are introduced. Actually, if we 
set 


i — hl Op — 0 for E (k) > Er 
i, = 0, On =1 for E(k) < Ep, 


then we obtain 


ro = Qk, J.» ky = Ap, }, for E (R) > Ey, 
Leg = at, — fo, py = ar 1a for E (R) <<a lei 

so that, for example, Qo will be an annihilation 
operator for an electron of momentum k and spin 
% outisde the Fermi sphere, and will be an annihi- 
lation operator for a hole with momentum —k and 
spin —4% inside. 

In the general case, when (ux, vx) # (0,1), we 
have to deal with the superposition of a hole and an 
electron. 

Generalizing to the consideration of the Froh- 
lich Hamiltonian, we note that it will be more ad- 
vantageous to us not to restrict ourselves to the 
relation 


a 
>) ats dns = Mo, 
k,s 


where Np is the total number of electrons; we 
therefore make use of the ordinary procedure in 
such a situation and introduce a parameter A which 
plays the role of the chemical potential. Then, in- 
stead of Hpy, we have the Hamiltonian 


HS He oN, (2) 
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We determine the parameter A in turn from the 


condition that in the state under examination 
N=N,. (3) 


Transforming H to the new Fermi amplitudes, 
we get 


H=U+A,+ Aim, Hint = 41+ He + As; 
where U is the constant 
U =2>E (kok — 2h) 08 


and where 
© (q) + ot 3 a 
A, = PS g y22 {lh Di fry EU pO pr Trg My 
k, k’ 
k’—k=q 
+ . 
+ Up: UneR1 Xho + Up V—n%R1%ho} Og + conjugate 


“eO + + 
lal ys g y 32 {Uppy KroXho + U_pU_p Hpi %— R11 
k, k’ 
k’—k=q@ 
+ if : 
— UpUpr0tji71 ny —— V_RU—n/% no Xho} Og + Conjugate 


Hg = Di 2(E(k) —D) unde (ono ea + Xp &Ro)s 
Hy = D (E (4) —¥) (Wh — Oh) (tho no + tien er ) 
+ Dio (q) 67 by. 
We introduce the filling number 


=—at a 
Yo = “ko “kor Yai = “py Xpy 


of new quasi-particles, which are generated by the 
operator a*. Then the “interaction-free vacuum,”: 
i.e., the state Cy in which 


H,Cv = 0, 


will evidently be 
Cy = IIa (Yao) 8 (Vax) 
k 


with zero values of the numbers v, 

We further note that A ought to be close to Ep, 
since X=Ef in the absence of interaction, and 
that consequently, the expression 


e(k) = (E(k) —) (uk — oR) 
ought to vanish on a surface close to the Fermi 
surface. 
We now see that the virtual process of creation 
from the vacuum of a pair of quasi-particles Vico 
and Vx, without phonons will be “dangerous” in 


the sense of the criterion given earlier, since the 
corresponding energy denominator will be 


1 / Qe (k). 
The Hamiltonian Hs, which, being applied to a 


) 
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vacuum, gives the diagram of Fig. 1,* leads di- 
rectly to such a process. This same process is 
also obtained, moreover, as a result of the com- 
bined action of H;, H,. Thus, for example, in the 
second order in the coupling constant g, we have 
the diagrams shown in Fig. 2a. 


eS 


In higher orders, we get diagrams of the type of 
2b, where the circle denotes the coupled part, which 
cannot be divided into two coupled parts, and which 
is bound only by the two lines of one pair under 
consideration. 

Making use of the principle of compensation of 
dangerous diagrams introduced above, we must 
equate to zero the sum of contributions from the 
diagrams of Fig. 1 and Fig. 2. We thus obtain an 
equation for u, and vx. 

Now we no longer need to take into consideration 
the diagrams of Figs. 1and2 (and their conjugates), 
and therefore, inthe expansions of perturbation the- 
ory, no expression will appear with a dangerous en- 
ergy denominator. 

We now construct a second-order equation for 
uk and vx. In this approximation, we must com- 
pensate the diagram of Fig. 1 by the diagrams of 
Fig. 2a. We get 


2 UE (R) aas i) URVR + QD, = 0, 
where Q, is the coefficient for Oi Ue CV in the 
expression 


eee plac. 


*An account of the details of diagrams for the many body 
problem can be found in the detailed paper of Gugenholtz.* 


Expanding it, we finally obtain ° 
{E (#) — 2} unde 


Oa Stas @ (— k’) 
= (=O) a7 28 same ret pewy ween (4) 
where 
+4 heh Ly o (kk) 
E(k) = E(k) — 57 218 Shh) e+e) (un — ae 


Staying within the limits of the approximation, 
we replace 


e (k) = {E (k) —)} (wh — o4)} 


in the denominator of the right side by 
 (k) = {E(k) —)} (uk — 09). 
Then, setting 


~ 


E(k) —} = &(k), 
we write down the equation in the form: 
& (Rk) UnOp = (uk — Op) 


« (k— k’) 


4 5 , 
TENS Se ee 1Opr 7 6 
*\3amp \2 & (ky et abe(e ie ee ul ey 

This equation obviously contains the trivial solu- 


tion 


Ho z=) Oe (E10) == 40) We 


which corresponds to the “normal state.” It pos- 
sesses, however, an additional solution of another 
type which goes over into the trivial one at great 
distances from the Fermi surface. 

Denoting 


@ (k — k’) 
w (k — k’) + €(k) + € (k’) 


4 
C (Rk) = (2x) \ g? Up Opdk’, 


we find from (6) 
BO Sis & (rR) 
Ano + vepseo) 


H) E(k) \ 
VC2(k) + ere) I’ (7) 


whence 


E2 (k) 
V C2 (k) + (hk) 


C (Rk) elke 
2V C2 (k) +82 (k) 


URVR 


Thus, our equation reduces to the following 
form: 
So piboet 2 @ (k— k’) C (k’) k’ 
hel 2 (2m)8 \8 w (k —k’) +e (k) +e (k’) V C2 (RY) + EPR’) 
(8) 


We note that this equation has a singular prop- 
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erty: as g’ -- 0, the solution C tends to zero as 


exp {— A/g*}, A=const >0, 


in view of the fact that the integral on the right 
side of (8) remains logarithmically divergent in 
the vicinity of the surface §(k) =0 if we set 
C =0. 

In such a situation, it is not difficult to obtain 
an asymptotic form of the solution for small g: 


Sonne 1 oh w {k,V2(14—d)} 
2 Jo {kV 20— H} +18 (4) 


C(k) = dt, (9) 


where 


p= g? ial = Poe eS 


(10) 


x 2 
oiee AN w {k, V2 (1 — 2} 
ind=Ingeae 2 i A= a dé. 
Taking into account the additional condition (3) 
and the expressions (7), (9) for u, v, it can be 
noted that 


Furthermore, it is clear that the corrections to 
Eq. (5), obtained by replacing ux, v_K in (5) by 
their “normal” values 


Lae ke 
= 6 
Up c (A) i Neletee hes 
(’) = O, |2|>> kr 


will be exponentially small. 

We can therefore replaced E (k) by the corre- 
sponding formula for the normal state in Eqs. (10) 
without loss of accuracy, and integrate the factor 


igs ) =+{ V ane 
a (aE an h=kp) V \\(2r)3 aE Jo 


as the relative density dn/dE of the number of 
electron levels in an infinitely narrow energy band 
close to the Fermi surface. Then 


0 = grdn/dE. (12) 


We now proceed to the calculation of the energy 
of the ground state in the second approximation. 

Of the entire Hjp¢, we shall now take into ac- 
count only H,. Consequently, we get for the eigen- 
value of H in the ground state 


U —< CyH,HyH,Cy> = 


=2 EHNA -T De 
R heh! 


w (k’ — k) {u202, + pO pUpyOpr} 
alk —k)+e) teh) * 
(13) 

Then, substituting the expressions we have ob- 
tained for uz, vy, we compute the difference AE 


between the energy of the ground state and the en- _ 
ergy of the normal state. We have 


ee 


It is interesting to observe that this result coin- 
cides with the result of Bardeen and his coworkers. 
To see this we need only write the Bardeen param- 
eters w, V_ in the following fashion: 


AE dn @ 


oe (14) 
V dE 2 


We now construct, in the given approximation, 
the formula for the energy of the elementary exci- 
tation. For this purpose, we choose an excited 
state 


Cy= aig Cy 


and apply perturbation theory to it in the usual 
fashion. We obtain the following expression for the 


energy of an elementary excitation with momentum 
k: 


E.(k) == © (k) —<CiHint (Hy — © (&)) 2 Hint C1 > Coup, 


for which we find 


E.(k) =2(k A) {1-4 Dott 


ae @ (k — k’) (@ (k — Rk’) + € (k’)) 
v r Quon Dy [o(k—k’) +e (HP — 2 (e) “*P(16) 


Foo we eee 
eye: 


— &)are (Raat wh 


Here the first term, proportional to € (k) has no 
singular properties whatever and vanishes on the 
Fermi surface. The second term is equal to 


k— Rk’) 
ie Sit Dy aR yew 


RY pe (Ry) Oh OW 


= 2upv,C (k) = C (kp) = we-2lP. 


on the Fermi surface. 

Thus the energies of the excited states are dif- 
ferent from the energy of the ground state by the 
gap* 


A = we, (17) 


We note that in the work of Bardeen and his co- 


*Here we have the fermion part of the spectrum in mind; 
there is, in addition, the boson part which, it appears, is not 
separated by a gap from the ground state. We shall not cite 
the corresponding formulas here since they have no relation 
to the theory of the superconducting state at zero temperature. 
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workers,’ there is an expression of the type 2w 
xe /P which is interpreted there as the energy 
necessary to break up a “pair” 

We now consider the “ground current state,” i.e., 
the state with the lowest energy among all the pos- 
sible states with given momentum p. 

We therefore need to find the eigenvalue of H 
for the additional condition 


» kajians = p. 
Ris 
Instead, making use of the usual method, we in- 
troduce (in addition to the scalar parameter A) an 
additional vector parameter u which plays the 
role of an average velocity, and choose the total 
Hamiltonian in the form 


iH =! yD, Oise, —— >. (uk) asda, = 


k,s k,s 


= p {E (k) — (uk) — d} aians + Sy (q) bby + Ainte 
i f (18) 


The value of u is determined from the condi- 
tion 


Di kajpcdns = p- 
k,s 


Since we are always dealing in our discussions 
only with a small region on the Fermi surface, we 
can for simplicity write the following 


2 ke 


and then, in the final equations, take 


k 
shee eo Mae: 
Then 
E (k) — (uk) = E(k — mu) —?/, mv’, 


and therefore, making the following translation in 
the momentum space of k: 


k+>k-—+ um, aQks— Akt+mu, s re ) 


and putting 
K++ mu?/2, 


then the Hamiltonian (18) takes the form (2) and 
the vector u drops out. We again arrive at the 
case of a ground state with zero momentum. No 
new investigation is thus needed for the current 
state, but it will suffice only to make a transfor- 
mation inverse to (19) in the formulas obtained 


earlier. 
Thus, we can verify, for example, that the en- 


ergy of the ground current state, with mean veloc- 
ity u, differs from the energy of the ground state 
without current by an amount Nmu?/2. 

The excitations are separated from the energy 
of the ground current state by a gap 


Ay = A— kpu >A — kf | u]. 
Consequently, if 
kp|u| <A, 


the current state, although it possesses an energy 
greater than the non-current (so long as the ac- 
tion of the magnetic field is not taken into account), 
is shown to be stable relative to the excitations. 

Thus, we see that our model contains the prop- 
erty of superconductivity. 

Let us make a few other observations. 

In our method of investigation, we must take the 
parameter p to be small in order to make it pos- 
sible to restrict ourselves to asymptotic approxi- 
mations. However, as was shown by Tolmachev 
and Tiablikov® (with the aid of a method whichdoes 
not make use of any assumption on the smallness 
of p) the sound velocity becomes imaginary for 
p > 4, i.e., the lattice becomes unstable. In cases 
in which the lattice is so rigid that the electron- 
phonon interaction has no essential effect on the 
energy of the phonon, the parameter p must be 
small. Even for p=‘, the value of e1/P is ae 
This, in our opinion, explains the smallness of the 
value of the energy gap and therefore of the criti- 
cal temperature. 

We further note that if we explicitly add a term 
of Coulomb interaction to the Frohlich Hamiltonian, 
then it will be necessary to carry out a summation 
of the diagrams of electron-holes of the Gelman- 
Bruckner type, in order to guarantee the phenom- 
enon of screening. 

By way of a preliminary estimate, we could: 
first introduce into the Hamiltonian the Coulomb 
interaction in the screened form, and also treat it 


-by means of perturbation theory. Then we would 


have obtained substantially the same formulas as 
earlier, but we would need to replace ead by 
1¢ 5 
= \ ve (kr V2 (1 —2)) dt, 


Si! 


where Ve(k) is the Fourier transform of the 
screened function. 

Thus it could be immediately established that 
the Coulomb interaction contradicts the phenom- 
enon of superconductivity. 
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thank D. N. Zubarev, V. V. Tolmachev, S. V. Tiab- 
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The equivalence of the Bardeen Hamiltonian and the Frohlich Hamiltonian is established in the 


adiabatic approximation. The energy of the ground state and of elementary excitations are cal- 
culated by means of a canonical transformation. 


In Ref. 1, Bogoliubov has shown that the property 
of superconductivity is possessed by a model of an 
electron gas in which the mutual interaction of the 
electrons is neglected but their interaction withthe 
phonon field is taken into account. These results 
were established with the help of the Frohlich Ham- 
iltonian for the description of the system:? 


H = Hea + Hint + pn: (1) 
Ha= >) (E(k) —)) ate an, 03 Hon = Dd) he (q) by*b,; 
(Rk, 0) (9) (2 ) 
Hey = rae I : ho(k—R')(ai¢ Gn, Paw 
+ Gino Qyi5 Dit _n),. (3) 


where E(k) is the energy of the electron; hw (q) 
the energy of the phonon; k, q are the wave vec- 
tors, o the spin variable (o =+ 4); V the vol- 
ume of the system; g the coupling constant; and 

A the chemical potential. The creation and anni- 
hilation operators of electrons (at, a) and phonons 


*The first paper of this series’ will be denoted by I. 


(bt, b) satisfy the usual commutation relations, 
and A is defined by the condition 


ae —_ 
»S Qk, ako re N, 
k,o 


where N is the given number of electrons. 

The results of Bardeen® were obtained with the 
use of a certain equivalent Hamiltonian of the elec- 
tron-electron interaction in place of the Hamilton- 
ian (3), under not completely clear assumptions as 
to the suitability of the formation of electron pairs 
on the Fermi surface. Below, we shall show the 
equivalence of the Hamiltonians of Bardeen and 
Frohlich, and shall establish the property of super- 
conductivity for the Hamiltonian of Bardeen thus 
obtained. In the calculation, we shall make use of 
the method of Bogoliubov.! 

The characteristic feature of electron-phonon 
interaction [Eq. (3)] is the fact that it is effective 
only in a thin layer at the Fermi surface, and falls 
off rapidly with increasing distance from it. There- 
fore, the principal contributions to all effects will } 
be made by electron transitions at the Fermi sur- 
face. In this case the energy of the electron tran- 
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‘sitions can be regarded as small in comparison 
with the energy of the phonons fw, and we have 
typical adiabatic coupling, wherein the frequencies 
of one subsystem (the electrons) are regarded as 
small in comparison with the frequencies of the 
other subsystem (phonons). We note further that 
Hint s Vhw and consider Hjp; to be of first order 
of smallness, while Hg] is of second order of 
smallness. For convenience in the intermediate 
calculations, we introduce the small parameter «. 
We shall set ¢€ equal to unity in the final results. 
Under these assumptions, the Hamiltonian of the 
system (1) can be written in the form: 


A = Hoy + eHint + Hat. (4) 


We make use further of the operator form of 
pertrubation theory.’ For this purpose we denote 
by P the projection operator,* which projects the 
eigenfunctions C of the operator H on the sub- 
space of eigenfunctions of the operator Hph> while 
we denote by Cy the eigenfunctions of this sub- 
space (Cy = PC). In this case the problem of find- 
ing the eigenfunctions and eigenvalues of the equa- 
tion 


(H —E)C=0 (5) 


reduces to the solution of the equation with a cer- 
tain “deformed” operator. With accuracy up to 
terms in €? inclusively (to which we also limit 
ourselves below) this equation has the form: 


(E — Ey) Co=PieH int +6711 — &* (Hint — PH intP) 
(Ho — Eo)? x (Hint — PHintP)} PCo, (6) 


where Eg is the eigenvalue of the operator Hph. 

We first consider the case of a phonon vacuum 
and set E,y=0. We also note that PHe)P = He]P, 
since Hg] does not act on the phonon variables 
and that PHiptP = 0, since Hjpt is linear in the 
operators b and b*‘. Thus the third term in the 
curly brackets of (6) takes the form 


PH int (Ho—Eo) * HintP 
Oe se ae apres 
7 OY » ae a ee ay, Gy Rar Se 
Paykel Rin Biss G1, Oz 
7 
Roh hha e0 Oe 


In this expression it is easy to see that only the 
terms with o, #0, are different from zero. Put- 
ting the creation operators on the left and the anni- 
hilation operators on the right and adding the quad- 


*The operator P is defined in the following manner: 
PC = @(% C), where gq is the eigenfunction of the operator 
Hpn; the parentheses denote scalar multiplication. 


ratic form in ata (isolated by this process ) to 
the kinetic energy operator, we write down a (6) 
in the following form 


EC, = Mg Liat) Cos (8) 
where 
Ho= De (b) aie Ones (2) = E(k) — & pa 1—2,(9) 
(R, 3) 
2 
Aint oe aa > ay nn, eaalg Fr thas, — "ha 10) 


By Rae Reis 
eee —k.+0 
(here and below, the formal small parameter ¢€ 
is set equal to unity). The second component in 
€(k) takes into account the usual correction to 
the chemical potential. 

The interaction term Hjnt in Eq. (10) coin- 
cides with the corresponding expression used in 
the work of Bardeen, Cooper, and Schrieffer. In 
our derivation of Eq. (8), we have considered the 
energy of electron transitions to be small in com- 
parison with the energy of the phonons fw, which 
is valid only for transitions in a spherical shell 
near the Fermi surface. The breadth of this layer 
will evidently be of the order of some effective fre- 
quency fiw. Use of the original Hamiltonian of 
Frohlich Hint of Eq. (3) leads to a similar re- 
sult, as was shown by Bogoliubov in I. 

Application of perturbation theory to the opera- 
tors (8) —(10) leads to a logarithmic divergence 
at large distances from the Fermi surface. The 
reason for this appearance lies in the fact that in 
the derivation of (8) in the adiabatic approximation 
the energy of electron transitions was considered 
to be small in comparison with the energy of the 
phonons. However, the latter is only valid near the 
Fermi surface in a certain spherical shell of thick- 
ness of the order of the “effective phonon energy” 
fw. 

In the more accurate variant of the research of 
Bogoliubov, it is seen that the principal contribu- 
tion in all quantities is given by effects which take 
place in this layer. 

In correspondence with these considerations, we 
introduce a cutoff parameter into Eqs. (8) —(10) 
and consider the equation in the spherical shell 
kp +A where kp is the Fermi wave vector which 
is determined from the condition ¢«(k) =0. In 
view of the logarithmic singularity, the quantities 
ought to be only slightly sensitive to the choice of 
the cutoff parameter A. 

We note that the corresponding equation in the 
work of Bardeen, Cooper, and Schrieffer is under- 
stood in precisely this sense. 
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, near 
We carry out a canonical transformation’ on the 
operators 


re es 
Qh, Jp = Un%p, 1+ UR%—R, 03 Ah, —]p = UR%r, 0 — VRE —R, 15 
11) 
+ . gt “i ( 
at», = URXp, 1 + UR% Rp, 05 Ar, 1]. = UnXr, 9 — UR& Rk, 15 
2 2 A On 
Up + Up = 1; (Uy == te Oar = On); (12) 


where a, at are new Fermi operators; Uz, V_E 


are the coefficients of the transformation, which 
will be defined below. 

In the new variables, the Hamiltonian of Eq. (8) 
can be written in the form 


H=e+H) +H, + H;, (13) 
where 
9 = 2) © (2) vo, 
, pa (14) 
Ho = die) (28 =O2) (Gb rae, 1 F Hho an0 ); (15) 
ei 2 € (2) UpOp (cr, 1% p, 0+ %n, 0%, 1 (16) 
+ 
= ay (iy tay pi Mone Ra eho: Skee 
tL 0, ate 4 Mi Bae, Ub, 0 aC 9 ) 
(Un,Ur,%h,, 1%ks, 0 — ert 0% he, 1 
(17) 


ef a 
— Un, Org %hy, 1% hp, 1 + UR Whe hy, 0%Ra, 0)+ 


We shall further regard Hy as the operator of 


zeroth approximation and H,, H, as perturbations. 


It was shown in I that, in line with perturbation 


theory, there will be dangerous terms correspond- , 


ing to the creation of two particles; it is shown 
there that this is connected with the presence of 
logarithmic singularities on the Fermi surface. 

The situation is very much the same for the 
Hamiltonian (13). To remove the difficulties with 
divergence in first order in g’, we sum over all 
diagrams leading from the vacuum to the two-par- 
ticle states, and so choose the functions uz, v_ 
that they compensate one another. One such dia- 
gram is in the Hamiltonian Hy: 


=} : 
2 DS & (R) UnU nar, ae 0 


and two in the Hamiltonian H,: 


+ + 
O47 UnOka®_p? fh, 0% Ray 1 


g? 
a As 
/ , 
Ry, Re, Ry, hg 
, , 
hy—hi=hy—ho¥0/ 
iret 
yt eDiets! 4%," Dhar ha) 


2 
awe £- > Up,Vr, > (ui, a Uk) air ioe. O- 


(Fa) (R) 


The vanishing of the coefficients of Ong 1 wk 9 
leads to a system of equations for the functions 
Uk, Vi: 


Qe (R) UpVUp = (ui = Uk) 


a >»; Unk, 


(hi) 


(18) 


We note, furthermore, that the set (18) has a 


trivial solution u,v, = 9 and hence 


(9, |k| <hr, - 


fe |k| << kp, 
“rian leah eee ae | (iy 


0,0] ke: 


This solution, as is seen from what follows, cor- 
responds to the normal (non-superconducting ) state 
of the system. 

In order to find the nontrivial solution, we intro- 
duce the notation: 


= (g?/V) >) Unde. (20) 


Then, making use of the normalization condition 
(12) for the functions ux, and vx, it is not diffi- 
cult to solve the set (18) relative to uf and Vi: 


2 e(k) : 
non z{! +yepae 


975. Aa( p> SE eC 
annals , vasa t 
(21) 
Substituting the results found for u,v, in (20), 
we get an equation for the constant C: 


1 = (g2/2V) SIC? + 22 (A). 
(R) 


(22) 


Transforming from sums to integrals in (22), 
and taking it into consideration that the range of 
integration in k lies in the interval (kp — A, 


kp +A), we can obtain for C the following as- 


ymptotic solution: 


C =2Ae"; 9 = Qgkt / (Qn) e’ (ke); A =e! (hp) A. 


(23) 
We now compute the energy of the elementary ex- 


citations in first approximation in g’, 


2 
Q (f, 1) = © (k) (Wk 08) + Quon SD) rhs 
(Ry) 


or, utilizing Eqs. (20) and (21)* 


VC + &(R), (24) 


where the constant C is determined by Eq. (23 ). 
For the normal state, obviously, 


Q(k, y) = e* (R), 


*Equation (24) was obtained by Bardeen, Cooper and 
Schrieffer, as pointed out in the paper of Bernardes.® 
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Q(k, y) = (Rk). (25) 


We see from (24) that, in contrast to the nor- 
mal state, the energy of the elementary excitations 
differs from the ground state by the gap 


AQ=C. (26) 


Just as in I, we can consider the current state, 
i.e., the state with the total momentum of the sys- 
tem different from zero. In this case we can show 
that for sufficiently small velocities u, the value 
of the gap falls off proportional to u. 

Proceeding to the computation of the addition to 
the energy of the ground state, we note that the con- 
tribution in it amounts to only one term. As a re- 
sult, we obtain 


C (27) 


(for the normal state, C =0 and Ae, =0). 

We now show that the superconducting state is 
energetically more advantageous than the normal. 
Making use of Eqs. (14), (27), and (31), we obtain 
for the difference of the lowest energy levels of 
the superconducting and normal states 


AE = e+ Ae — Dye (A) {1 fn Set 


= a e (R) Vv 
a dIle Je?) | V C2 + & (k) iz E oo 


(28) 


Hence, with the same degree of accuracy as in 
the asymptotic solution for C, we finally obtain 
k?, (2A)2 


AE = —V (on)? = (Fe) Cae: 


(29) 


We can interpret the quantity 


2k? Pade (ae. ae 
(Qx)jte’ (kp)  V be dE |k=hp 


as the relative density of electron levels, dn/dE. 
Then (29) is rewritten in the following form: 


4 dn (24) dn 


e—2!e: -=2 oF - (30) 


Identifying the thickness of the layer 2A with 
the quantity w from Eq. (14) of I, we obtain 
agreement with all the results obtained by Bogoliu- 
bov with the use of the Hamiltonian of Frohlich. If 
we carry out the substitutions A = Ww, o =o We 
dn/dE =N in (30), then clear agreement of the 
results is obtained with the results of Bardeen et 
al.2 Phe minimum energy necessary to break up 
the pair calculated in Ref. 4 is evidently equal to 
twice the energy of the gap in the spectrum of ele- 
mentary excitations (26). In the same way, com- 


plete correspondence is obtained between the Ham- 
iltonians of Frohlich and Bardeen and the results 
obtained with their help. . 

It should be pointed out that Eqs. (26) and (30) 
are only slightly sensitive to change in the form of 
the interaction assumed by us. Thus, if we replace 
the constant g” by the quantity 9” (k; — ky), con- 
centrated about the Fermi surface, then Eqs. (26), 
(30) would be preserved with this one difference, 
that g? would be replaced by the mean value of 
(ky —k,), and A would be replaced by some 
mean width A ( k; — k,). On the other hand, the 
Bose part of the spectrum can depend on the de- 
tailed form of the function g(k, —k)). We intend 
to consider this dependence in a subsequent paper. 


FIG, 2 


The results worked out above were obtained in 
first order perturbation theory. It is not difficult 
to establish the fact that the compensation of dia- 
grams in second order (g4) does not change the 
results. Actually, there are terms in the pertur- 
bation operator Hy [Eq. (17)] which describe, in 
their effect on the vacuum, the creation of four 
particles — H,+, the creation of a single particle 
and the annihilation of three particles — H,+ 3- 
etc. In second order perturbation theory, the con- 
tribution to the diagrams with two particles as a 
result give terms of the form 


FAy+,3-(Hy—E) 1H 4+, (31) 


which are drawn in Fig. 1. 

We now require that they be compensated in the 
sum with the diagrams obtained from H, and Hp» 
in first order, pictured in this same figure. 

We note that the diagrams of the form shown in 
Fig. 2 are compensated automatically in this case 
by virtue of the compensation rule. 

The operators Hy+ and H,+3- have the form 


50 V. V. TOLMACHEYV spd Si. hia Eso, 


Ce ae’ oie pcb Nd 
Cy Gr Oe gon 
U7 ORO k ne he go 
( Rioka thts Re 
Beh eeh hee 0 (32) 
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(v 20 yi trsOhs Best U,"Un,Un,) 


g? 
etre 0D) 
6 , 
Ray Ray Ry Ry : 
hy— hi =hy —ha 40 


+ 
x< K—pe1% 7 poke 1% 


, 
ky = RAO 


= eee: 


, / 
Ray hay Ri, Re 
, "2 
ky—k,=k, —k2+0 


aa 
Op ok od Lib 
X Wie, 0% _p! 4% _p/ Aha 0 


(0,10), UriMhy —u ley Misha) 


(33) 


Since the second term is obtained from the first 
by the substitution it is evident that it only doubles 
the effect of first term. 

As a result, we obtain for u,, v_ the following 
set of equations: 


2 {2 (2) 
= (e) ys {uz oF — (ty, 0,,) (tp,0,,)} (U2, — 02.) 
are e (k) + € (ky) + € (ke) + © (ha) 
ieee: «) 


2 
= (uh — 02) iF Dd) Hse, 
(a) 


(,,2n,) {(p,P py) (n,2n,) — 4h gPig) . 
e (k) + € (Ai) + € (ke) + & (hs) 4 


+H) 2 


( Ry Ro, Rg ) 
ho—hiths=h 


In view of the fact that the additional terms of 
fourth order in g contain products of uv with 
the same index, which give an exponentially small 
contribution, then, as one can see, they do not 
change the asymptotic solution found earlier. We 
further note that terms of fourth order were con- 
sidered for the model Hamiltonian (10), which is 


(34) 


itself obtained with accuracy to terms of order g. 


Therefore, if we attempt to obtain the exact cor- 
rections from terms of order gt, it is necessary 
first to improve the model Hamiltonian (10), ex- 
tending the method of projection up to terms of 
fourth order. 

In conclusion, the authors take the opportunity 
to express their gratitude to N. N. Bogoliubov, as 
well as to D. N. Zubarev and Iu. A. Tserkovnikov 
for discussion of the work. 
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The Hamiltonian of Bardeen is analyzed in this paper and the method of summation of the prin- 
cipal diagrams is applied. It is shown that the same results are obtain in this way as in Refs. 


1 and 2. 


Recenriy great successes have been attained 
in the solution of problems of statistical physics 
by means of summation of the principal diagrams. 
In the present paper we shall show that in the 
theory of superconductivity, we can also obtain (by 
this method) those results which were found inpre- 
vious researches! with the aid of a canonical 
transformation and the principle of compensation 


of diagrams with “dangerous” energy denominators. 


As has been shown by Tolmachev and Tiablikov? 
we can consider the Hamiltonian of Bardeen in 
place of that of Frohlich, since they both, up to a 
known degree, give equivalent results for the effect 
of electron-phonon interaction on the dynamics of 
electrons close to the Fermi surface. In our case 
the Bardeen Hamiltonian is considerably simpler. 

Therefore, for a more graphic description and 
to establish the connection with the ideas of the 
work of Bardeen, Cooper, and Schrieffer,°® we shall 
start out from the Hamiltonian of Bardeen: 


Hp = >) E(k) disdns 
k,s 


at at a. 
Ry, —"I2 Rav "la hy *le 


ariey 


as 
ye 

, , 

(Rx Rez, R,,k,) 


6 (i) 9 (ze) 
emi! 


x 0 (hj) 0 (Ra) A(Ai+ho—hi— ho)» 


where 
1, Elks) -o< E(k) <E (kr) + 
0) = {0 |B (#) —E (kr) [> ; 
is) =O; 
A= | k+0 


and where E(k) is the radially symmetric func- 
tion representing the energy of an electron of mo- 


mentum k; I and w are the Bardeen parameters. 


o1 


In the Frohlich model, we must set? 
l= 20> @/2. 


We shall take into account the value N of the 
total number of electrons by means of the chemi- 
cal potential 1, for which purpose we add the term 
-—AN to Hp. Then we obtain the Hamiltonian 


H = Hy, + Hint, 
4+ 

Hy = 3) {E (k) —}} ausdas, 
Rk, & 

I 4) 

Heim ese a GG eaus ee 
ley V » asians he (Ry ena eee 
(Ris Re, Ry» kg) 


X 0 (hy) 6 (Rp) 6 (1) 6 (A) A (Ry + By — ky — he); 


for which we shall also consider the question of 
the. summation of the principal diagrams. 

Since the interaction is effective only in a small 
region of the Fermi sphere and only between par- 
ticles (electrons or holes) with oppositely directed 
spins, we see that a very important role will be 
played by diagrams of the type shown in Fig. 1. 
These diagrams were constructed from an “irre- 
ducible complex” (see Fig. 2), consisting of a pair 
of particles with momenta +k and spins + 3. 


<I EO 


FIG, 1 


<a ue Ss 


FIG. 2 
To sum the diagrams, we make use of the 
method of approximate second quantization, i.e., 
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we construct a simplified Hamiltonian, for which 
the diagrams will only be of that class which we 
desire to sum, and furthermore, with the same 
contribution which is made in the present Hamil- 
tonian .* 

Since the complexes of pairs of particles (+k, +4) 
are not broken up in the diagrams considered by us, 
it is natural to compare their quantum amplitudes 
by, by with the commutation relations 


[on Oe] = 0, [be, br] =0, [bf, by] =0; RR’. (2) 


Furthermore, since there do not exist several pairs 


with the same value of k, we must have 


b= 0, be? =0, bab + fb, = 1- (3) 


We note further that the eigenenergy of the com- 
plex will be 


2(E (k) —)) bt bp 


and that the matrix element of the Hamiltonian (1) 
for the transition k — k’ will be proportional to 
-I/V. 

From these considerations, we obtain a simpli- 
fied Hamiltonian of the form 


H = Hy + Hint, Ho = S\2 (E(k) —)) babes 
k 


Hin =— 7 >i bby 0 (#) 0 (R'), 


a (4) 
which contains the operators by, bg [with the 
commutation relations (2), (3)] which we shall 
call the Pauli operators. 

Taking expressions of arbitrary order 


Aint (Ho — E)? Aint... (Ho — E) Aint, 


it is now easy to verify directly that the sum of 
contributions from the diagrams of the type con- 
sidered for the Hamiltonian (1) will be equal to 
the sum of contributions of all diagrams for the 
simplified Hamiltonian (4). 

Thus, the problem of the summation of a spe- 
cial class of diagrams for the Hamiltonian (1) is 
shown to be equivalent to the problem of the model 
of the dynamical system that is characterized by 
the Hamiltonian (4). 


*We emphasize that the new meaning of “summation” in- 
troduced here cannot be taken in the universally accepted 
sense. Strictly speaking, we do not sum here a series of terms 
of a given class, but we compare the Hamiltonian for which 
the expansion of perturbation theory exactly coincides with 
the given series. From the mathematical viewpoint, we are 
dealing here with concepts close to those of the theory of 
quasi-analytic functions. 


We proceed to the construction of an asymp- 
totically exact solution of this latter problem, neg- 


lecting only the quantities which vanish in the limit: 


WEIN 

We shall distinguish between pairs of electrons 
and pairs of holes, for which purpose we intro- 
duce the new Pauli operators, setting 


Br = bi, E (R) = A, 
Bg by Lee) ee 
ercet 
H=U+2>\/E(k) —Al BeBe 
- : 
— 1 St 6 (h) 8 (F') (8c (&) Br 
kh’ 
+ Or (R) Bu} {9c (A’) Bar ++ Or (R’) Bib}, (5) 
where 
L, Eby 
ENA Haass 


= 2 Si{E (&) — 2} 6 (b), 


R 


66 (k) + Or (2) = 1. 


Let us consider the wave function C for which 
all the filling factors 


Ma BEBR 
are equal to zero. Then 
B.C =O. 


We shall show that this wave function is an as- 
ymptotically exact eigenfunction of the Hamilton- 
ian H, giving it the value U. 

In fact, we have 


de 


He Ee ee 


H=2 8 


k 


(2) — | BEB. — 57 7s 8 (2) 6 (R’) {8c () Bit 


+ 85 (k) Br} 8c (#’) Be — 1D) 0 (6) 0 (&') 8s (2) Or (A") BBR, 
k+k! 
H!" = —— Hay) 6 (k) 8 (R’) 84 (h) OF (ey at Bit. 
heh! 
But, obviously, 
HOW. 


On the other hand, 
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ae 
CC) HY PCy = CCH ACS = 
[2 
= ve 6 (&) 0 (&’) 8g (A) 8 (&) < const when V—> so. 
kh! 


But, in the limit V— ©, H must be propor- 
tional to V, while | H” a as we have noted, re- 
mains finite. Therefore, in fact, C is an asymp- 
totically exact eigenfunction of H, giving it the 
value U. 


We have also 


N= MGNC i= Sie 2, 


E(k) <a 


Equating this expression to the total number of 
electrons in the Fermi sphere 


» 2 


E(k) < Ep 
we see that 
Ke Be = E (Rp). 


We now analyze the problem of the stability of the 
state C. We consider first the case in which 


T< 0, 


We supplement the double sum in (5) with 
terms for which k =k’, terms that make no con- 
tribution in the transition to the limit V—~-~. We 
then note that H — U is essentially a positive 
form. The value U will consequently be a min- 
imum and the state C will be stable from the 
same considerations. 

The situation will be different in the case 


i 0. 


We note that since all the filling facts ny, = 
Bi By in the state C will be equal to zero, we 
can, upon computation of the energy of the elemen- 
tary excitations, consider the Pauli operators 8, 
B* to be Bose in character. 

There then remains only the diagonalization to 
quadratic form of the operators B, pt which rep- 
resent H—U of (5). This diagonalization can be 
achieved, for example, with the aid of a method 
set forth in our monograph.* 

For the determination of the energy E of the 
elementary excitation, we get the following secu- 
lar equation: 


(6) 


(7) 


I 0, (R) 8, (A) 
l= 7 Y0(k) lee Feeney 
en = 2|E(k) —E (kr)|, 
whence, upon simplifying, we get 
I ») 2, 


gteheed —z_ 
V (ep< E(k) <Epte) &% — F 


or 


where 


(8) 


As is seen, this equation, in the case (7) under 
consideration, always has a negative root for E?, 
Consequently we obtain a purely imaginary value 
for the energy E: 


E~ + i2we-1e , (9) 
Thus the state C is found to be unstable. 

In order to find the stable ground state with 
minimum energy, we introduce the new Pauli am- 
plitudes Bx, Bit in non-trivial fashion, as earlier, 
with the aid of the relations 


Bp = Una (26.6; — 1) + ub, — U2On, 


Bit = Unda (2bab, — 1) — 02D, + w2d;, (10) 


where u, and vx are real numbers satisfying 
the relation 


un +ou=l. (11) 


It is not difficult to note that the amplitudes (10) 
actually satisfy all the commutation relations of 
the Pauli operators. 

Turning to the transformation (10), we find: 


bp = UpVy (1 — 282Bn) +- u2B — vf Be, 
bf = unvn (1 — 2828») — 028, + ueBt, 
bib, = vn + (ua —vh) BE Be + Un0n (Ba + Bi). 


(12) 


Substituting these expression in the Hamiltonian 
(4), we find: 


H=U+ d(2E@— ure 
— > 6(k) (uk — of) py unOw0 (E')\ (Br + Bi) 
+ SI2Ee (#) BEBR— GD) (whBi, — OF, Be, — 20,0», BRPr,} 
R hatha 
X {U2 Br, — U2BA — 2tn,0nBi Bra} (Rr) 9 (Ro)s 
where 


U = Si2(E(e) —2) hd) (hr) Ob) n,n nO 
Rk 


(Ry, Re) 
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v2) + 9(R) inet aT (A’) UpeOne. 


? (15) 


E. (k) = (E(k) —)) (ui, — 


We let the coefficients for (BK + BE) in Eq. 
(13) vanish, and get 


") UpOpy Ue 


If 
2(E (k) —)) undp — = 4 (Rk) (U2 — 02) O(k 
(E (8) —2) wos — sp (8) (1 — Of) SLO CE ve 


which was found in Ref. 2 with the help of the prin- 
ciple of compensation of dangerous diagrams. 

Noting that 7 =E(kp) (with the accuracy re- 
quired here), we have, just as in Ref. 2: 


ae E (k) —E (Rp) 
2 = 
(ye =! TE SENSE! 


0? (k) = 


5 {1+ E (kp) —E (k) 
2 VEE (h) =E (Fp)? + 0 (2) C? 

C = 2we-tle 
E. (kt) =VE®—E 


i + 6 (k) C® 
(17) 


The Hamiltonian (13) can now be written in the 
form 


Net ged pt 


where 


H, = S25, (b) BrP, 


FS 6 (ey) 6 (Ra) uh Bit 


(ky # Re) 
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> Uh Pri} {Wit B rs oa OhPagt» 
(18) 


18> 2] 
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We select the wave function C for which all the 
filling factors 


5 
We Br Br 


are zero. We shall show, as before, that, with ac- 
curacy to quantities which vanish in the limit V 
—-o, C is an eigenfunction of the Hamiltonian H, 
giving ita value U. We actually have 


(7, + H")C = 0 
and 


cd Ona bs Cd = Fe D4 hy) 9 (Ro) {uh OF, + u2 v2 u2 v2 } 


< const, V > oo. 


We now proceed to the consideration of elementary 


excitations. Since all the filling factors v_, in the 
state C are equal to zero, we can consider the 

Pauli operators to be Bose operators in the calcu- 
lation of the energy of the elementary excitations. 


Therefore, in the equation for the Hamiltonian (18) 


we can limit ourselves to the quadratic form Hp 
Ps Ge 

Carrying out the diagonalization by the method 
described earlier,* we obtain a set of linear equa- 
tions: 


10 (k) 


(E— 2B.) em = TP ah Sah — ohn} 8) 


T9(k , 
a ve vp Ziman tee J 


9 (R) >) Ut os aa 
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—(E + 2Ee (k)) x, = YF OR Ppt 9 (R') 


I , 
— 7 9(R) RS) uh ey, — OR Xp} 8) 
hk’ 


(19) 
with the normalization condition 
Miers aaa (20) 
k 
Then we obtain the secular equation: 
f wh oh 
t a Stes Eo een 
, us 
x {14 ete t+ oes) 
4 2 
sii Dy) ue Uy, ithe as aa =O. 
(21) 


It is easy to see that for 
|E|<2min E, (k) = 2E, (kp) 
this equation has no solution, since the subtrahend 


in Eq. (21) is then less than the minuend. 
For 


| E|> 2 min E, (k) 


we have a continuous spectrum 


E=-+2E,(k)+0(1/V), O(1{V)—+0 when V => 00. 
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As is seen from (19), the minus sign does not 
agree with the normalization condition (20). 

Thus all the E are positive (this can be seen 
directly from the fact that the quadratic form 
under consideration is positive definite ) and are 
separated from zero by the gap 


E = 2E, (k) > 2E. (kr) = 2C = 4we~e, (22) 


Here again we obtain the results of Bardeen as 
in the previous papers,!»? 

Since we have confined ourselves only to dia- 
grams consisting of pairs, we cannot decide di- 
rectly from (22) that the excitation with energy 
2Ee(k) [Eq. (22)] consists indeed of two excita- 


tions of the Fermi type, which was shown in Ref. 1. 


As we see, the method of summation of dia- 
grams is shown to be quite lucid and permits us to 
establish the connection with the ideas of the work 
of Bardeen, Cooper, and Schrieffer. 

However, in our opinion, the method of canoni- 
cal transformation is more flexible, allowing us 
easily to obtain the higher approximations. More- 
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over, it achieves various generalizations, for ex- 
ample, in the calculation of thermodynamic quan- 
tities. 

In conclusion, I should thank D. N. Zubarev, V. 
V. Tolmachev, S. V. Tiablikov, and Iu. A. Tserkov- 
nikov for their valued discussion. 
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The effective cross-sections are calculated for a number of radiative processes occurring 
in the interaction of high-energy 7 mesons with nonspherical nuclei. The nonspherical 
shape of the nuclei leads to a change of the angular distributions and the appearance in the 
cross-sections of factors that depend only on the geometrical shape of the nuclei. 


ln papers by Landau and Pomeranchuk,! Pomer- 
anchuk,? and Vdovin’ treatments have been given 
of the processes of bremsstrahlung in the inter- 
action of 7 mesons with nuclei, production of 
m-meson pairs from nuclei by y quanta, and pro- 
duction of nuclear stars by y quanta, for very 
large m-meson energies E and y-quantum ener- 
gies w (E >p; w >>p, where pu is the mass 
of the m meson; we set fh =c =1 throughout). A 
peculiarity of these processes at such energies is 


that very large distances from the nucleus (Treff 
~ E/y? > R) contribute to the matrix elements 
that give the probabilities of the processes, and 
one can use in the calculation the asymptotic form 
of the -meson wave functions outside the region 
of their interaction with the nucleus. At large en- 
ergies oné can take these functions to be diffrac- 
tion functions. The functions used in the papers 
mentioned are those of the diffraction by a black 
or a gray sphere. 
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As is well known, the equilibrium shape of a 
heavy nucleus is not that of a sphere, but that of an 
ellipsoid of revolution. The change of the shape 
and the related appearance of a spectrum of rota- 
tional levels causes considerable change in the 
diffraction solution, as has been shown by Droz- 
dov‘ for the scattering of fast neutrons by nuclei. 

In the present paper we find the changes made 
by the nonspherical shape of the nucleus in radia- 
tive processes occurring in the collisions of 7 
mesons with nuclei and in the production of m-me- 
son pairs by y quanta. We use in this work as a 
model of the nucleus an ellipsoid of revolution 
which is black relative to the m mesons. 


1. EMISSION OF A GAMMA QUANTUM BY A 
PI MESON 


The radiation in question consists of radiation 
emitted when the m7 meson is scattered and radia- 
tion emitted during the absorption of the meson 
(stopping radiation). As has been shown by Lan- 
dau and Pomeranchuk,! both parts of the radiation 
can be obtained from the wave equation for the tT 
meson outside the nucleus 


(0? / ot? — A + p?)b = — 2ie (AV) 9, GH) 
“o - V2i (@jcnor—oh) = asje-i (or—of)) 


If we regard the interaction with the radiation 
field as a perturbation, we can replace wy in the 
right member of Eq. (1) by the -meson wave 
function Pp, in zeroth approximation with respect 
to e. Then the solution of Eq. (1) that corre- 
sponds to the emission of a photon with momentum 
w and polarization j has the form 


2e / om 


o,,—\G¢r, ry V = (iV®,)e"'dr’, (2) 


p= (Ey—0)? — 2, 


where G(r, r ) is the Green’s function of the 
wave equation for the 7 meson in the absence of 
interaction with the radiation field. When the ra- 
diation is emitted in a collision with a nonspherical 
nucleus, we can use for G(r, r) and #,. the 
functions for the problem of diffraction by a sta- 
tionary ellipsoid: 


exp {ipo |r —r’ ]} 


a 4n|r—r’| 
P2 ( exp {ipo|r—s]} exp {ips|s—r’ }} 
aa |jr—s| 4x|s—r’| ds; (3) 
a : Pi efi |T—P, | 
Uy ee dor ler dp). (4) 
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The integration is taken over those parts of planes, 
taken to pass through the center of the nucleon and 
to be perpendicular to the vector r — r for Eq. 
(3) andto p, for Eq. (4), which lie inside the 
projections of the nuclear ellipsoid onto these 
planes. These regions of integration are functions _ 
of 3 and ¢ —of the direction of the axis of sym- 
metry of the nuclear ellipsoid relative to the 
chosen coordinate system. The projection is an 
ellipse. If in the plane in question we take the Y 
axis along the projection of the axis of symmetry, 
the equation of the ellipse is 


Xia + Y*/F= 1, 
6? = a? (9); 2 (9) = 2 sin? 3+ cos?9, 2=c/a, (5) 
where c ishalf the length of the axis of symmetry 
and a is the radius of the largest circular section. 

The use of the functions (3) and (4) is permis- 
sible in the adiabatic approximation, in which the 
energies of the particles are much larger than the 
rotational energy of the nucleus; this condition is 
fulfilled here, since the entire theory is valid only 
for E,, E, > uw. 

When the meson is outside the range of the nu- 
clear forces, the wave function of the whole sys- 
tem of m meson + nucleus, for the emission of a 
y quantum, can be written in the adiabatic approx- 
imation in the form 


© 9,24(9, b)= (G(r, 1") 2 Y/ = (§VO,,) eter de’ 0 “(8 @ 


where Q)(%, @) corresponds to the ground state 
of the nucleus. Starting with this formula, we can 
obtain the probability of emission of radiation in 
scattering with excitation of a definite rotational 
state, the total probability of radiation with scat- 
tering, and the probability of the “stopping” radi- 
ation. 

Finding the asymptotic form of Eq. (6) for r 
> ©, we determine the amplitude for scattering 
with emission of radiation and with excitation of 
the n-th rotational state: 


<Qn(9, ©)| M(B, })| Qo (9%, &)> 
ie \2n (2 ) “ ae D>, (j, V®,,) eon! dr’ 


Q4 (9, })sindsdg, (7) 


@O. = pip Po ( exp {—ips|r— 
Dea a + 2 { 


eo} 
Pet) ce Perec 


The integration with respect to Py is taken over the 
projection of the nucleus onto a plane perpendicular 
to p2. The calculation of the probability of emis- 
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sion of a y quantum in diffraction scattering with 


the excitation of rotational states is made by means 


of Eq. (7), in analogy with the calculation of the 


probability of radiation in scattering made by Lan- 


dau and Pomeranchuk in Ref. 1. On carrying out 
these calculations and using the relations 


Ey~ pi; Ex ~ po; E,, Eo, @ 5 


Po = (PeP1) Pi / Pp? + p28’; w =(ep,) Pi/ pi; +08, 


Gandd’ | pi; [9], [01 <su/E, 
we get, neglecting terms of the order p/E in com- 
parison with unity: 


e2 dwdo, Es doy, I Jno (| 08 + E26’ | 23 2) |? 


dane rag mE YD [o6+ £0’ ? 
site OES cet mbes eal 
“T@7EYPEO=O) TED? + 61,” (8) 


F is the form factor of the t meson,! and 


Treg (ka; Z) =| (9, o) p2 (9) Jy (ka V & (9) sin?d + cos? d) Q, (9, ) sin ¢ddd . ( 9) 


As has been shown by Drozdov,! the functions (9) 
determine the excitation of the rotational states of 
nuclei by fast particles. He has computed them by 
numerical integration for a number of states of a 
nucleus with spin zero [2(%, ¢) are then ordi- 
nary spherical harmonics ] and for various values 
of the parameters ka and z. Their main prop- 

. erty is a rapid decrease with increase of the num- 
ber n. 

Drozdov’s results‘ are entirely applicable in 
the present case also. The only difference is that 
now k is not the transverse momentum p,6’ of 
the scattered particle, but is given by |wé + E,6’|, 
which is equal to the transverse momentum only 
for small w. 

For such high energies it is of more interest to 
consider the total cross-section for emission of 
radiation in collisions with the nonspherical nu- 
cleus 


do = >) dong. (10) 
n 


These cross-sections have the same form for all 
axially symmetrical nuclei with a given ratio of 
the semiaxes, independent of the spin,” i.e., inde- 
pendent of the lowest rotational state: 
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Sr (ka V E(x) sin? + cos*h | 
V &2 (x) sin? 6+ cosz@ 
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The function Ip) (ka; z) determines the total 


-eross-section for scattering of the particle by the 
nonspherical nucleus with excitation of all rota- 


V (9) sin? + cos?’ 


tional states.’ It has also been calculated by 
Drozdoy!? by numerical integration for a number 
of values of the parameters ka and z. 

For z=1 the formulas of (11) give the result 
obtained in Ref. 1 for the spherical nucleus. 

Introducing the dimensionless quantities s and 
n, 

6=(u/EFy)s, 0° —O0=(%/E)y snl, 


we get instead of (11) 
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For heavy nuclei (pa > 1) and large angles 
s and 7 ~ 1, Eq. (12) is considerably simplified 
if we replace the Bessel function J, by the as- 
ymptotic expression for large arugments: 


e2 do Es a | F |? Ss n 
ac — 72 Ow By ue js+y|? eos +9? Soe 
1 #420 ot V2=1 | Sa 
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(14) 


Equation (13) can be written in the form 
ds = desonl ; (15) 


where dogph is the cross-section for emission of 
radiation in scattering by a spherical nucleus of 
radius a [Ref. 1, Eq. (3@)]. As is shown in Ref. 
1, the main contribution tothe total cross-section 
comes from values of s and 7 of the order of 
unity. Thus the total cross-section for heavy nu- 
clei can be obtained with F =1 in Eq. (13) [Ref. 
IG o2i) |: 

E, 


a 
T= Soppl = 2,5 07 tunt (16) 


58 she 


Consequently, for heavy nuclei and large angles 
the cross-section for bremsstrahlung in scatter- 
ing by nonspherical nuclei differs from the corre- 
sponding cross-section for the spherical nucleus 
only by the factor (14). In the general case the 
angular distribution for the nonspherical nucleus 
differs from that for the spherical nucleus by the 
fact that for z #1 the function Ig) (ka; z), and 
thus also the cross-section, does not become zero 
for any value of k 4:0. For spherical nuclei, on 
the other hand, with z= 1, Igo (ka; 1) = J? (ka), 
and thus the corresponding cross-section becomes 
zero for certain values of k. Curves showing the 
behavior of the function Ip) for various values of 
z and the angles are given in Ref. 4b. 

The “stopping” radiation from a nonspherical 
nucleus can be calculated if one uses Eq. (6) to 
find the flux of 7 mesons incident on the nucleus, 
integrates this flux over the surface of the nucleus 
as is done in Ref. 1, and then averages over the 
ground state of rotation of the nucleus. The cross- 
section obtained does not depend on the spin of the 
ground state of the nucleus, and differs only by a 
factor (a function of z) from the corresponding 
cross-section for the spherical nucleus of radius 


: ‘A a2 0?do,,do oe hans 
esl reco ee | | 
2 V 22 1 | (17) 
Zz Ae Fa ‘3 
Ti+ Taser cy oa (ae 
Es a ees 
4 2 ., -jVi—2 
5 J+ see aa z<l, 


(18) 


ma*I, is the average area of the projection of the 
nuclear ellipsoid onto the plane perpendicular to 
the direction of motion of the incident m mesons. 


2. PRODUCTION OF PAIRS OF PI MESONS BY 
AN INCIDENT GAMMA QUANTUM 


This process can also be dealt with by means of 
Eq. (1), as a process of “absorption” of the y quan- 
tum by a 7 meson with energy and momentum —E,, 
—Ppy, where E, and p, are the energy and mo- 
mentum of one member of the pair.* 

When the meson is outside the nucleus, the wave 
function of the system 7 meson + nucleus, after 
the “absorption” of the y quantum, is 


(19) 


*It is well known that the matrix element for pair production 
is obtained from that for bremsstrahlung by the replacement 
®>-@, W+-w and change of sign of the energy and momentum of 
the incident particle.° 
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G(r, r’) is given by Eq. (3), and 


exp {ipr|f —5 | 
lr—s| 


ds. 


= Px 
on) =e BA 


The integration is taken over the projection of the 
nucleus onto the plane perpendicular to p,; [Eq. 
(5)). 

The calculations are carried out in complete 
analogy with the case of the spherical nucleus ,?? 
with the nonspherical shape taken into account by 
a formula analogous to Eq. (7). The calculation 
can be carried to completion only for the case of 
heavy nuclei (va > 1, pe > 1). We proceed at 
once to give the results. Using the notation of 
Pomeranchuk? we have 


‘2 | 
pep 2 (i— 3) + k;, wk; = 0, Ri< pi, 


eer ea 


The cross-section for pair production with excita- 
tion of the n-th rotational state is 


ee 
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The function Jno (ka; z) is defined by Eq. (9). 
With regard to the form factor F:i_, see Ref. 2. 
The cross-section for pair production from a non- 
spherical nucleus with excitation of any rotational 
state is 


e . EyEp 


do (Pi, Ps) = gn Pa ane 


\2 
o? ke | v2 + (Ko — ky)? / 4 


2ky 
: 
we Ry 


_ ere] X Too (Ra; 2) dE, dk, dk. (21) 

ue i 
The function Ip) is defined in Eq. (11). 

Thus the changes in the angular distributions 
for pair production from a nonspherical nucleus, 
as compared with the case of the spherical nucleus, 
are the same as for the bremsstrahlung. 

The total cross-sections can be calculated, as 
in Ref. 2b, beginning with Eq. (21), if we set | F4_ |? 
equal to 1. These cross-sections differ from those 
calculated by Pomeranchuk by the geometrical fac- 
tor (18) and the replacement of R? by a2. For 
example, integrating the pair-production cross- 
section (21) over all ky and ky, up to certain 
maximum values, and over all possible energies of 
the pair, we get: 


. On 


BREMSSTRAHLUNG OF PI MESONS 59 


bmax = a | ki — Ke Imax. (22) 


3. PRODUCTION OF A PAIR OF PI MESONS BY 
A GAMMA QUANTUM WITH SUBSEQUENT 
ABSORPTION OF ONE MEMBER OF THE 
PAIR BY A NONSPHERICAL NUCLEUS 


This process can also be treated by means of 
Eq. (19), finding the flux falling on unit area of the 
nucleus, integrating over the surface of the nucleus 
and averaging over the rotational state and over 
the polarization of the y quantum. Thus we get, in 
analogy with Ref. 3b: 


2 — 
a dks dE,\| Qo (% )[Psin 9 d9d 
ky 
es \ ao ue + ke 
~ Ga\ds de 4 exp {i (€ — ki, 8 —p)} 1 Fy_P. (23) 


We integrate with respect to ds and dp over the 
projection of the nucleus onto the plane perpendic- 
ular to p;, and with respect to g over the whole 
of the plane perpendicular to w: 


k 
Ba EW Bs \ 4808 ge ew Ui 8 — bs, 8 — 9) = 
Vs ds exp {— ik, (s — p)} VSIS— A) 
S>R(9,0) (24) 


K, (x) is a solution of Bessel’s equation for n= 1 
which falls off exponentially at infinity. The inte- 
gral (24) is taken over the part of the plane per- 
pendicular to p, that is outside the projection of 
the nuclear ellipsoid; 5 is the angle between the 
axis in this plane, measured from the axis of sym- 
metry (the diagram shows the projection of the nu- 
clear ellipsoid onto the plane perpendicular to p;). 
From Eq. (5) we have: 


R (9, ¢) =a’ (9) / VF) cog + sing: 


(25) 


The integral in Eq. (24) can be calculated for 
heavy nuclei (pa > 1, wc > 1). Since the im- 
portant region for this integral is |s — p| ~ 1/y, 
neglecting terms of order 1/ua we can use an in- 
tegration (for each vector p making an angle 
with the projection of the axis of symmetry) taken 
not over the part of the plane outside the ellipse at 
the point of intersection with the extension of the 
vector p (see diagram); this makes it possible to 


do the integration. We then integrate the square 
of the absolute value of the resulting expression 


‘with respect to p over the interior of the ellipse 


(25), 


\do | pe Vi, \ ds exp (— ik, (s— p)} SHEle—e) P 


ch ur + ke <) 


R (8, 9) 
sin A [u2 + k? cos? (A + 9 + ¢)]'? 


(26) 


? 


ki cos? (A+ 9+ ¢) 
u? + ki cos*(A-+ 9+ o) 


where A is the angle between the direction of p 
and the tangent to the ellipse (see drawing): 


sin A = [6? (9) cos? o + sin? 9] / [sin®? @ + cos? @& (9)]’2. 


Just as was found in Eq. (11), averaging of the ex- 
pression (26) over the lowest rotational state 
gives a result that is independent of the spin of the 
ground state,° and the averaging reduces simply to 
averaging over 3 and @. 

The result differs from that for the case of the 
spherical nucleus®* only by a factor that is a func- 


tion of z: 
= ae 
= oS Ey ee Fi) dy, BEE sree (1+ | 2y'ls {2K ()—E (e)} I, 
tay os Se + 


(27) 


(the notation is that of Vdovin®*); K and E are 
the complete elliptic integrals of the first and sec- 
ond kinds; and 


+1 +7 


Ag 1, &(x) (sin? ¢ + cos? 98 (x)"" . (9g 
le Ar = ge 4 de (sin? @ + cos? 9&2 (x)]*2 ee 
ene L (22 — 1)hsinh"*(22 — 1)'8} z>1 
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Thus the angular distribution and the total cross- 
section for the nonspherical nucleus differ from 
those for the spherical nucleus*> only by the fac- 
tor (28). 
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Let us now consider the conditions for the ap- 
plicability of the formulas that have been obtained. 
The integration of (24) over a half-plane instead 
of over the part of the plane outside the ellipse 
amounts to the neglect of terms of order 1l/ua « 1 
only if py > 1/u, where pg is the radius of 
curvature of the ellipse at the poiht in question. 
For the spherical nucleus this condition is just 
wR > 1. For the ellipse the curvature is variable, 
and the minimum radius of curvature of the pro- 
jection of the nuclear ellipsoid is z2a for z <1 
and a/z for z > 1. It would appear that the treat- 
ment that has been carried out is valid only for 


Gall 
Ze 


He SNUG 


lij2 Sep ua, (29) 


But in actual fact Eqs.(27) and(28) are valid over 
a range of values of z considerably larger than 
that given by the conditions (29), since the radius 
of curvature py fails to be much larger than 1/p 
only in small ranges of angles given by Ag ~ (Aas 
x (z/pay!/3 10r, Za land: Ag. z(z/pay'/3 for 
z <1, and the contribution from these intervals 
to the integral (26), for z > 1 and z «1, is 
small in comparison with the whole integral (26). 

Thus (27) and (28) can be used for heavy nu- 
clei with pa > 1, pe > 1, independently of the 
value of z. 

If both mesons of the pair are absorbed by the 
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heavy nucleus, producing a “star,” the cross-sec- 
tion for this process with a nonspherical nucleus 
differs from the corresponding cross-section with 
a spherical nucleus*© by the factor (18) and the 
replacement of R by a. 

In conclusion the writer expresses his deep 


gratitude to I. M. Shmushkevich for suggesting the” 


problem and for valuable discussions. 
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Possible experiments are considered for the investigation of inelastic collisions of nucleons 
withthe reactionscheme N+N—~7+N+4 N’, which represents the most intense inelastic proc- 
esses in the ~ 650-Mev region. Some nontrivial experiments are suggested on the angular 
correlation of mesons and nucleons based on the existence of azimuthal asymmetry in the 
emission of these particles. Analogous effects in a polarized nucleon beam are also con- 
sidered. The calculations are performed in terms of ten inelastic transition amplitudes which 
are assumed to provide the principal contribution to the total cross section for N+N— 


+N+N’ at 650 Mev. 


Noctiton scattering experiments ~ 650 Mev 
which are intended to serve as the basis of a quan- 
titative phase analysis include both elastic and in- 
elastic scattering. We are already well acquainted 
with the program of experiments on elastic scat- 
tering including the observation of various polari- 
zation effects.!*? However, for inelastic processes 
whose total cross section at ~ 650 Mev is about 
equal to the total elastic cross section® the exper - 
imental program has not yet been completely con- 
sidered. Theoretical articles have been concerned 
with only the reaction p+ p— a’ + d,*~8 and have 
not considered the more intense inelastic proces- 
ses in the ~ 650-Mev region: p+ p—7mt+n+p 
and p+p— r+p+p. It is the purpose of the 
present article to fill this gap and to determine the 
experimental possibilities for the observation of 
the reactions represented by N+ N>17+N+N’ 
In the first part the angular 7-meson distribution 
and the m-meson-nucleon angular correlation are 
analyzed for both polarized and unpolarized nu- 
cleon beams. Calculations are carried through 
for the two reactions p+p—~-7'+n+p and p 
+p—om+ptp. 


1. GENERAL COMMENTS 


We know that strong absorption by a scattering 
center complicates substantially the character of 
elastic scattering. When it is necessary to deter- 
mine the phase shifts of different partial waves 
through observation of an elastic process, the ab- 
sorption intensities of these partial waves are also 
required. The latter information can be obtained 
by analyzing the angular and spin characteristics 


of secondary particle emission for all possible 
elastic process channels. The most complicated 
case is that of r-meson production: N+N—qT 
+N+N’, which is characterized by the final emis- 
sion of three particles. 

Any specific instance of this process for which 
the energy of the incident nucleon is known can be 
characterized completely by giving the energy of 
one of the particles, the polar angles (6, ~) of the 
direction of flight of this particle in the center-of- 
mass system of the colliding nucleons, and the 
polar angles of emission for the remaining two 
particles in their center-of-mass system. The 
differential cross section will thus depend on five 
arguments. 

For the purpose of determining the angular part 
of the wave function for the three ultimate particles, 
the three-body problem is usually reduced to a two- 
body problem by introducing two subsystems. This 
can be accomplished in two ways. In the first, two 
nucleons constitute one subsystem. This division 
enables us to add separately the nucleon spins in 
one subsystem and the orbital angular momenta in 
each subsystem. Such a procedure involving two 
subsystems is therefore usually called an fs- 
scheme. The angular part of the combination of 
two subsystems is written as 


ys) BS > 


m+p=M 


(jmp. | nj M) YI" (x) Y# (1,2) . 


Considering the orbital angular momentum of rela- 
tive motion of the two nucleons and their spins, we 
finally obtain 
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m+p=M 
m, +m, =p 
Ms, +Ms.=Mg 


X (S1Safts, (Mg, | S1828tMs)X YL (m) Yi" (4, 2) ti (1) te (2), 
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where 

yi “HYP (On, 9n), Yq! (1, 2)==Y;" (S12) 912) 
are the spherical harmonics of the respective ar- 
guments. The angles 6,, y, characterize the 
outgoing direction of the meson in the c.m.s. of 
the two colliding nucleons and the angles 649, Qy4p 
denote the outgoing direction of nucleons “1” in 
the coordinate system which is associated with the 
center of mass of inelastically scattered nucleons. 
Nucleon “2” is ejected in the opposite direction so 
that 65, =7 — 04. and 1 = Pj. +7. 


Proton beam 


FIG. 1 


The representation of the angular part of the 
wave function by Eq. (1) is most suitable for ex- 
periments which observe the 7 mesons. On the 
other hand, when we are interested in experiments 
where only the nucleons are observed, it is most 
convenient toemploy the jj-scheme of two subsys- 
tems where one of the subsystems contains the 
meson and one of the nucleons. It must be empha- 
sized that the ~s- and jj-schemes for writing the 
angular part correspond to the two possible ex- 
pansions of the angular part of the three-particle 
wave function in the eigenfunctions of the two sub- 
systems. Which of these two expansions is more 
suitable, i.e., which contains the smaller number 
of amplitudes that provide the principal contribu- 
tion to the cross section, depends on the mechan- 
ism of m-meson production and on the character 
of interaction of the ejected particles, and can 
only be decided experimentally. 


The angular part of the three-particle wave 
function in the jj-scheme is written as follows: 


eH) — SSS) (jLmym | jLIM) (1y5aMMefteos | 252m) 
m-+m; =M 
eee 
mz-+Ms, =m 


m m m 
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Figure 1 is a vector diagram of the secondary 
particle momenta for the reaction N+N—~7+N 
+N’ inthe c.m.s. of the colliding nucleons. When 
the secondary nucleons can be considered approx- 


imately, neglecting their relativistic mass increase, 


the geometrical locus A of the end of a nucleon 
vector is a sphere of radius R = [M(W —Vp*+m? 
— p*/4]'/2, where W is the total kinetic energy 
in the c.m.s., p is the momentum of the m meson, 
and M and m are the nucleon and 7m-meson 
masses. For this case it is easily shown that the 
differential of the phase volume density for two 
particles in the ’s-scheme, d’N/dQ (649, Qy2) dW, 
is independent of the angles 649, gy. and is deter- 
mined by the magnitude of the radius R. For the 
ji-scheme this no longer holds true: d’N/dQ (@q4, 
Yri)adW depends on 6,4 but is independent of 
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2. STATEMENT OF THE PROBLEM 


In our calculations we have used Berestetskii’s 
formalism® for the study of polarization effects in 
inelastic collisions of nucleons. 

The initial function for two protons, one of 
which (in the target) is unpolarized, has the fol- 
lowing form: 
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The coefficients ¢€, and 2 are subject to the con- 
dition le, [2 = =" €» [? =4, Efe, = 0 ao describe the 


16/2, dp = 


are coefficients that describe the spin 


cee target, while q, = cos™ 5 © 
Hib /2 
sin, e 


function of a proton beam which is completely po- 
larized in the direction (3%, 5). 

In this article, the possibilities of different in- 
dependent experiments are considered only for one 
special case, which takes into account a limited 
number of inelastic transition amplitudes. Certain 
qualitative generalizations are then based on this 
special case. Specifically, we shall assume that 
for the £s-scheme with incident proton energies 
~ 650 Mev it is sufficient to consider the transi- 
tions listed in the table. 

The amplitude of each transition is a function 
of the 7-meson momentum and incident proton en- 
ergy. The expression for the cross sections will 
not contain the momenta of the nucleons, because 
the phase volume of a subsystem of two nucleons 
does not depend on their emission angles (649, 4). 
In other words, the final angular and momentum 
parts are completely separated. 


3. DISCUSSION OF RESULTS 


We have calculated the mean values of the spin 
tensors which are directly related to the experi- 
mentally observed physical quantities. For ex- 
ample, the mean value of the zero-rank spin tensor 
< To) > determines the differential cross section 
for the emission of a 7 meson in the direction 
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(On, Pr)» when the nucleons are emitted in the di- 

rection (449, ~y2) measured from the m-meson di- 

rection in the c.m.s. of the two nucleons. The spin 
tensor < Ty) > and the differential cross section 

are then related by 
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Here k=1/x, pq is the momentum of the 7 
meson in the c.m.s, of the colliding nucleons, pr 
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is the phase volume of the three particles, pp = 
Ee AY: 
The final wave function is 
Py= [Aixo + 1X3 = Bixi + 14 1 / V 4n, 
Fy = [Asyo + %ext + Boxt + Yoxa 1 /V 4e, (6) 


where the coefficients A,, a, etc. are related to 
the transition amplitudes as follows: 
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ra b 1 3 ds 1 C3 ds 
C, = 4 + V 1009; b, = pe ty ba Ds eo goa og 
£5 3 1 ( 
C_= Cy V x &2, eS aay He 
Furthermore, 
Ps ¢ 4 9 2 oi ,) 
(Too =| Fil +] Fe? = ml ALP + || +] Bi P+ fyi P + | Ae + | % |? +] Bol? + lve i"? (9) 


The results can be represented by 


<T 99> = <T oo unpot-t+ P <T oo) pol. (10) 
Here P is the degree of polarization of the incident proton beam along the y axis, and 
Tino uapol = = [fo + fr cos? 6. + fy cos® 815 4- fz cos? 6, cos® 6,5 + f, sin 6, cos 8. sin 0,2 cos 61. cos (9, — %42) 
+ f;sin? 4 sin? 6. cos 2 (¢, — %32)]; (11) 
<T 9) pol = eB {sin 6 cos 6. [(&o -+ 21 COS 812 + Ge Cos? 019) cose, + gz sin* 6,5 cos (9, —- 20 42)] 
+ sin 95 cos 915 [(G4 + Bs COS? 9.) COS d12 + Ge Sin? 4 cos (P12 — 2¢_)] cf sin 942 [(27 + 8g cos” 6.) cos O15 
+ g sin? 9, cos (912 — 2¢,)]}- (123) 


The coefficients fj; and g; are given in the Ap- 
pendix. Equation (11), unlike the differential 
cross section for inelastic processes in which two 
particles are ejected, contains asymmetries with 
respect to the relative azimuth (@, — gj.) in the 
forms of cos (@q — Yin) and cos 2 (gq — Pp). 
Both asymmetries must, of course, be measured 
to determine the two independent coefficients fy 
and f,;. The kinematic scheme of this experiment 
in the c.m.s. of the colliding nucleons is repre- 
sented in Fig. 2. The relation between the radius 
R and the m-meson momentum in this diagram 
corresponds to a m-meson energy which is close 
to the maximum. For fixed angles 6q and O44, 
as well as for gy, =0, the cross section (11) be- 
comes 


Toounpol a hy + hy COS 912 + hy COS 2045. 


To obtain the coefficients h, and hy (and 


thus f, and f;), measurements must be made at 
the angles gy. =0, 90, and 180°. In measuring 
the asymmetry associated with cos2(@q — @yy) it 
is expedient to have the angles @q and 64. equal 
90°, in which case the term containing cos (@q 
— Yj.) disappears. 

Measurement of f; is very important because 
this coefficient depends only on the transitions 
which are associated with the initial states *Pp, 
3p,, and °F, of two protons and involves no other 
transition. The following general conclusion is 
evidently justified: the term containing f, re- 
ceives contributions from those triplet states of 
the nucleons, in which the orbital and spin angular 
momenta are either parallel or antiparallel. 

As an example we can consider the reaction 
p+p—m’+p+p, to which only 04, transitions 
can contribute. In our particular selection of 
transitions the measurement of fe directly gives 
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FIG, 2 


the amplitude of the transition 2p, — (3P,p Yo. In 
this case we have 


f= eles (13) 


The minus sign in (13) indicates that emission is 
more probable when (@7 — gj.) equals 90° than 
when it equals 0°. 

Experiments in which only the 7 meson is re- 
corded and the nucleons can be ejected in any di- 
rections, give less information than when one of 
the nucleons is also recorded. Indeed, when only 
the m meson is observed we have 


APPENDIX* 


<T 00? unpot (6 Pan? Px) 
= (fo + 4/s fe) -+ (fF: + /s fs) cos? 6_, (14) 


where the coefficients f, and f; have disappeared 
completely and the remaining coefficients occur in 
pairs. 

From consideration of the coefficients which 
determine < T >pol itis seen that gy, g7, ge, 
and gg contain terms that result from the inter- 
ference of O)- and 04,-transitions, respectively: 
namely between the transitions 

*So— (?Sip)o and D2 —> (Sipe 

and the transitions 

"Pi CPP) 4 fa Chip) eres) s 
Experiments with polarized beams when only 7 
mesons are recorded enable us to determine 
LT 00) por (8n? Pn? p,,) = sin 8, cos 6, (go 4- "/s82) COSY, 

(15) 

where seven of the nine coefficients have disap- 
peared and the remaining two appear in linear 
combination. This is a convincing illustration of 
how much more information is obtained from ex- 
periments in which one of the nucleons is observed 
in addition to the m meson. 

In conclusion the author wishes to thank S. M. 
Bilen’ kii, L. I. Lapidus, and R. M. Ryndin for val- 
uable discussions and suggestions. 
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‘ of il 3 7 1 
i. = aL d— + — x di — EF dads COS (do, da)-+ 2) & duds cos (ds, da) ie Vict, taney Oe 


a 2 = ' 
ae b,b, cos (61, 64) + 7 6,63 cos (6,, b3) — 4 V2 bsb4 COS (bg, 64) + V 6 bab4 COS (bg, 64) — 3bgb3 COS (bp, bs)| : 


3 4 
a [-z4 +3 G+ 5 i + <= dott C05 (ds, dg) —6Y/ 2 dyd cos (ds, da) + 08 — 363 — 5 0 


4.5 V8 bsbs 00s (bs, bs) + V6 Orbs C08 (br, ba) + 2bibs COS (61, bs) | ; 


ba — ny La 
f,=3 [- : CC s jr : a+ : V 3dzd3 cos (dy, d3) + “Vib dgd4 cos (d3, da) — ve ee dzd4 cos (de, ds) 


z 241 , 
424+ SR Sut / 2 bb, cos (bs, bs) + Bxbs 008 (br, bs) — rg babacos (bs,4)} 


*In all formulas of the Appendix the letters b, c and d denote absolute values. 


66 Li. oMs SOROCKO 


p= o[—g at G+e) + Ob + YF babs 008 (ba, 64) — V/ 3 bxb4008 (bis bs) — bibs c08 (bx bs) |; 


and also 


4 . : . ‘ll z 
{= 2 [= d,d sin (d,, ds) — Ta dd, sin (d,, dy) — 0,2 sin (by, 62) —b1b3 sin (by, 63) + ES byb, sin (01, 04) 


ebaby sin (bgy bye Ve bob, sin (ba, 04) — oa bsb4 sin (bs, b,)| 


4 
fae as c_d,cos (c_, ds) — Ha c_dy. 00s (c_, ds) — 0,2 608 (6,, ds)-+ =e 08 (6, d,)}; 
9 
mp 


a= [= dyd, sin (d,, ds) — 2 Ve > did, sin (dy, dy) + 36,by sin (by, 62) — 80g sin (by, bs) + 0104 Sin (br, ba) 
+L 5babs sin (by, 63) —3 V 3 bab, sin (by, b4) + <r babs sin (bs, os) 
; y oe ; 
os & dyd, sin (d,, dy) — 4 / 2 didi sin (dy, dy) — 6,6, sin (04, 2) — hb sin (by, Ba) + V/ = bibasin (by, ba) 
— bbz sin (be, b3) — V2 bob, sin (be, 54) — ra babe sin (63, o.)} 
Bee ide tt 3 ads in (b1, 65) — babs sin (by, 6 6 ip nisinoanen 
a= Tr, — > did sin (di, ds) + > = dd, sin (d,, d4) + 6,b, Sin ( 1? 2) — 1 3 Sin ( i? 3) + V 3 194 S1 Li 4 
+ Babs sin (bp, 03) + y S baby Sin (ba) 84) — sy babs sin (bs, b»)| ; 
3 ; DH Mas 
2= 2 = . dd; sin (d,, ds) + y= d,d, sin (d,, dy) — 3b,b, sin (1, 62) — 6,63 sin (b,, 53) + ie 6,64 sin (6, 64) 
+ 3byb5 sin (byy bs) +3 2 bobs sin (By, 64) + ra babs sin (bs, b4)|: 
9 1 2 By P =; 
f= > |- Fe dads sin (dy, ds) +5 V 2 dydy sin (dy, ds) + byby sin (b4, 63) — Babs sin (b1, 65) + VW % babs sin (64, 64) 
+ baby sin (ba, b5) — z= Baba Sin (bss ba) + V 2 b.b,sin (b2, b,)]: 
9 4 4\ Gaile 
&=7 Fe sVae cos (C_, ds) pots cos (C_, ds)—= sox cos (C_, d,)| z 


9[7 a V2 
£4= 7 a V beds cos (c_, dg) + ce c_d, cos (C_, ds) cave ze _dg cos (C_, dg) 


Tee dz cos (c,, ds) — ree Fg COSI(Cx5 da) 3 


Bile oak 
2o= Ve cos (c_, ds) — Fs c_d,COs (C_, dy) — Wik 65d, COS(Cs d,)|. 


The Coefficients fj and gj for the Process p+p—-7+p+p 


r 97a 3 
female te pa t fad + Fe dadscos de, d— SY 5 dads cos (t ao 
niet 3 
= alg —& — Fb — pe dats cos (de, 44)] 
f, eyo) ae 3} 2 at 
CS aes 416 Lee LS 3 PX0) 4 


6 Seno 
— Vs dod, cos (ds, dy) + oF V = dzd4 cos (d3, dy) os 


9 1 
(Fatt Sty Sch + Buds cos des de) — 6 Sad cos (dy dy) 


9 3 ae Area 
— 53 + V3 dgdy 00s (dy, dy) + 2 VIB dyd cos (dy, ds) |; 


POSSIBLE EXPERIMENTS ON INELASTIC SCATTERING OF NUCLEONS 67 


and also 
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The perturbation theory in the second-quantization representation, developed by Bogoliubov 
and Tiablikov in the stationary case for use with the polar model of crystals, is generalized 
to include the case of perturbation by the electromagnetic field of a light wave. A general 
expression is derived for the deformed operator of the electric current density excited by 
the radiation perturbation. A possible application of the method in the theory of optical prop- 


erties of cyrstals is indicated. 


1, INTRODUCTION 


ifn perturbation-theory method of Bogoliubov 
and Tiablikov!~? is based on the introduction of an 
operator that projects an arbitrary wave function 
of the system of valence electrons of the crystal in 
the homopolar* functions of the problem. In this 
variant of the theory the mean value of the electric 
current produced in the crystal by a weak constant 
external field is non-vanishing only in third ap- 


*By the homopolar states in the polar model of a crystal 
we mean states in which there is always one valence elec- 
tron close to each lattice point of the crystal. 


proximation. This makes the method unsuitable 

for the consideration of the electrical and optical 
properties of metals, and also for the consideration 
of the strongly excited “current” states of semi- 
conductors within the framework of the polar 
model, although it does not diminish its usefulness 
for the description of the properties of crystals 
that are determined by exchange interactions, for 
example. 

Nevertheless it seems to us that the Bogoliubov- 
Tiablikov method can be used for the treatment of 
the electrical and optical properties of electronic 
semiconductors at low temperatures. Here we have 
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to do with weak electric fields and low frequencies 
of the optical spectrum. The point is that at low 
temperatures electronic semiconductors have 
practically the properties of insulators, which of- 
fers the possibility of confining ourselves in a cer- 
tain approximation to the consideration of just the 
weakly polarized (quasi-homopolar ) states of the 
crystal. Moreover the limitation of low frequen- 
cies (w < Wy, where wy is the minimum angular 
frequency necessary for the appearance of “cur- 
rent” states ) in the consideration of the optical 
phenomena assures the correctness of neglecting 
the effects of quantum transitions of the electronic 
system into the polar excited states of the semi- 
conductor. Although the region of applicability of 
a method in which one considers only quasi-homo- 
polar states of a crystal to the treatment of, for 
example, optical properties of crystals is very 
limited, it is well to begin the discussion of such 
properties in the framework of a many-electron 
theory with this simplest case. In the present 
paper we carry out the extension of the Bogoliubov- 
Tiablikov method to the non-stationary case of the 
alternating electromagnetic field of a light wave 
propagated in the crystal. 


2. THE HAMILTONIAN OF THE SYSTEM OF 
ELECTRONS IN A CRYSTAL IN AN ELEC- 
TROMAGNETIC FIELD, IN THE SECOND- 
QUANTIZATION REPRESENTATION 


Let us consider a simple atomic cubic crystal, 
in which there is at each lattice point a single elec- 
tron, whichis an s_ state. In what follows we shall 
neglect the thermal vibrations of the lattice ions. 

As in Refs. 1—3, let us denote by the symbol 
f = (f'f2f2) the coordinates of any lattice point, and 
use the lattice constant a as unit of length. We 
denote the position coordinates of the j-th electron 
Dye rj ( Xjyj2j) and its spin coordinate by Sj- 

The atomic wave functions g¢g(r; s) =y¢(r) 
x6(s-—o) (where o =+ 3 is the spin quantum 
number ) at two different lattice points are not 
strictly orthogonal, so that in the general case the 
system of functions y,, is not an orthogonal sys- 
tem and a rigorous application of the method of 
second quantization is not possible. It is always 
possible, however, as shown in Ref. 3, to introduce 
an equivalent system of new “quasi-atomic” func- 
tions Ogg which are exactly orthogonal to each 
other 

Byo(Fs 5) = Of (r) 8(s — 9). (2.1) 
This makes it possible to apply the method of sec- 
ond quantization. 
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Suppose that an electromagnetic wave of fre- 
quency w is propagated through the crystal. The 
vector potential A of this wave can always be 
chosen so that 
(2.2) 
4 


divA = 0, 


_ 


and the scalar potential can be takn to be zero. 

Neglecting quantities of order A? and using 
Eq. (2.2), we can write the Hamiltonian in the sec- 
ond-quantization representation for a system of 
electrons in a crystal in an external electromag- 
netic field in the form (cf. Refs. 3 and 5) 


A(it)=H#+W), (2.3) 
where 
H=H,+eH,+2H,, (2.4) 
Wt)= Dd W(ffs t) ata, (2.5) 
ff'00’ 
W (ff, )=S@/(r)[—S Ate; ) VJ Op (dr, (2.6) 


a and a* are the Fermi operators of second 


quantization, e is the absolute value of the elec- 
tronic charge, and m is the mass of the electron. 

The quantity € in Eq. (2.4) is a small param- 
eter (the non-orthogonality integral) with respect 
to which the Hamiltonian is expanded [see Ref. 3, 
Eq. (4.63)]. It must be kept in mind that each of 
the quantities Hy, €H,, and ¢*H, can also be ex- 
panded as a power series in €. The way Eq. (2.4) - 
is written means that such an expansion of Hy be= 
gins with a term of zeroth order of smallness, that 
of ¢H, with a first order term, and so on, although 
each of these expansions contains also terms of 
higher orders. 

In the second-quantization representation the 
Schrodinger equation for the system of electrons 
takes the form 


NOC (..Tye. 2; tO OE) CU nee means 


where C(...nfg...;t)=C(n; t) is the wave 
function of the system and depends on the numbers 
of filled “quasi-atomic” states fg - 

We assume as usual that for the visible and in- 
frared regions the wavelength of the electromag- 
netic radiation is much larger than the dimensions 
of the “basic” domain in the crystal, so that the 
dependence of the vector potential on the coordi- 
nates can be neglected. Then Eq. (2.6) can be put 
in the form 

, e P 
W (Ps t) = 2A) UEP), (2.8) 


where I(ff’) is as defined in Ref. 3 and is of first 
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order in ¢€ [cf. Eq. (4.41) and page 134 in Ref. 
3.J, and 


A (t) = Belt + B*e—iet, (2.9) 


Therefore Eq. (2.5) can be written in the follow- 
ing form: 


W (t) = eH, (t) = — (A(t) I), (2.10) 
where I is the operator of the total momentum of 
the system in the second-quantization representa- 
tion [cf. Eq. (4.40) in Ref. 3]. 

Thus for the case considered Eq. (2.7) is writ- 
ten as follows: 


(Hy + 2H; (t) + 2H, —ind/Ot)C =9, (2.11) 
where we have introduced the notation 
H(t) =A, + Ai (t). (2.12) 


3. DEFINITION AND PROPERTIES OF THE 
OPERATOR OF PROJECTION ONTO THE 
L-SPACE 


In zeroth approximation Eq. (2.11) takes the 
form 


(H, —ikd/dt)C =0 (3.1) 
with the stationary solution 
C(n; t) = C (n)exp|— + Et], (3.2) 
given that 
HC (n) = EC (n). (3.3) 


The eigenvalues E in Eq. (3.3) depend on the total 


occupation numbers Ne 


E = E(---N}-++); Np = Dd) Ne (3.4) 
[cf. Eq. (4.69) in Ref. 3]. The eigenfunctions cor- 
responding to Eq. (3.4) are written in the form 


Cy (nr) = ¥ (n) [] (Np — V9), (3.5) 
f 
where W is an arbitrary function of the occupation 
numbers. Thus in zeroth order the energy levels 
of the system are degenerate, and in the case in 
question the part of the “index” of the degenerate 
state is played by the function W itself, since the 
form of the eigenfunction Cy depends on the 
choice of this function. We shall assume that the 
system of the Cy is already orthonormal. 
Bogoliubov? has shown that in the approximation 
of quasi-homopolarity the lowest eigenvalue of the 
operator Hy is given by 


(3.6) 


Following Refs. 1 —3, we shall call the subspace 
(manifold) of eigenfunctions 
Coy = © (n) T] 8 (Wy — 1), (3.7) 
f 
corresponding to the lowest eigenvalue Ey (the ex- 
actly homopolar states) the L-space. 
We introduce the operator Py which projects 


an arbitrary wave function C (n; t) onto the axis 
Coy of the L-space: 


PyC (n; t) = ay (t) Coy (0), (3.8) 


where ay (t) is a coefficient independent of the 
variables n but in general dependent on the time 
t. We determine this coefficient from the condition 
that the difference between the function C (n; t) 
and its projection onto the axis Coy is orthogonal 


to this axis: 
(Coy [C — PyC])= 0. (3.9) 


From this, using Eq. (3.8) and the orthonormality 
of the Coy, we get 


ay (t) = (CogC). (3.10) 
We call the operator 


b= db, (3.11) 
v 


the projection operator onto the entire L-space. 
Clearly we have the equation 


PC (n; t) = Diay (t) Cov (0), 


where a, (t) is defined by Eq. (3.10) 
It is also not difficult to show that the projection 
operator has the following properties: 


(3.12) 


i EE ta : SFi0 SOM 
Pa — P, P*— Pp, P= =P, (3.13) 
PH, =H, P = E,P; (3.14) 


B (H, —ind /Ot) =(H,—ind/ dt) P, P(H,—ind/dt)> 
= (H,—ihd / at) P. (3.15) 


The last equation is valid only in cases in which 
the inverse operator contained in it actually ex- 
ists (which is true in our further considerations ). 


4. EXTENSION OF THE BOGOLIUBOV- 
TIABLIKOV PERTURBATION METHOD TO 
THE NON-STATIONARY CASE 


An arbitrary function C(n; t) can be repre- 
sented in the form 


C=C, Cu (4.1) 
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where Co = PC is its projection onto the L-space 
and C,=(1- Pp) C is a function orthogonal to the 
L-space, i.e., 


PC, =0. (4.2) 


Substituting Eq. (4.1) into Eq. (2.11), multiplying 
the resulting equation from the left by the operator 
P, and using the properties of this operator, we 
get: 

(Ho+ ePH, (t) P + &PA,P — ind / Ot) PC 


+ (PH, (t)+e2P A.) C, = 0. (4.3) 


Subtracting the two members of this equation from 
the equation which we had before multiplying by the 
operator P, we find: 


(MH; (t) + 2H PH, (t) P— e*PH,P) PC 


+ (Ay + eH; (t) a eH, —PFH, (t) (4.4) 


—ePH, — ind] dt)C, = 0. 


—_ 


Since by Eq. (2.10) the perturbation by the light 
wave is ot first order in €, we can try to evaluate 
the function C, of Eq. (4.1) in the form of the 
series 


C,(n; th =eK(n; th + 2L(n; t)+... (4.5) 
Substituting Eq. (4.5) into Eq. (4.4), we get equa- 


tions for the functions K and L; the solutions 
can be written in the form 


K (n; t) = (H, — ind / ty (PH, (t) P— FA, (t)) PC (n; t), 


L(n; t) = (AH — ino / ot) (PA,P — A) PC (n; t) + (Ho —ind / ot) (Aét 
x (PH: (t) —H:1 ()(Ho — ind / at) (PH (t) P— Hr (t)) PC (n; t). 


Generally speaking, the operator (Hy —ihd/ot)~ 
does not always have a meaning. But in what fol- 
lows we need only to know its effect on functions 
that depend exponentially on the time. In this case 


(H,—ikd / Ot)2e!t = e-I9t (Hy —hQ)Y. (4.7) 


Since in fact Hy is not an operator, but a c-num- 
ber, this expression always has a meaning except 
in the case Hy =fQ, which, as we shall see below, 
corresponds to a resonance. Consequently the cal- 
culations presented here hold for frequencies of the 
light that do not coincide with the proper frequen- 
cies of the system. Inclusion of damping makes it 
possible to consider the general case of arbitrary 
frequency of the incident light, as will be shown in 
a subsequent paper. 

Using the properties of the projection operator 
(cf. Sec. 3), we can show without difficulty that 


PK =0, PL=0. (4.8) 


Substituting (4.6) into (4.5), and then (4.5) into 
(4.3), and confining ourselves to the third approx- 
imation, we get 


ihOC(n; t)/Ot = H (t)Cy(n; 2), (4.9) 


where H (t) differs from the corresponding ex- 
pression for H in Ref. 3 (cf. pp. 179 and 147) by 
the replacement of A, by ie, (t) and E by iff 
x 0/adt. 

Using the properties of the operator P and of 


the Fermi operators, one can prove the following 
relations: 
bef,P =0, Pefii(t)P = 0. (4.10) 


Recalling Eq. (2.12), we can separate the operator 
H(t) into a term depending on the radiation field 
and one independent of it. Keeping only terms lin- 
ear in the radiation field amplitude and noting the 
relations (4.10), we represent H(t) in the form: 


A(t) =H+AH+ W(t), (4.18) 


where H and AH agree with the corresponding 
notations in Ref. 3 (see page 179), differing from 
them only by the replacement of Eg by ihd/dt, 
and 


W (t) = ©8P {— A; (t) (H, — ind / Ot) 1, — A, 
x (H, — ind / dt) A; (t) 
++ A, (t)(H)>— ind / Ot) 1, (Hy — ind / Ot) 1H, 
+ Ay (Hy — ind / dt) (t) (H, — ind atyaA, (4:12) 
+ Hy (Hy — ind / Ot) Ay (Hy — ind/at)1A;, (t)} P. 


In obtaining Eq. (4.12) we have used the rela- 


tions 
2° PH; (t) (Hy) — ind / at) ,P = 0; 
Aa Ar A 4.13 
e?PH, (Hy — ihd/ Ot)“4H, (t) P =0, ( ) 


which can be proved without difficulty by using the 
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symmetry properties of the matrix elements ap- 
pearing in the expressions for Ai, and Ay (t). 
Equation (4.9) is now written in the form 


indC, /Ot =| + AA +W (t)) C. 


The solution of this equation has the form 


(4.14) 


Cy (n; t) = Co(n) exp(— Et) + C4 (n; t), (4.15) 


where the first term corresponds to the solution of 
the stationary equation [with W(t) = 0] and C) 
is the part determined by the radiative perturba- 
tion. Since the operator W (t) is of third order 
mn” €, Ch will also be of third order. According 
to Ref. 3 the energy E in Eq. (4.15) is given by 


E=E,+2E,+eE,4---, (4.16) 


The first order term is absent from this expres- 
sion, since in first approximation the Hamiltonian 
H +AH does not differ from the same operator in 
zeroth approximation.® 

In the expression for the average value of the 
electric current of the system in the electromag- 
netic field 


Teale —-i-Baw|c\= 
= (Co(n)éxp[5-Et] +05 (ni + Cr (ns |S i 


mee A(t) 
mc 


)| Cy (n) exp[— 5-Et] + Co(n; t) + Cr(n; £)) 
(4.17) 


Dii)=P {— f(A —Ey—ths sr) GF, (t) —e7l (H o— Lo— in $) (Ay — PHP) + @i(H,—Eo—i 


— Pd, (1) (Ho— Fo — in $-) "91 (t) + [(Ho— Eo— 


In deriving this expression we have everywhere 
replaced E by Eg, in view of Eq. (4.16); that is, 
we have set 


e (Hy — Ey —e2E, — ihd / Ot) = ¢ (Hp — Ey — ind / Ot), 


which is legitimate if we neglect in this expression 
all terms beginning from the third order of small 
quantities (which corresponds to the fact that in 
Eq. (4.21) terms beginning from the third order 
are dropped, because t~ €). 

From this it follows that in the approximation 
considered the absorption spectrum of the system 
of electrons in the crystal is a discrete one, since 
in this approximation the splitting-up of the energy 
levels into bands has practically no effect. Physi- 
cally this means that the “pairs” and “holes” that 
appear under the action of the radiation field re- 
main in bound states, and the absorption of light by 
the crystal is not photoelectrically active absorp- 


ins) G1] (Ho — Lo — in 5) * Hs (O)]} P 


the terms containing Cy and 1 are of order ¢4 
or higher (since Co ~eé? and I ~ €), and the 
terms containing Ci and A(t) are quadratic in 
the radiation field amplitude; therefore in calcu- 
lating the current to third order we can neglect the 
terms in question. Then, recalling Eq. (4.5), we 
have 


ss (Co (2) exp [Fe] +ek* + ef 4... 
. |-< i Co (n) exp | — 5 Et] + eK +e?L+. --), 
(4.18) 
In the expression for the current operator in Eq. 
(4.17) we consider only the first term —(e/m)I, 
since the second term is not actually an operator 
and gives a trivial correction to the dielectric per- 


meability of the crystal. 
Using Eq. (4.7) and the identity 


3 
thar Co (n) exp [- + Et| = exp [+ + Et| (E + ih sr) C, (7), 
we can put Eq. (4.18) in the following form: 


J=—=(Co(n) M(I)C,(n)), (4.19) 


where 


AAA 


M (i) =PfP + Di) + D*(f) =D) +D* (I), (4.20) 


since PIP =0, and 
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ase) (H(t) 
(4.21) 


tion, i.e., does not lead to the appearance of cur- 
rent states. It is only this sort of absorption of 
light that can be treated by the projection method, 
with the definition of the projection operator that 
we have given above. 

From Eq. (4.20) we note that the operator 
M (1), like fT itself, is Hermitian. We call it the 
“deformed” operator for the current (in analogy 
with the usage in Refs. 1—3). 

Thus, to determine the average value of the cur- 
rent (4.1), with C, given by Eq. (4.5), one needs 
only to find the projection of the wave function onto 
the L-space and the “deformed” current operator. 


5. DETERMINATION OF THE “DEFORMED” 
CURRENT OPERATOR 
By the use of Eq. (2.12) we can make a separa- 
tion of the expression (4.21) into two terms, as in 
Eq. (4.11); we thus obtain a current operator in- 
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dependent of the radiative perturbation (this part 
of the current is the same as given in Ref. 3 and 
is of no interest to us here), and a current opera- 
tor dependent on the radiative perturbation. We 


CHEREPANOV 


give only the final result of the calculation of this 
second term, because of the cumbersome, though 
simple, manipulations required; for more detailed 
information the reader is referred to Ref. 5: 


M (j= aAn pas (Ff1) a > S; (Ffife) pif > S; (ff) Ajejo,Afo.Aj,0 — 5} [Ss (ff ite) + Se (Ffefx) +S; (fof fx)] Aelia thoAne 


mch 


4+ S'1Ss(Ffafa) + Sp (fabfa)) GA josie, dpe Aff} A(t) + i x25 {S'S (Ffile) — Soo (Fafa) Aj Ajodf or dpoAifaino,| A (L). 


(5.1) 
Here we have introduced the following notations * 
S5 (fale) a Ss» (Ffife) + Sax (ffife) a Sa(Fhife), 
S¢ (f fife) = 8S; (f fats) + Sso (Ffafe) + Sy (ffife), (5.2) 


Sz (ffife) aa So (ffife) + Ss (ffafs) +S, (ffife): 


Si (ff) = Gm D th) 


— __ © (fh)-A Gh) 
= fod) lo Gh) — oy DUT hfs), 


2] A (ff) 
So (fhifs) = ete oe ED thi hfs), 


[eo (ffi)-@ (fife) + ©7] Ad (fe) 


So (ffife) 


Soi (ffafs) = TeUEP “eDo D (ffs fife): sail 
Sea (ffifs) = 41 GR et eddercey D (hs ffs), 
Se (Fle) Ty oles oto DU fife) 
Sa (File) = gq ae P (Fis fae. 
o(ff) =A (ffir, (5.4) 
A (ffi) =L (fh) + QF FPS BP) Vag (fa) = L (ff) + me (FPS Fal”) (1 —Bynts + Borg, — Byes) (5.5) 


cp 


In addition we have introduced the tensor notations 
(i,k: =i hy,02)): 


D (fhijin = 20: (Ff) In (Af), 


D (fas fifs)in = 211 Th) Ln Gif). (5.6) 


The quantity A (ff,;) in Eq. (5.4) represents 
the energy required for the production of a single 
pair with electron and “hole” at the points f and 
f,. In the expression (5.1) the terms containing 
S; (ff;) are small quantities of the second order, 
and all the other terms are of the third order. 
The interaction between the electrons affects only 
the third order terms, since these are the only 
ones that contain the interaction integrals. 


*The summation is taken over all indices fo that appear 
under summation signs in Eq. (5.1), except indices f ap- 
pearing equal in pairs. 


As was shown in Ref. 3, when the only external 
electric field is one stationary in time, the “de- 
formed” current operator is non-vanishing only in 
third order. In our case part of the “deformed” 
current operator produced by the radiation field 
is non-vanishing already in the second approxima- 
tion. 

By applying the method of approximate diago- 
nalization to the operator (5.1) one can find the 
average value of the electric current density. 
Then, comparing this with the macroscopic expres- 
sion for the electric current density in the crystal 
in the field of the light wave, 


aS e- 
tere ce 


A(t)— =A(), (5.7) 


one can derive the dispersion formulas for the di- 
electric permittivity € =¢€(w) and electric con- 


i 
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ductivity o=o0(w). Using the connection between 
these quantities and the optical constants, it is 
then easy to find the dispersion formulas for the 
index of refraction n=n(w) and the extinction 
coefficient k =k(w). If in these calculations we 
keep the third order terms, we have a derivation 
of the dispersion formulas with approximate in- 
clusion of the effects of interaction between the 
electrons. 

This opens up possibilities for the development 
of a many-electron theory of the optical properties 
of crystals within the framework of the quasi- 
homopolar approximation. 

The practical realization of this program en- 
counters mathematical difficulties in connection 
with the diagonalization of the operator (5.1). 

Using Tiablikov’s method of approximate diag- 
onalization,?’? which is correct for weak perturba- 
tions of the system, it is possible in principle to 
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carry out the indicated program for some partic- 
ular case, for example for a ferromagnetic crystal 
in a state close to saturation. 
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The energy spectrum of a uniaxial antiferromagnetic substance is obtained without the assump- 
tion of nominal magnetization of the spin sublattices in the ground state. 


Tae existing theory of antiferromagnetism! is 

based on the hypothesis (first proposed by Lan- 
dau”) that an antiferromagnetic substance can be 
described in terms of two or more magnetic mo- 
ments, which compensate each other in the absence 
of magnetic field. The construction of the micro- 
scopic theory of antiferromagnetism ordinarily 
begins with the Heisenberg model of exchange inter- 
action and the assumption of a regular ordering of 
“left” and “right” spins in the ground state.°»4 

As has been remarked by Landau, such an as- 

sumption is in contradiction with quantum mechan- 
ics: the spin component of an individual atom in a 
prescribed direction cannot have a definite value, 
| because of the exchange interaction. On the other 
hand it appears that the experimental data do not 


contradict the results obtained by the use of this 
model. 

The purpose of the present paper is to show 
that the energy spectrum of an antiferromagnetic 
substance, and thus all of its thermodynamic func- 
tions, can be obtained in a phenomenological way 
just from the assumption of two (or more) sub- 
lattices, without postulating nominal magnetization 
of each of the sublattices in the ground state. 

1. The assumption of the existence of two (or 
several) sublattices can be reduced to the assump- 
tion that the state of an antiferromagnetic substance 
is characterized by the specification of two (or 
several) magnetic moments Mj,(r) at each point. 
Here one picks out as the ground state the state 
with homogeneous values of each of the magnetic 
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moments, Mj, such that 2) Mj) = 0. Such a de- 
scription is clearly legitimate at low temperatures, 
for which only long-wave vibrations of the spin sys- 
tem are excited and the atoms of an elementary 
cell can be regarded as situated at a single point. 

In what follows we shall consider for simplicity 
an antiferromagnetic substance consisting of two 
sublattices with magnetic moments M,(r) and 
M,(r). This treatment is surely applicable to uni- 
axial antiferromagnetic substances, 

We write the Hamiltonian of the system in the 
following form: 


H = \ av {aM M, —M,H—M,H 


4+ 5h (Mie + Mi, + Mix + Miy) (1) 
where a, £, Bj. are constants connected with the 
exchange interaction, and the last three terms de- 
scribe the exchange interaction caused by the in- 
homogeneity of the spin system. As will be seen 
below, in antiferromagnetic substances B — By > 0. 
Furthermore it can be shown that 


B, Bip ~ aa ~ Oc / M*a, 


where ©c is the Curie temperature and a is the 
lattice constant; if M ~ u/a® (p is of the order of 
magnitude of the Bohr magnetron), then B, By. ~ 
aOG/uM and a@ ~ 0¢/uM > 1. In the general 
case the term involving the spatial inhomogeneity 
of the magnetic moments is of the form 


Bintm (OMgi | OXn) (OMsr1t | OXm)- 


For a uniaxial substance, in virtue of the isotropic 
nature of the exchange interaction, we get the ex- 
pression that appears in the Hamiltonian (1). 

In the above, 2 is the constant of the magnetic 
anisotropy (the z axis is taken along the preferred 
direction). We note that 1 «a, since the mag- 
netic anisotropy is due to relativistic interactions: 
A ~a(vc)*, where v is the speed of the elec- 
trons and c is that of light. We have omitted from 
the Hamiltonian terms proportional to the squares 
of the magnetic moments, M? and M3, since they 
do not make any contribution to the equations of 
motion of the magnetic moments (see below). 

The magnetic field H is composed of the con- 
stant homogeneous external field Hy and the mag- 
netic field h of the spin waves, which satisfies 
the equations of magnetostatics, 


curlh=0, divh = —4xdiv(M, + M,). (2) 


Starting with the Hamiltonian (1), we write the 
equations of motion of the magnetic moments: 
OMs / ot = g [M;x Hees]; Herp = — 89 /8Msg, (s = 1, 2), 
(3) 
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where 63¢/6M, is the variational derivative of the 
Hamiltonian with respect to the magnetic moment 
and g is the gyromagnetic ratio (gh =). 

Using Eqs. (2) and (3) (in analogy with the pro- 
cedure used by Herring and Kittel®), we can find 
the magnetic branch of the energy spectrum of the 
antiferromagnetic substance in the neighborhood © 
of the ground state. To do this we linearize (2) 
and (3), substituting for M, and M, the expres- 
sions 


M,=M + #1; M, = —M-+ fy. (4) 


Taking H,) along the z axis and assuming that 
all the variable quantities (m and h) are propor- 
tional to e~i(t—Kr) we get: 


ie (thi ++ tho) — & [Hox (fa + te) 

= g {r+ (8 — Bis) 27} [Mx (pa — Ba) I, 

— i (oy — fe) + g [Hox (th — pe )] 

= 2g Mx{(a— h — (8 — Bie) 2”) (Pa + 2) 
— (8k / k?) [kx (th + p2)]} 


6) 


Since the constant a is very large, the second 
equation of (5) can be considerably simplified: 


ie (thi — to) — g [Ho ( pi — pe)] = — 2ge [Mx(p1 + fro)]. 
(6) 


In fact, A<aq and 
Bk® ~ (8c /wM) (ak)? ~ « (ak)? <a, 


since we are of course interested only in the long- 
wavelength vibrations (ak <« 1). 

Neglect of the last term in the second equation 
of (5) is equivalent to the neglect of the magnetic 
field of the spin wave. This means that in an anti- 
ferromagnetic substance the proper magnetic field 
of the spin waves never leads to a change of the 
dispersion law, as occurs in a ferromagnetic sub- 
stance (cf. Refs. 5 and 6). 

From Eqs. (5) and (6) we have 


QO.2= V 2g?aM? [h + (8 — Bie) k7] + BH; 


(7) 
and the energy ¢ = hw of the spin wave is given by 
Sg = pM VY Qa [h + (B — Bie) 7] + pH. (8) 

From (7) or (8) it can be seen that the differ- 
ence f£ — By, must be positive, since in the oppo- 
site case the ground state would have a finite value 
of k, i.e., the ground state would be inhomogene- 


ous. This fact enables us to introduce the follow- 
ing notation:* 


*Essentially this is a definition of the two quantities H, 
and Oc. The former is the magnetic field that would have to 
be applied along the axis of easiest magnetization to make 
the antiferromagnetic state thermodynamically unstable;? the 
latter is of the order of the Curie temperature. 
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V 20k M = Ho; 
We then have from Eq. (8) 


ea V (ulla)* + 88 (ak) tut, (Hy<H,). (10) 
For Hy) =0 there is a two-fold degeneracy: 


E12 — 


Qc (ak), 


V 2a (8 — Bis) uM /a = Oc. (9) 


UH + 1/2 Oc (8c / pHa) (ak)?, 


e12 = V (uHa)® + 08 (ak). (11) 


For k=0 the energy €1,2 of the spin wave is 
equal to wH,, and for sufficiently large k it is 
proportional to k: 


ak< pHa] 9c, 


Using Eq. (11) for the energy of a spin wave, we find by the usual formulas of statistical physics the 
spin part of the specific heat of an antiferromagnetic substance: 


= ¥ [®V_ 2x) R(pHa/ Oc)? (wHa | T)'se7 *MaT 


(4x? /15) R(T / Oc)3 


(T < pHa), (13) 
(Qcl>T Sv). 


2. For the determination of the temperature dependence of the magnetic susceptibility (X, and X7) 
we must know in particular the energy spectrum of the antiferromagnetic substance in a magnetic field 


perpendicular to the axis of easiest magnetization. 


If we take the x axis along the magnetic field, in the ground state the magnetic moments of the two 


sublattices have the following components (A « a): 


My. = Moe = H/ 20; Myy=My=0; My = — Moe = V M?— My. (14) 


We note that here each of the moments is parallel to its own effective field. Moreover, the expres- 
sions (14) make clear the physical meaning of the constant @: 1 @ =X149, where X49 is the value of the 
perpendicular component of the magnetic susceptibility at temperature zero. 

Using linearized equations of motion analogous to the preceding, we find the energy spectrum in this 
case (H perpendicular to the axis of easiest magnetization): 


oy = gM V 2a (K+ (8B — Bis)k*), 2 = EM V 2a [+ (8 — Bie) A?) + (H/ M)? (15) 


or (in the previous notation ) 


ey = V (vHa)? + 6% (ak), 


eg == V (uHa)® + (UH)? + 88 (ah)? (16) 


Knowledge of the dependence of the energy of the spin waves on the magnetic field [ Eqs. (10) and (16) ] 
enables us to find the dependence of the magnetic susceptibility on the temperature: 


Lin = — OQ. OH OM, 


Ito » 


where Q = T De In(1 —- en k/ T) is the thermodynamic potential of the “spin wave gas.” 


k 
After some simple calculations we get 


1 ue (5 hal T 


1p 
) AG Reape) 


nV 2x 0c \ Oe 8c (17) 
ih dal e T\2 
ue zie ee : 
xai0z (8) (0cl>T > vA.) 
: : p? (ve V7 TV urgir Ta oH 
puts a oh (2z)'!2 a0c ( O6 ) ( Oc ) e ( Uae 2 
Lis o/s yu? 7 \3 20, , 
aT Tai (g5) (Oc>T > vH,). 


The temperature dependences found here for the 
specific heat and the magnetic susceptibility natu- 
rally agree with the results previously obtained by 
Néel by microscopic considerations.! Here they 
bring us to our goal of relating the phenomenologi- 
cal constants ©@c and Ha, which we have intro- 


duced to the measurable quantities c,, X,, and 
X44 - 

3. One can, of course, deal in a similar way 
with more complicated magnetic structures, in 
particular ferrites, in which the magnetic moments 
of the sublattices do not compensate each other. 
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If there are no special reasons for supposing that 
the difference between the magnetic moments of 
the sublattices is small (as, for example, in the 
case of Fe,0O3, according to Refs. 7 and 8), then 
on carrying out calculations similar to those above 
we easily find that the magnetic part of the spec- 
trum consists of two branches (if there are two 
sublattices). One of these has a large activation 
energy, of the order of Oc and is of course not 
excited at low temperatures (this is the analog of 
the optical branch in the vibrations of compound 
lattices ). The other one is analogous to the ordi- 
nary Bloch spin waves. For the case of two mo- 
ments and at not too low temperatures it has the 
form (supposing M, > M,): 

w= GE (B— Bas) &. (19) 
Therefore the magnetic part of the specific heat 
must be proportional to Ts? as it is for ordinary 
ferromagnetic substances. 
In conclusion the writers take this occasion to 
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The theory of radiation damping is used to investigate elastic scattering of Dirac particles by 
a stationary short-range center of force. An equation is obtained for the scattering cross sec- 
tion A relation [Eq. (5)] is established between the scattering phase shifts predicted by the 
theory of radiation damping for Dirac particles and relativistic spinless particles. 


ly the present work the theory of radiation damping is used to study elastic scattering of Dirac particles 
by an arbitrary short-range center of force . This has already been done! only for spinless particles (here- 
inafter we shall use the notation developed in that article and denote it by SK). Inthe present case we shall 
divide the wave functions into two groups according to the z component of the spin (mg = +3), rather 


than according to the component of the spin in the direction of motion, as was done in SK. Then the funda- 


mental integral equation [see Eq. (21) of SK] of the theory of radiation damping for elastic scattering of 


spin-3 particles becomes 


én (L) —1) Hitk (L, Mor Ms) = 


RK , " n f , 
sar |(D ew (U1) & dQ Hive (1, tse, mer) HQ (L’, mee, ms), 


U/,n',mgn 


(1) 


} 
; 


SCATTERING OF DIRAC PARTICLES ci 


where hk, fik’, and ik” are the momenta of the particles in the initial, final, and intermediate states, 


respectively. The matrix element of the transition from the state k”, mg” to the state k’, my is given 
by 


co 1 
n 4nb * 
1 Hye (Ms, Msn) = py Hf). (l, Ms, Ms") = > ee > Vie (k’) Vi (k”) p’t (mgr) b” (ms), (2) 
ple 1=0 m=—l 


m ; : 5 ; 
where Yy (k’) is a spherical function normalized to unity which depends on the spherical coordinate 
angles 6’ and g’ of the vector k’, by is the amplitude in the expansion of the external potential, and n 


and n’= 1 and 2 take account of the fact that for a given £, the value of j may be £+%3 (when n=1) 
or £ —% (when n=2), 


The spin part of the transition matrix element is 


(> (1 + +) + (1 — 7 [cos 6’ cos 6” + sin 6’ sin 6” exp {2i (0” — 0’) my}} 

b’* (mgr) b" (ims0) =| of when fs" = ms 
\ Ms (1 — 2) [cos 6’ sin 6” e~*"? "s’ — sin 6’ cos 6” exp {— 2ie’my}] (3) 
( when fs. = — Mz. 


In what follows we shall use recursion relations which relate cos OY, (k) and sin peti? yy (k) with 
the functions Ma (k). This makes it possible to eliminate cos @ and sin @e*!? from the matrix ele- 
ments. After some mathematical manipulation we obtain the following expression for the components of 


matrix element of Eq. (2): 


It*l2 
8rech *(n) (pen 
Higte (1, sr, tgs) = em DER (Ke, 51) Qin? (e", mor), (4) 
m=—(j+12) 


where (n=1or 2) 
Cyt = Yo (1 + &y/K) cr + Ye(l —ho/K) Cita, Cor = 1Y2(1 +o / K) cr + 4/2 (1 — Ro / K) Cia, (5) 


and Cp gives the scattering phase shift of a spinless particle. According to Eq. (52), of SK, the latter is 
related to the potential V(r) by 


RK b; TK 2 
Trace ots fee CR |v (r) Jiu, (kr) dr. 6) 
0 


If we now set the components of the spherical spinor afm) in Eq. (4) corresponding to the two values of 
the z component of the spin (m = +3) equal to 


n),m m—m, —I2 als »— le l+m ay oy, oe Qe ee: 
Olin (k, Ms) a Aon é Var a (k), Ay —] Ay I = 2i+ 4’ — Aim => Aim a V 2i+1 ? 
we obtain the orthogonality of the components of the matrix elements, which is necessary in the theory of 
damping, namely 
, 8x2 h eA - : 
2 } dQ" Hike (, Msr, mse) Hien (’, Ms", Ms) ae a Crt San’O1L Hen (1 » Ms, Ms). (7) 


Mgn 


From (7) and (1) we obtain the following expression for the transition amplitudes C’(mg,-) 
= C(k’, mg, t) (see Eq. (15) of SK): 


DA (ioe eect as Sen (l) Hite (L, mer, ms), 


ChL® (K’ — RK) 


,n 


where 
en () =1/(1 + itn); 


: “3 WG 
and we simply do not take into account the coefficients A, and f,, which are of order L °. It is necessary 
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to include £, and f, in order to prove that 


Ct (mg) C (ms) + SY C™ (me) C! (rms) = 1. 


ki, Mg 


The differential cross section for elastic scattering is 


= EK yy 2 6 (my) C (my) =f (ms, ts, 8, 6) 2 dQ’. (8) 


dome,, ich ye ot 
k’ 


If the incident Dirac particle is directed along the z axis (cos @=1), the scattering amplitude is given 
by 


ot 


+ | 


| 
=| 
Ms 
— 
+ 
ales 
ale 


|? (cos 6’) when mgs = Ms, 


eS, 1+ iC, 
f (ms, ms, 8, 9") = = (9) 
Poe Sn. WERSr ois! pl 9’ 
k Pai 1+ ic,, 1+ icy, 2mse Pi (cos 6’) 
when Ms = — Ms. 
The total effective elastic scattering cross section is 
co 2 
1 Ss , , , 4r a: es 
o> lf (ms, Ms, 9", 9”) |? dQ! = jut 2 
Bang Oe iso aay (10) 
a ae) Bees y (1 -+ 1) sin? 4? + (sin? 4). 
1+ c9, er 
14. A, Sokolov and B. K. Kerimov, Nuovo cimento 5, 921 (1957). 
Translated by E. J. Saletan 
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Transition from the superconducting state to the normal and vice versa in the presence of an 
external magnetic field is considered. Critical magnetic field strengths Hg, He; and He, 
which correspond to equilibrium transition and to the boundaries of the supercooled and super- 


heated regions respectively, are computed. Cases of small samples and of bulk metals are 
considered. 


ee destruction and the onset of superconductivity sample (its purity, its homogeneity, etc.). In the 
in the presence of an external magnetic field pro- simplest case of a bulk sample of cylindrical shape 
ceed in entirely different ways, depending on the subjected to a field parallel to the axis of the cyl- 
dimensions, shape and internal condition of the inder, assuming that no intermediate state occurs, 
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the equilibrium transition from the superconducting 
to the normal state (and vice versa) takes place 
in a field given by 


Hop = V 8r (Fro — Feo), 


Here Fno and Fg are the free energy densities 
of the normal and superconducting phases. (The 
change of volume associated with the transition is 
neglected here and throughout the paper.) 

Experimentally, however, supercooling of the 
normal phase can occur and in fact, is often ob- 
served, so that its transition to the superconduct- 
ing phase occurs in fields H,< Hgp. Similarly, it 
is also found that the superconducting phase can 
experience a superheating, in which case it returns 
to the normal phase only for H, >Hgp. The values 
of H, and Hy, can not be calculated. They depend 
on many factors and, generally speaking, differ 
from experiment to experiment. Nevertheless, as 
was shown in previous work,’** there exist certain 
critical fields, He, and He2, which serve as boun- 
daries of the supercooling and superheating regions, 
such that H,; = Hg; and H, = Hg, always. Thus 
the quantities He, and He, determine the maxi- 
mum extent of the hysteresis loop, and their calcu- 
lation is obviously of interest, especially since in 
certain cases Hc; has been reached experimen- 
tally.” 

In small samples, i.e., when the smallest char- 
acteristic dimension of the sample, L, is com- 
mensurate with the penetration depth of a weak 
magnetic field into the metal (we shall denote this 
penetration depth by 6), the supercooling and 
superheating, generally speaking, are even more 
strongly pronounced than in the bulk metal. This 
is apparently due to the difficulty of producing suf- 
ficiently small nuclei. Indeed, in accordance with 
Ref. 1, the boundary between the normal and super- 
conducting phases in bulk becomes blurred and has 
a width of the order of 6)/x. For pure supercon- 


ductors, kK ~ 0.1 and, thus, it should be difficult 
to form nuclei in samples of dimensions on the 
order of 6)/K ~ 105) ~ 107*cm.* 

The circumstances noted above also hinder the 
formation of an intermediate state in small sam- 
ples, to say nothing of the fact, that in this case, 
because of the increase of the surface energy den- 
sity, stratification of the sample would become less 
advantageous even if the boundary between the 


*Here we assume (as is usually done) that far from the 
critical temperature, T,, 5) ~ 10° cm (near T, the values of 
6, and of 5,/x are still larger). For samples with dimensions 
L < 5,/x, the formation of a transition region between phases 
is still possible in principle, but involves an increase in the 
corresponding surface energy. 


phases were sharp. Because of this, one naturally 
expects more pronounced hysteresis in samples of 
small dimensions, and in such samples the attain- 
ment of the corresponding critical values Hg; and 
He should be relatively easy. On the other hand, 
for very small samples, smaller than a certain 
dimension, Le ~ 69, which depends on the shape 
of the sample, the transition from the supercon- 
ducting state to the normal state (and vice versa) 
is a second order transition! and, consequently, 
superheating and supercooling are impossible (in 
other words, in this case Hg, = He, = He, where 
He is the critical field for the equilibrium transi- 
tion). Hence, it is clear that supercooling and 
superheating are pronounced only in some “aver- 
age” domain of sample sizes. 

Various aspects of this problem have already 
been considered in the literature.!~? However, 
because of the publication of some new results? of 
an investigation of the destruction of superconduc- 
tivity in cadmium, this series of questions has 
again attracted attention. The corresponding re- 
sults, which relate to the values of Hce;, He, and 
He in different cases, will be presented below. 

1. Let us first write down the general thermo- 
dynamic relations for superconductors. The free 
energy density of a superconductor, according to 
Ref. 1, is given by 


Pou =Fot e+ yq|—*vy¥—<Zavl, (2) 
Poo = Fao ta|UP+4(¥/, (1.2) 


where Fyo(T) is the free energy in the normal 
state in the absence of the magnetic field H; the 
function W plays the role of the parameter 1, 
which enters into the theory of second-order phase 
transitions, and a, $B, and M are certain coeffi- 
cients. It is possible, in principle, to use here an 
expression different from Eq, (1.2) to represent 
Fgo(|¥|?), but for definiteness, we shall use only 
the expression shown above, bearing in mind cer- 
tain statements made in Refs. 9 and 10, 

From the condition that the total free energy 
must be a minimum, these equations result: 


ja(—iny—-S Ay +oR+eIVEY=0; (2.3) 
— curl curl A= AA= — aA th 
o 2 
jee Cee Sys) Al ee ie) 


where it is assumed that div A= 0. 
In considering a superconductor in a uniform 
external field, Hy, the role of the thermodynamic 
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potential which has a minimum at equilibrium is 
not played by ‘i FoydV, but rather by another 


quantity, which we shall call ®(T, Hy). This dif- 
ference, which is immaterial from the standpoint 
of deriving Eqs. (1.3) and (1.4),is related to the ex- 
istence of an “energy of interaction” between the 
magnetic moment of the superconductor and the 
external magnetic field. The expression for © 
can be obtained by means of an analogy with the 
theory of magnetic materials, where that part of 

@ which is a function of Hy, is determined by the 


expression — f MdH),dV (here M is the magneti- 
zation). If M = const XH, then it follows that 


O,(7, Hy) =\{Fotgq(vEr}av— 52, (1.5) 
where p= Jf MdvV is the magnetic moment of the 
solid. 

The derivation given above is not sufficiently 
rigorous, but we also arrive at Eq. (1.5) by taking 
it into account that during an isothermal process 
at equilibrium in a magnetic field, the following 
quantity must have a minimum:° 


OP) = E—TS—;,\ BHdV ie al H.dv, (1.6) 


where E is the internal energy of the solid, S is 
its entropy, and the term containing H? is added 
for convenience, In the case of a superconductor: 


E—TS =\ Fav =\ Fen dV, 


where F,y is defined by Eq. (1.1). 

In most cases the function W can be considered 
real. Indeed, in transforming to gradients, it is 
necessary that 


ar vexplizx(n)], A’=A+ Vy, 


where the only requirements on X(r) are that the 
function W remain everywhere continuous and 
single valued. For a simply connected supercon- 
ductor, this condition can be satisfied everywhere 
and at the same time one can choose xX so that the 
function W turns out to be real. 

In this case, as is evident from Eq, (1.4), if 
Y = W* (the primes on WV are omitted), 


js = — (e? / Mc) WPA. (P37) 


For a bulk, multiply-connected superconductor it 
is possible to choose W real only if the magnetic 
flux through any contour located in the interior of 
the superconductor is equal to zero. Indeed, in the 
interior of the superconductor the current density 


is jg =0, but on the other hand, under condition 
(1.7), the circulation of the current on such a con- 1 
tour is given by 


jsds = const- GAcds i const-\Hnds, 


i.e., it is proportional to the magnetic flux through 
the contour. Therefore, if this flux is different 
from zero, Eq. (1.7) cannot be true. The magnetic 
flux through a superconductor does not vanish, as 

is well known, only for multiply-connected samples 
which are transformed into the superconducting 
state in the presence of a magnetic field. This case 
will not be considered below, and Eq. (1.7) will be 
used when we have for the superconductor [see 

Eq. (1.6) ] 


®,(T, He) =\ [Fen +3 (WEN 


1.8 
— x) jAdv + 5.\ (H — Hy)'dV, oe 


where, as before, the integration is performed over 
all space. (Outside the superconductor, naturally, 
W=0 and jg =0; in Eq. (1.6), in addition, the sub- 
stitution B =H was made since the metal is con- 
sidered to be non-magnetic. ) ) 

In the normal state, since the metal is non-mag- 
netic, 


Ne ne ener 


©,(T, Hy) = \ Fo dV. (1.9) 
Eq. (1.8) can be transformed into the form of Eq. 
(1.5) by using the field equations. 

The function © which enters into @, is deter- 
mined in the equilibrium or metastable state by the 
condition that ¢, must have a minimum. As has 
been pointed out, this condition is the same as the 


requirement of a minimum in if FoydV = E — TS, 


i.e., it is determined by means of Eq, (1.3). The 
equivalence of the expression for @, and E—TS 
in this respect is evident from Eq. (1.6), since the 
presence of the term 


— | Hav = — 72 \curlA dV 


is immaterial when W and A are varied for the 

purpose of obtaining Eqs. (1.3) and (1.4). In this 

case, in the absence of a field, when one can write 

A=0 and V¥=0, we have 
|| 


2 a 2 2 
kere SE teri are arr Fay (teehee 


a 
: Ered et) 


For a bulky cylindrical superconductor in a 
field, parallel to the axis of the cylinder, one can 
assume the field to be Hy outside the metal and by 
H = 0 in the interior of the sample. Therefore 
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1 HV 
b= 7\ (HH) av = — Be, 


where V is the volume of the cylinder. The term 
with (VW)? in Eq. (1.5), which differs from zero 
only near the surface of the metal,* can be neg- 
lected in our case and, in this way, in the equili- 
brium state, when the external field Hy is equal 


to the critical field Hep for bulk metal, we have 
Ae, | 8x > Fino — Piss => a?/28. (1.11) 


Let us introduce the notation 


@ ee 2 2 . 1011 
= lee 80 =e ue hme ms oh ae a cm’, 
A ee are? ys ane y ae 
Mc B V2e 2 2 
regs} oe hc Ap %> =2.17- OM (1.12) 


Here we have taken it into account that 6) (the 
depth of penetration of a weak magnetic field into a 
superconductor) is the observable quantity, while 
fe “concentration of superconducting electrons”, 
= We, manifests itself through 53, Therefore, 
in ithe expression for 64, the coefficient M, which 
plays the role of an piisctive mass, can be set 
equal to the mass of the free electron m, thus 
uniquely relating vv with 65: As for the charge 
e, it is assumed above to equal the free electron 
charge, an assumption having rather firm theoreti- 
cal foundations.'»!! Making use of Eqs. (1.12) and 
(1.9), the potential (1.5) can be written in the form: 
8? 
(VY) AV aos 5 WH. 
(1.13) 
From (1.13) it is clear that only two parameters, 
Heb and 69, enter into the theory [the parameter 
kK can be expressed in terms of these other two; 
see Eq. (1.12)], so that only the penetration depth 
6) enters into the gradient term. 
In terms of these same symbols and for a real 
Ww, Eqs. (1.3) and (1.4) can be rewritten 


®, = ©, +2 = | pr’ ee pel 


x2 8 tw ae 
ie a = ie Wo 1 0 ], 
ean 2851 op 


(1.14) 


curl curl A+, A = 0. 


Note, finally, that the temperature dependence of 
a and B, or, equivalently, of the quantities Heb 
and. 69, is not fixed, and can be arbitrary within 
wide limits. From experimental data, it is known 
that quite good agreement with experiments can be 
usually achieved by putting 


Heb = Hoo (1 —(T/Te)*), % = (1.15) 


890 {1 —(T/Te){T" - 


*It is assumed that all of the sample becomes supercon- 


ducting. 


2. For a number of pure metals x «<1 (@.28.; 
for aluminum at T— 0, according to Ref. 97K 
0.05). Under such conditions, for certain problems, 
we can simply let k =0, which is the same as as- 
suming the © does not depend on the coordinates 
[see Eq. (1.14)]. One can proceed exactly in the 
Same manner in analyzing the destruction of super- 
conductivity in small samples, when 


(xL/%)? <1, (2.1) 


where L is the characteristic dimension of the 
sample (the thickness of a film, the radius of a 
small sphere or a cylinder, etc.). Let us first 
dwell on this particular case. 
According to Eq. (1.13) we have here 
©.—® 
' — Ss n 


3 = Aan ae UR yeas 
(H2,, 8x) V 


Spe (2:2) 


where V is the volume of the sample. 

Since in the superconducting state, whether in 
equilibrium or in a metastable state, the potential 
@g (or the potential difference f) should have a 
minimum, the quantities Hy and W are related 
by the equation: 


Of. (ig, Vo) OV 0; (2.3) 


where for simplicity the value of WW), associated 
with the minimum, is represented by the same 
symbol, Wp. 

The equilibrium transition between the super- 
conducting and normal phases occurs if 


i (He, Yc) = 0, (2.4) 


where He and We are corresponding values of 
Hp and Wp). The secend equation needed to deter- 
mine He and We is clearly Eq. (2.3) with Hy = 
He and WW = Ve. 

If the characteristic dimension L is less than 
a certain value Le, then with increasing Hy the 
function W,) decreases monotonically and VW. =0. 
In this region there occurs, as is evident, a second- 
order transition, when neither superheating or 
supercooling is possible. This is clearly seen in 
Fig. 1, in which we have plotted the potential dif- 
ference f as a function of W) for various values 
of (Hj/Hep)* for small spheres of radius a = 6) 
[see Eqs. (2.19), (2.23) and (2.25) below |. 

The value L=Le corresponds to the critical 
Curie point, when the specific-heat discontinuity is 
infinite at the transition. For L> Lge, a first- 
order transition takes place. Plots of f(%) for 
this case are presented in Fig. 2 for small spheres 
with a/éd) =8. It is already evident from this fig- 
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FIG. 1. Curves 1 
through 5 correspond 
to values of (H,/H,)” 
equal to 5, 10, 15, 20, 
and 30, respectively. 


ure, that the metastable (supercooled) normal 
phase, which accounts for the relative minimum in 
f at W)=0, can exist only in fields Hy > Hq. 
The value of Hg; is obtained from the condition 


Of (Hea 0) /OV3 = (CF OVC) = Hey —0= 9- (2.5) 


As for the metastable (superheated) supercon- 
ducting phase, it can exist only for fields Hy < Hea, 
where for We. ~ 0: 


Of (Heo, Vee) / O82 = 0, Of (Hes Wer) /O¥, =0. (2.6) 


In this case, when W) =const., the magnetic 
moment of the sample is calculated in the same 
way as in the Londons’ theory [see the second of 
Eqs. (1.14) ]. The solutions of the corresponding 
problems are presented in detail in Ref. 12. For 
a field parallel to a thin film of thickness 2d 


oe ee 


tanh(¥',d/3,)\ Ho 
eee —— (1 da, ‘tO 
Ve 2A 


Yd, ) an (2.7) 
For a sphere of radius a: 


Ve Snats le as VE aalSe ° 


(2.8) 


For a circular cylinder with radius r ina field 
parallel to its axis, 


leat as =—| 289 I | Hi 
Vier 2) Wor Lo(Hor/So))) 4a 
poe To (Wor/8o) Ho (2.9) 


Ty (Yor/8o) 4’ 


where In(x) =i-"J, (ix) and J, is the Bessel 
function. For the case of a circular cylinder per- 
pendicular to the field, the value of p/V is twice 
as large as that given in Eq, (2.9). 

For a film, the quantity f assumes a form that 
is clear from Eqs. (2,2) and (2.7), and Eqs. (2.3) 
and (2.4) yield * 


*The case of a thin film was previously considered in 
Ref. 3, where, however, the expression for the field Hoo 
was not included. 


AW? (¥2 — 1) cosh? (Fod/8o) 


i - 
ines) ™ 1= sinh (2¥9d/3p) / (28 od / 80)’ 
ne) = 2 (2 — ¥2) (11) 
Hep} ~ 1=tanh(¥d/8o)/(¥ cd/ So) * f 
Using the first relation in (2.6) we find: ce 
(= 225 (1 — 3¥E,)cosh'(Foad / 80) 
H = ed sinh(2.,d/30) Y ds. 
» eb c2 x C200 c2 hf £2 
cosh ea ! DF de | 3, sin ( 3, ) 


(2.12) 

The second equation for Hg and We or Hee 
and Wg, is obtained, as has already been remarked, 
from Eq. (2.10) by replacing Hy and Wp with He 
and We or with He, and We». The value of the 
field He, determined from Eq, (2.5) is equivalent 
to Eq. (2.12) with Wag. 0. This same result is 
obtained directly from Eqs. (2.10) and (2.11) also 
for W)— 0, i.e., by expanding into a series in 
terms of WW d/6). The result is: 


eles i fakes = V 63,/d. 


For d<dce, where dc is the half thickness asso- 
ciated with the Curie point (in this case Le = 2d,), 
we have Hg; =H _  i.e., Eq. (2.13) also determines 
the critical field in the region of a second-order 
transition, 

From Eq. (2.10), for small WW, as a result of 
expanding the hyperbolic functions into a series 
and retaining terms of the order of ( W d/69),* 
we obtain 


(2.13) 


2 1 — 1/6 (Ho/H op)? (d/80)* 
Y= T= (ay + "0 (Holy, )* (do) 


1 — 1/6 (Hy /fHop)? (€/8o)? 


_ (2.14) 
death (aay 


Hence for %)—0, one necessarily obtains Eq. 
(2.13), but, in addition to this, it is clear that the 
form of the solution is changed for different values 
of d/d). Thus, if d/59<V5/2 then for Hy > He 
no real solution for W,) exists in general. On the 
other hand, when d/d) > V5 /2, such a solution 
does exist. This denotes the presence of a first- 
order transition. Thus, for a film 

de/>) = V5/2 = 1.12. (2.15) 
The character of the %)(Hg) curves is shown in 
Fig. 3, as a function of different sample dimensions, 
for the case of small spheres (see below). For 


*The author wishes to express his thanks for performing 
the numerical calculations to T. I. Bachelis, E. I. Gusev, 
L. V. Pariiskaia and F. I Strizhevskii. 
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FIG. 2. Curves 1 
through 5 correspond 
to values of (H,/H,,)? 
equal to 0.25, 0.75, 
1,25, 2.00, and 3.00, 
respectively. 


sufficiently thick films, when 


d/3, > 1 (2.16) 


and Wy is of the order of unity, Eqs. (2.11) and 
(2.12) are greatly simplified. They assume the 
form 


c = 8o 80 A 
ee egg eters ler (2.17) 
ES OAT Na A ds. 
ia (7) 5 086 )/ F (2.18) 
Tes ae 0772 


Eq. (2.13) for Hgy/Hep remains valid also when 
condition (2.16) is satisfied. 
For small spheres we have (xj = ¥ja/65q): 


— yp? pyr? if Jie 2 3 cothi Xo ar 2.19 
es alma) tee ef 2 


sinh 2x, 2sinh? Xo 


—1 
Pegs O x g (2.20) 


3 coth % - Sieh 
(7g) = 320 ¥2)[ 1 - Steed ; (2,21) 
c Cc 


x 


2) uw 2 o: 
4 (1 — 386.) Vooree Sinh*x op 


2 
Hep 9[3 sinh?Xo9— x2,coth Xoo = Xeo ous MeXoo sinh2x,9] 
(2.22) 


Her/Hop = 25 do/a. (2.23) 


For small Wp, it follows from Eq. (2.21) that 


1 — 1/29 (Ho/H oy)? (4/30)? 
1 — 4/01 (a/8o)? 


? 


2 ——_ 
Dee (2.24) 


0 70 20 30 


40 M/A ety 

FIG. 3. Curve 1— a/6, = 1.00; 2 — a/8, = 2.29; 3- a/55 
= 8.00. 
whence we obtain Eq. (2.23), as well as the critical 
value of the radius, ag, associated with the onset 
of first-order transitions (for a> ay): 


Ao/8o = V 21/2 = 2.29. (2.25) 
For 
afsyo > 1 (2.26) 
we obtain 
Ho/Hay = V 7/5 (1 4 384/2a),. Vc al oom Sas ee 


He2/H eb =< a) m4 V afd) = 0.407 V a/Bo, yeep = Ve 
(2.28) 


The values of Hey/Hebh, He/Heh and He2/Hep,; 
obtained from Eqs. (2.20) through (2.23), are shown 
in Fig. 4. In exactly the same way as was done for 


Hei/Heb 
28 


2.0 


10 


W 24' 30 40 50 G0 76 G0 80 100 


a8, a/6, 
FIG. 4. Curve 1 — H,}/Hy; 2—-He/Hg; 3 — Hoo/Hap- 


the film and the small sphere, it is possible to de- 
termine the fields He;, He and Hg, for a cylin- 
der by using Eqs. (2.2) through (2.9). It is espe- 
cially easy to show by expanding the function In 
in Eq. (2.9) in a series, that for a cylinder, ina 


parallel field 
Hes/Heb => 46,/r, To/8o = Vor 


and for a cylinder, with a perpendicular field 


He/Hep = V8 O/T, Te/% = V3. 


(2.29) 


(2.30) 


Equations (2.20), (2.23), (2.25), (2.29) and (2.30) 
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were previously obtained by Silin,® but in a some- 
what more cumbersome way [this was because he 
did not make use of the general expression Eq. 
(1.13)]. The case of small spheres was also inves- 
tigated in Ref. 4, but with the use of a different, 
more complicated, and at the same time, apparently 
less justifiable functional relation between Fo 

and W*, The results obtained, concerning the de- 
pendence of Hay, He and Hg, on the dimensions 
of the samples at least in their qualitative relations, 
are confirmed by experiments (see Refs. 13 through 
16, 4, and 10). 

3. If one makes use of the equations obtained in 
Sec. 2, one can conclude, that as L/6) increases, 
the field He; approaches zero, and the field He» 
approaches infinity [see Eqs. (2.13) and (2.18) or 
(2.23) and (2.28)]. In actuality, however, all these 
expressions are strictly applicable only subject to 
condition (2.1), which does not permit consideration 
of sufficiently thick samples. By taking into account 
the parameter x, the values of the fields Hg;, He 
and Hg, are changed, and, for example, for thin 
films, one obtains’ to terms in x? 


H 2 2 8 /xd\2 

(res) = 92) [+ aC) 

Hence, it follows that Eq. (2.13) can be used in 
practice, as long as xkd/6)%1 or, if x ~ 0.1, as 
long as d/dy $ 10. Since 6) 25x10%cm, this 
means that the thickness of the film 2d can reach 
10° cm or even somewhat more (except near To, 
where 6) increases.) 

A general investigation of the critical field val- 
ues in the region kL/6) ~1 is rather complicated, 
and we shall therefore dwell only on the second lim- 
iting case, when 


(3.1) 


xL/8y S> 1. (3:2) 


Since the width of the transition region between the 
superconducting and normal phases at equilibrium 
(i.e., for H=Hep) is of the order of 6)/k (see 
Ref. 1.), condition (3.2) has an obvious physical 
meaning. Samples whose smallest dimensions L 
satisfy the inequality (3.2) will behave like bulk 
samples. For such samples, the boundary of the 
region of supercooling of the normal phase is de- 
termined from the condition of stability of this 
phase with respect to a transition into the super- 
conducting state./*? Thus 


Agy/Hep —< Vo 


In external fields such that Hy < Hg; the normal 
phase is unstable and cannot exist. 

By comparing (3.3) with (2,13), (2.23), (2.29), 
and (2.30), which are valid in the second limiting 


(3.3) 
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case (2.1), the following becomes clear. As L in- 
creases, Ha, first decreases as He;/Heb = 
const. x 6)/L, but afterwards, when KL/6) > 1, 
this decrease slows down and for the field He, 
probably approaches monotonically the constant 
limit (3.3). 

As regards the equilibrium critical field He, — 
it approaches Hep for cylindrical samples with 
axes parallel to the field, when condition (3.2) ap- 
plies. For a slab of thickness 2d > 69/k we 
have! 


Ho/Hep = 1 + (89/24) (1 + ¥/8 V2). (3.4) 


The limit of the superheated region of the super- 
conducting phase, i.e., the field He, increases in 
certain ranges of values of L according to the law 
He2/Heb = const VL/5) [see Eqs. (2.18) and (2.28)]. 
For kL/6) ~1, this increase slows down and when 
condition (3.2) applies, the field Hey, most prob- 
ably, approaches smoothly a certain constant limit, 
which is a function of k. 

We now proceed to calculate He, for the bulk 
metal, considering for this purpose the supercon- 
ducting half-space, on whose boundary (at z = 0) 
the external magnetic field, parallel to this boun- 
dary, is equal to Hy. The problem is one dimen- 
sional and Eqs. (1.14) become 


a¥, (de = x? [— (1 — a?) Wy + VO), (3.5) 
da/d2 = Vea, (3.6) 
where 
es = Z/89, a= A/V 2 Hee; 
h = da/dt = H/V'2 Hy. (3.7) 


Equations (3.5) and (3.6) must be solved subject to 
the boundary conditions! 


€=oo: Wo=1, d¥,/di=0, h=0, a= 0, 
oe) 


h = (da/d2)) = hy, d¥/d? = 0, (3.8) 


where hy = Hy/V2 Hep is the field on the boundary 
in the new units, and the value = ~ corresponds 
to a layer of superconductor, 
From Eqs, (3.5), (3.6), and (3.8), it follows that 
ao a 
vale 


(da/dé)? =f? = 1/, y (1 — a?) B24 p42, 


(3.9) 

Making use of the integral of Eq. (3.9), and de- 

noting dW)/dé by y, we can write Eqs. (3.5) and 
(3.6) as 


dV (da = y [1/o— (y/x)? — (1 — a2) BW? + W/O]? , 
dy/da = x?[—(1—a?) ¥) + '¥9] [2 /o—(y/)? — (1 — a2) ¥? 
+ ¥5/2)~*. (3.10) 
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The problem consists of finding an integration 
curve, which satisfies (3.10), goes out from the 
Singular point y=0, a= 0, WY =1, and inter- 
sects the plane y = 0 (ina coordinate system 
with variables y, a and Wo) atthe point ay and 
Wo(0), so that in accordance with (3.9) 


hy = "/,— (1 — a2) 2 (0) + ¥4(0)/2. (3.11) 


For a given applied field, hj, Eq. (3.11) deter- 
mines a certain curve in the plane y = 0. Near the 
singular point one can write © =1+ 9, where 
lp|<«<1, and, thus, the equation can be made lin- 
ear. Consequently, near the singular point, 


Py = 1 + 2a?/2(2 — x2) + C(— a)? *, 


2 3.12 
y = — x2q?/(2 — x?) —YV 2 xC (— a’? ., 


where C is an integration constant. 

The behavior of the integral curves at suffi- 
ciently large values of |a| is determined from 
Eq. (3.10) and, generally speaking, can be calcu- 
lated quantitatively only by numerical methods. In 
the case of small x, it turns out that it is more 
effective to get a direct solution of Eqs. (3.5) and 
(3.6), using, for large values of £, a solution 
equivalent to (3.12), obtained by the method of suc- 
cessive approximations.! As a result of such cal- 
culations, one can establish that the sought solution 
exists only so long as the field hy is less than a 
certain field hg, = Hg, /V2 Heb, which plays the 
role of the boundary for superheating of the super- 
conducting phase. Incidentally, the very fact that 
the field Hg, exists can be ascertained, naturally, 
even without numerical calculations. Thus, in the 
limiting case of very large x, Hey = Heb. In fact, 
as kK—~, we have from Eqs. (3.5) and (3.6) 


wol—a, a=YV2/cosh(§+C), 


h = da/dt = V2 sinh (§ + C)/cosh’(§ + C), 
H/ Ho =V2 h=2sinh(é + C) /cosh*(5 + C), 


(3.13) 


where C is an integration constant, and we have 
taken into account the boundary condition a(& = ©) 
= 0. From the requirement, that H =H) when 
£=0 (i.e., z=0), the following condition is ob- 
tained: 


cosh? C = 2 (Hep/Ho)? + 2 V (Heb/Ho)* — (Heb/ Ho)”: 


Hence the possible existence of a solution only when 


Hy = Heb is evident, since otherwise cosh?C be- 
comes complex. Thus, when k—~%, He = Heb. 
For « =0, on the other hand, the field He, = ™, 
since the solution WV») =1 exists in any field. For 
kK <1, by using the method of successive approxi- 
mations,’ one can show, that on the boundary z = 0 


the function %)(0) is equal to 


(0) = 1 — xb /2V2 —9(AB2/16—---. (3.14) 


Hence, it is evident, that the expansion variable is 
the quantity «hj, and Eq. (3.14) is valid so long as 
1-— (0) <1. For this last reason, the absence 
of a maximum in the curve of Eq. (3.14) at Wo (0,h), 
corresponding to the field hg, means that the 
value W (0,he.) = Ye. is substantially different 
from unity. 


On the other hand, for %)(0) 0, as can be 
seen from Eq. (3.9), hg > 1/V2 and, thus, the 
curve of % (0, hy) must have a maximum. From 
Eq. (3.14), and from an analysis of Eqs. (3.5) and 
(3.6) with the introduction of the variables ¢ = Vké, 
xX =W/Vk and b=Vk a, it can be inferred that, 
for Vk «<1 and hes = const/Vk , ice. 


AAg2/Heop — V2 Hine = 0.89/V x, 


where the constant was obtained by numerical inte- 
gration of the equations, with x = 0.02, for 
Hee /Heh = 6.28 and Wg = 0.73. 

By way of example, W (0, hy) has been plotted 
for k=0.165 in Fig. 5. The values of Hoo /Hop, 


(3.15) 


Fo 


FIG. 5 
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obtained by means of numerical calculation, are 
shown in Fig. 6. We also tabulate the values of 
He2/Heh and Wee for some values of k, as fol- 
lows. 


2 0) OOM Cae sen 0.6 0.7 0.8 
He2/Heb = 2.87 = 2.25 1.64 41.52 1.45 1,39 1.34 
Mer Oni. — Os@rl 0.65 0.63 0.6 0.615 0.61 


Experimentally it is difficult to observe super- 
heating of the superconducting phase in bulk sam- 
ples, but for samples of “average” dimensions (see 
the introduction) one can expect a different situa- 
tion. Therefore, in particular, the thought arises 
that Hein and Steele observed not the equilibrium 
value of He for small superconducting cadmium 
spheres, but rather some value Hy, lying in the in- 
terval Hg < Hy < Hgg. Indeed, by considering the 
transition to be an equilibrium one, in the value ob- 
tained in Ref. 8, 59) = 8.8 x10 ‘cm, was two 
orders of magnitude larger than the quantity 69 
in Sn, Al, and other superconductors. Hence, as 
T—0, if Hgp = 27.6, we obtain Ky = 2.16 x 
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10' Hepd)) © 460, which seem unlikely (kg = 0.17 
for Sn and k)=0.05 for Al), Recent measure- 
ments by Chaikin* on Cd confirm directly the in- 
correctness of the conclusion drawn by Hein and 
Steele, since Chaikin’s data lead to 69) = (10.2 to 
11.5) x 107 and ky = 0.07. In this connection it 
seems natural to assume that superheating was 
observed in Ref. 8, especially since only the de- 
struction of superconductivity in a given field with 
increasing temperature was investigated. Even 
for the smallest spheres, like those investigated 
in Ref. 8, the condition kya/5yy > 1 is satisfied. 
Making use, therefore, of Eq. (3.15) or of the data 
presented in Fig. 6, we obtaint He,/Heb © 2.3 at 
T =0 whereas experimentally H,/Heh © 2. How- 
Hers Heb : 


' 


FIG. 6 


ever, in Ref. 8, the field H,/Heh increased with 
increasing temperature by nearly a factor of four, 
whereas 


*(T) = %o(1 + (T/T.)*}7, (3.16) 


i.e., the field Hey/Heh increases only by approxi- 
mately a factor of 1.4. On the other hand, for tem- 
peratures attained near Tc, the parameter ka/6y 
equals approximately 3 or 4, i.e., it is not large 
enough to make use of the values He, obtained for 
the superconducting half-space. 

Thus, the assumption of superheating still can- 
not be considered as contradicting the theory. In 
view of all this, further investigation of the prob- 
lem of the boundary regions of superheating and 


*The work was reported at the Fourth All-Union Confer- 
ence on Low-Temperature Physics (July, 1957). 


tSince the field on the surface of the sphere reaches ¥% 
of its value at infinity, the quantity H.2 for the sphere is 
taken to be smaller by a factor of % than was calculated 
above for a superconductor with a plane interface. 


supercooling, in particular in samples of “average” 
dimensions, is of interest. 

Note added in proof (December 19, 1957). 

In November, 1957, we received in Moscow the 
manuscript of the detailed work of Bardeen, Cooper, 
and Schrieffer (henceforth BCS) in which a micro- 
scopic theory of superconductivity is formulated. 
It is shown that the London equation, generally 
speaking, does not hold even in a weak field, and 

the current is connected with the field in an inte- 
gral way, as was already proposed by Pippard 
earlier, However, in the vicinity of Tc, subject 

to the condition &)/59(T) < 1, the London equa- 
tion, is still good to within an accuracy of not less 
than 10 or 15%, which is about the accuracy claimed 
by the BCS theory in its simplest version. The 
parameter is &) = 0.18hv)/kTc, where vo is the 
velocity at the Fermi surface. For tin, &) = 2.5 x 
10->cm, and the London equation can be used in a 
region of about 0.1 to 0.15° near Te (this conclu- 
sion pertains directly only to bulk metals, but prob- 
ably has a more general significance). 

In the paper above, we have leaned on the work 
of Ref. 1 which transforms to the London theory in 
weak fields H <«< Hg. In view of what has been said, 
that work, and the results obtained on the basis 
thereof, can be quantitatively true only near To, 
as was assumed in Ref, 1, albeit for different rea- 
sons. In the general case, as one may believe and 
as is indicated at the end of the BCS article, the 
theory of Ref. 1 and its general conclusions prob- 
ably retain a certain significance, but on the whole 
this question remains open. 
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MOTION OF IONS IN A MIXTURE OF ISOTOPES 
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Expressions are derived for the drift velocity of ions of isotopes in a mixture of isotopes. The 
principal interaction between the ions and atoms is assumed to be pure charge exchange. 


ie connection with the problem of the distribution 
of isotopes in a direct current discharge, the ques- 
tion of the mobility of an ion of an isotope in an 
isotopic mixture becomes of interest. In view of 
the possibility of charge exchange between an ion 
of one isotope and an atom of another isotope, 
Blank’s rule for the mobility of ions in a mixture 
is not applicable in the given case. 

Let there be a mixture of two isotopes with con- 
centrations of neutral atoms N, and N». We shall 
denote the Maxwellian velocity distributions of the 
atoms by n;(v) and ny (v). Let the concentra- 
tion of ions be N} and Nj and their velocity dis- 
tribution functions be f;(v) and f,(v). As is 
usual in problems on mobility, we shall disregard 
the effect of the ions on the velocity distribution 
function of the atoms and the interaction of the ions 
among themselves. The chief process of interac- 
tion between the ions and atoms is, in the given 
case, the exchange of charge without an exchange 
of momentum (pure charge exchange model), for 
which the charge-exchange cross section q(u) 
can be considered the same in all four processes 
AtA, AtB, BtB and B‘A. In the presence of a 
constant homogeneous electric field E, directed 
along the z axis, the velocity distribution function 
for the ions is found from a system of two kinetic 


equations, the first of which has the form 


a Ne Boy = MANE ug (u) ms (0) x (W) — i () ms (0) dv" 
+ NiNE Sug (u) ms (2) fa (v!) dv’ 


— NE N,\ ug (u) fa (v) ne (0') dv’, (1) 


where M, is the mass of an atom of the first iso- 
tope and u =|v —v’|. The second and third terms 
on the right describe the appearance of A ions as 
a result of impacts of the type BTA and their dis- 
appearance upon impacts of the type A'B. The 


second kinetic equation is obtained from Eq. (1) by 
an interchange of indices. 

Let us solve the system of kinetic equations in 
the limiting cases of weak and strong fields. For 
small fields, when the energy acquired by an ion 
over a mean free path is much less than the ther- 
mal energy, we apply the method of Langevin, who 
assumes the velocity distribution of the ions to be 
Maxwellian with a small superimposed drift in the 
direction of the field: 


fa (v) == Ai exp {— a [Obeteee rage 1)°I| 


~~ my (0) + 4 vy02M (0). (2) 
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An analagous expression is obtained for f,(v). 

The law of conservation of the number of par- 
ticles is obtained from Eq, (1) by integration over 
the velocities. As a result, using Eq. (2), we obtain 


N¥/Ny = NE / Np. (3) 


This result is a consequence of the fact that, in our 
setting up of the problem the formation and disap- 
pearance of ions proceeds, only with charge ex- 
change and that the charge-exchange cross sections 
for impacts of the type A*B and B‘A are as- 
sumed equal. The unknown drift velocities v, and 
Vv, are determined from the momentum balance 
equations that are obtained if each of the kinetic 
equations is multiplied by v,dv and integrated 
over the velocities. After simple calculations, 
using Eqs. (2) and (3), we obtain a system of two 
equations, the first of which has the form 


3Vn cE 
16 My, 


My + Mz 
2kT 
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The second equation is obtained from the first by 
an interchange of indices. Here the following nota- 
tion has been introduced: 


foo] 
il My, 1 fe e-* 2 
Se ele ——— x?q (u) dx; 
Yi2 ~ Yo1 M2’ Vad 2 : q ( ) ? 
Cc 
@ MM, ue 
R = \e-*xq (uae; x= Wh, Mage OEE 
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P, and P, are obtained from P by replacing the 
reduced mass by M,/2 and M,/2 respectively. 
The expressions for vy and vy are easy to obtain 
from the system of Eqs. (4), but we shall not write 
them out because of their unwieldiness. For the 
case where the charge exchange cross section can 
be regarded as independent of velocity, P, = P, = 
P=R=q, and we obtain 


Y= = —— 
t 16° Miqg(Ni+N2)VkT/M, c? 


where c; = N;/(Ny+ Nz), Cy = No/(N, + No). 

We obtain the expression for vy from Eq. (5) 
by an interchange of indices. In the special cases 
where cy=0 or M,= Mb), Eq. (5) goes over to 
the ordinary formula for the drift velocity of ions 
in their respective gas.! For the case where 
Ci). 


38V an eE 


— 4YV (+ yn) /2 +1 
16 MygN2V kT/M2 


3+ 2y2 


(6) 


y= 


In the general case for the ratio of the drift veloci- 
ties of ions of two isotopes, we obtain 


UV} (4V(44+ yn) /2 +1) co+ (2 + 3ya1) 1 . 
vo, (4V (44 2) /2 + A) er + (2+ 8912) C2 


(7) 


From Eq. (7) it is possible to find the limits 
within which the ratio of the drift velocities of ions 
in an isotopic mixture varies with a change in con- 
centration from c,=0 to cy=0. For example, 
for a mixture of hydrogen with deuterium we find 
that v,/v2 lies between the limits 1.8 and 1.7; for 
a mixture of He® with He‘, it is within the limits 
1.27 and 1.25. The results obtained refute the as- 
sertion to the effect that as a result of frequent 
charge exchanges a homogeneous drift velocity is 
set up for ions of both isotopes.” The drift veloc- 


(2 + 3 yar) + 03(3V ya2+ 2V 2x) +27 Pey¢2 BV Yy2(4-+-ye1)-+41(4-+ ya) ? 


ity of an ion of the lighter isotope noticeably ex- 
ceeds the drift velocity of an ion of the heavier 
isotope. 

One frequently encounters the case where the 
mixture contains a third component besides atoms 
of isotopes (for example, molecules of isotopes). 
Here, the interaction of ions with particles of the 
third component does not have charge-exchange 
character (the interaction depends essentially 
upon polarization forces). In this case the kinetic 
equation (1) contains additional terms on the right 
side, which take into account collisions of ions of 
isotopes with particles of the third component. 
Using Langevin’s method, we obtain a system of 
two linear equations in vy and vo, the first of 
which differs from Eq. (4) by the additional term 


3 Es Mi+ Mz e wy 
TV DAR) oy ian 
Here b,3 is the mobility of an ion of the first iso- 
tope in the third component (in the Langevin ap- 
proximation ): 
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N; and Mg are the concentration and mass of 
particles of the third component and Qi3 is the 
diffusion interaction cross section for ions of the 
first isotope with particles of the third component, 
The second equation for v, and V2 is obtained 
from the first, as usual, by the interchange of the 
indices 1 and 2. In the presence of several addi- 
tional components, each of them gives an additional 
term of the type of Eq. (8) in the right side of 

Eq. (4). 

For the case of strong fields where it is possi- 
ble to disregard the thermal motion of the atoms 
we obtain, by a method completely analagous to that 
applied in Ref. 3, an exact result for the drift veloc- 
ity of an ion of an isotope in an isotopic mixture 


0, = (2eE / eM, (N, + Nz) q}%. (9) 


This result is obtained under the assumption that 
the charge exchange cross section is independent 
of velocity (in the method applied this need not 


SOVIET PHYSICS JETP 


VOLUME 34(7), NUMBER 1 


89 


necessarily be so, and is assumed for simplicity ). 
The drift velocities in this case are inversely pro- 
portional to the square roots of the masses of the 
ions. This conclusion is physically obvious inas- 
much as in the assumption of quiescent atoms the 
difference in their masses plays no role. 
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Formulas are derived for the polarization and cross section of slow neutrons scattered in 


crystals with polarized nuclei. 


Ross' has examined the polarization effects aris- 
ing in the scattering of slow neutrons in crystals, 
and has obtained formulas for the scattering cross 
section of polarized neutrons in crystals with 
polarized nuclei. He considered only crystals of 
atoms with a single isotope. In the present note, 
bis results are generalized to include crystals of 
several isotopes, and expressions obtained for the 
change in neutron polarization due to scattering. 

It is well known’? that the scattering amplitude 
for slow neutrons in a crystal is proportional to 
the quantity 


( 


Te. (1) 


ig 


a (4; ie 5 Biol) |i) yy 
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where i and f are the initial and final states of 


the scatterer; and wp’ are the initial and final 
neutron spin projections; o/2 is the neutron spin; 
q is the momentum transferred to the scatterer; 
Rj and I; are the coordinates and spins of the 
j-th nucleus; and Aj, Bj are complex constants. 
The summation is over all the nuclei in the crystal. 

From (1) it is easy to obtain the following ex- 
pression for the coherent and incoherent parts of 
the scattering cross section, averaged over all 
orientations of the neutron and nuclear spins, and 
over all possible distributions of isotopes in the 
lattice: 


Scoh = oe {1 =] <A> Fa [(pN) Re <A") <BIP) 


+ "/4| <BIP) [PI}; 


90 She 


Sincoh — @(0) {1 “Es [< | A >> 2 | <A> |? 


incoh 


+1/,¢|B PI + 1) ((@N) Re (<A°BIP> — <A’ <BIPY) 


— Ya (PN) <|B PIP) —*/4| <BIP> PPh, (3) 


Here p is the polarization vector of the neutron, 
N is a unit vector defining the direction in which 
the nuclei are polarized, P is their polarization, 
<...> means an average over all distributions 
of isotopes in the lattice, and o() is the coherent 
or incoherent cross section for unpolarized nuclei. 
It is clear that formulas (2) and (3) hold for both 
the differential and total scattering cross sections. 
If the scatterer consists of one isotope only, (2) 
and (3) reduce to the expressions obtained by Rose. 

It is not difficult to compute the polarization of 
the neutrons after they have been scattered ina 
definite direction. We use the formula 


Pi = Sp (F*sFp) /Sp (F*Fo), 


where p is the density matrix describing the 
polarization of the neutrons before scattering. We 
obtain the formula 


Pi = (Scoh+ incon)? {3 [p ++ | <A> [2 (N Re <A> <BIP) 
+ Im ¢A*> <BIP) [Np] + 4/,| <BIP> |? (2 (Np) N — p])] 
+0 [p+ (<|AP>—|<4y PP + 3/e6| BRL (E+ 19) 
x {N Re ((A*BIP> — <A*> (BIP) +[Np] Im (4*BIP» 

— <A") (BIP>) + 4/2¢|BP Dy p+ 4/44|BPIPYN 


— */4|<BIP7? [2 (pN) N — p]}]}. (4) 


In this formula, D is a tensor related to the 
polarization tensor T of the nuclei by the equa- 
tion 


Het a 
Dag = =! (2i—1) (Ta —2,,+7 a) (5) 


where 


3 ee Te 2 . 
Tag = rey ee +d yeh gl (I -P 1) 848), (6) 
and Dp is a vector with components (Dp) ap = 
DagPep- The bar means average over spin projec- 
tions. 
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If the incident neutron had not been polarized, 
then its polarization after scattering would be 


Pi = N (Scoh + Sincoh) * tee) | <A> |? Re CA °< BIPY 


Rel(<AeB éAt > <BIP>) + 1/4 < | B |? TP 
( 7 
aE Ook CTA [> —| KAD P+ 4/6 | BPI + 1) } (7) 


If Oooh. > Fincoh,» Which will hold, for example, 
in the direction of a Bragg peak, 


a Re <A*> <BIP> (8 
Pi = N apr el <BIP E * ) 


If, on the other hand, Oggh, K Fjincoh.» which will 
hold, for example for very slow neutrons,” then 


Re (<A*BIP> — ¢A*> <BIP>) + 4/4 <| BP IPD (9) 
(ASP Be ae 


pPi=N 


Expression (9) reduces to 


P1 = N P/[J (1 — P?) + 1). (10) 


if all the scatterer atoms are of one isotope. 


If the nuclei are unpolarized, but are oriented 
(P=0, Tx 0), then 


oe) KIB EUSP 


a 2 (6), + of) 1) TA —1<AyP 44/4 |BPIU +1) a1, 


(11) 


If, in addition, Ojneoh. > %eoh, and the scatterer 
consists of one isotope only, then 


= 2p dee 


In conclusion, the author would like to express 
his gratitude to I. M. Shmushkevich, who suggested 
this problem. 


(12) 
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2 A, I, Akhiezer and I, Ia. Pomeranchuk, 
Hexoroprie Bsompocht teopuu agpa (Certain Prob- 


lems in Nuclear Theory), Gostekhizdat, M.—L. 
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We consider the spectral and angular distribution of the energy radiated by an electron moving 
in a magnetoactive plasma, and find the polarization of the radiation. 


1. The problem of radiation of electromagnetic en- 
ergy by charged particles moving in a magnetic 
field is of considerable interest for some parts of 
astrophysics and radioastronomy. But in most 
papers on this subject, the treatment is limited to 
the case of motion of electrons in vacuum.!~3 

The presence of the medium can, under certain 
conditions, strongly influence the character of the 
radiation and, for example, lead to a reduction in 
intensity of the low frequency radiation from dis- 
crete sources.?*4 

The problem of the radiation from an electron 
moving in a magnetic field in an isotropic medium 
was treated by Tsytovich® and Razin.‘ However, 
the magnetic field which accelerates the electron 
also causes the medium in which the electron 
moves to become magnetoactive. The anisotropy 
which arises in this way can be large in the case 


of a plasma. Under these conditions we must solve 
the problem of the radiation from an electron mov- 


ing in a gyrotropic medium. This problem is 
solved in the present paper using the Hamiltonian 
method. 


We should mention that this method was used by 
Ginzburg,® and later by Kolomenskii,’ to determine 


the energy of the radiation from charged particles 
in anisotropic media. 

2. The field equations for a charge e, moving 
along a vortex line in a magnetoactive medium, 
have the following form: 


1 oD A 
EM = “evs — 1) 2, divH = 0, 
Cc C 
1 OH (1) 


where the components of the radius vector [rg and 


the velocity v of the electron along the x, y, Z 
axes are, respectively, 


FacOswele ae Tosi ilots « Ust 


and — v:Sin Qot; V2 Cos Qt; vd» 
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(Vv; =Qoro). Here it is assumed that the axis of 
the vortex line, which is parallel to the constant 
magnetic field Hp, is along the z axis, while 
Vi, V2 are the projections of the electron velocity 
on the xy plane andthe z axis. The Fourier 
components of the electric induction D,) and the 
electric field intensity H,, are related by 


D, = {fag (o)} ER; 
where {€qp } is the Hermitian dielectric tensor 


* : 
(€ap = €Ba)s whose components in the system of 
coordinates which we are using are given on p. 326 
of Ref. 8. According to the Hamiltonian method,®*? 
the vector potential of the radiation field, 
—. ik)r 
A=V4c DI pane ‘ (2) 
jr 
can be found by solving the system of oscillator 
equations 
rea of * —ikor. 
din + O89 in = V 45 na, ae - (3) 
In these relations, air is the complex polari- 
zation vector (the index j =1, 2 corresponds to 
the two normal waves propagating in the gyrotropic 
plasma). The wave vector k, is related to the 
frequency w;, by why = kKic’/niy, where nj, is 
the refractive index. If we introduce the param- 
eters aj and Bj through the relations 


8; =y; cos 6 —K; sin 6, 
ty; — Ley Regs 


aj,=K;,cos6+y;sin 9, 
Lee eg cs (4) 
the polarization vector aj) of the j-th normal 
mode will have the following components along the 
coordinate axes: 1/V2, ia, /V2 ; ip,/V2 . The 
orientation of E,, Hg, E; is clear from Fig. 1. 


For a magnetoactive plasma, the quantities Kj 


and nj are given by the expressions 


92 Was, WE) 


nz = 1—2V(1 —V)/[2(1—V) 


—usin? 6+ VY wsinté + 4u (1 — V)? cos? 9); 


=—I2V n= 


[usin?6-+ VY wu? sint § + 4u (1 — V)? cos?6] 


V) cos 6 


a * (5) 


On the basis of the definition (4) we can also 
easily compute the parameter Yj: 


—sinOVVu + K juV cos § sin 0 
1—u—V (1 —u cos? 0) 


(6) 


eS 


In formulas (5) and (6) we assume, as usual, that 


V =4neN /mo®; Vu = eH,/ mee, 


where m is the electron mass and N is the elec- 
tron concentration in the plasma. Using the expres- 


BIG. 1.cK ou HEB; 
E, and k) are in the yz 
plane; E, 1k), Eg Lky. 


sion for the components of the vector aj,, and the 
expansion 


exp {— (Ayr sin § sin Qot} = > UG (arose oor 
(Jg is the Bessel function of order s), we reduce 
Eq. (3) to the following form: 
Opost Qian 


a 3 644 (Ayr sin 6) exp { — it [sQy + 2k, cos 8]}. 
(7) 


Here 
Gs (karo sin 0) = v,Js (Raro Sin 9) 
fis en Re Poa] Js (Raro sin 8), 
while J& is the derivative of the Bessel function 


with respect to its argument. 
In the system of equations (7), those frequencies 
wjx which satisfy the relation 


Op = SQo + Vek, cost = p,, (8) 


give solutions of (7) which increase with time and 
correspond to radiation. The equations for frequen- 
cies given by (8) are: 


EIDMAN 


“ — ei -, —ipyt 
9g + Oya, = — VAR Oe see ee 
The solution of this system for the initial con- 
ditions t = 0; sa = dja =0 is elementary: 
4 t 
Fee ee vat Bees eee iw jot f iw; nT 
n= Dag | [r0¢ fm eM at] 
The energy of the oscillator jr after time T 
is 


2 i 


\iWe 


0 


4 
4 


-iw 5yt 


4 
Va= +z dt 


if pes 


Summing over all oscillators q;, in the frequency 
interval dw;, and solid angle d&, we find that 
the energy radiated within this range of frequency 
and angle for the s-th harmonic is given by the 
following expression: 


W sj 

4 1 — cos T [— sQo + @;, (1 — Bon, cos 0)] 
=— G 2 , dw; aQ, 

z | Gs| [— sQ + ©, (1 — Bon, cos 9)]? eae (10) 
where 

eo One: -, = nw, Teme 

For T—», (10) becomes a 6 function of the 
argument 


— sQ) + wj, (1 — Benj, cos 6). 
This means that only the Doppler frequency Ws, 
defined by the equation 

—- 8Q5 + w; (1 — Bnjs cos 9) = 0, (11) 
is responsible for the harmonic Q ys. Using (10) 


it is easy to find the total energy of the radiation 
for the j-th normal mode, as a sum: 


3. We should mention that, according to formula 
(10), radiation is also possible for s=0 (zeroth 
harmonic). In this case the energy is radiated at 
the Cerenkov angle 6, which satisfies the equation: 


1 — Bon; (@; 9,) cos 8, = 0, 


where, for simplicity, we have dropped the sub- 
scripts on the frequency Wir: Carrying out the 
integration over solid angle in (10), we find that 
the radiated energy in the j-th normal mode is 
(s=0): 
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odo fo up (S5- —1) Odl a= PL Ae 
Wie Te Wo os Os Ve F + 8; alolgn ay V Bn 1) 


2c?v ———— 
* Banjlo)>1 | 1 — (On; / 88) jn; V/Ban? — 1 | 


(12) 


If the electron moves uniformly along the z axis (v,;=0; ry=0), the preceding expression reduces 
to formula (4.5) of Ref. 7 for Cerenkov radiation: 


WV Ted, \ B2wda 
= 3 —— , 
Bon; >1 I1 — (an; / 08) /n; V e3n? Hl 


(13) 


If is necessary to remark that formulas (12) and (13) are invalid for those frequencies for which the 
refractive index nj (w) ©, since in this case the expression for Woj diverges WED 22 like n?). 
In order to eliminate this divergence, we must either take account of collisions in the plasma (which will 
make nj(w) finite everywhere), or set some limiting value ny, for the refractive index nj, if we are 
interested in the total loss from the moving particle. In this case, the limits of the domain of integration 
will be given by the following inequalities (for more details, cf. Ref. 9): 


Botlm > Bat; (a) > I. 


This remark applies to all relations obtained later on, when nj (w, 8) goes to infinity. 

4. For harmonics other than the zeroth, it is more convenient to carry out the integration over w in 
(10). Then the energy radiated, at the frequency weg defined by (11), intime T into the solid angle dQ 
is 

Te orn dato, J, (n;0,7, sin 9 /c)-+[aso / k (@,) ry sin 0+60,] J,(n,a,r, sin o/c) \* (14) 
aa 4nc® | 1 — Be cos 9 (1; + ©,0n; (@,) / Je) | ‘ 


W5s 


If we set u=V=0 (nj =1; aj =+cos @) in (11), (14) and (5), i.e., if we treat the case of motion of the 
electron along a vortex line in vacuum, the amount of energy radiated will be given by the following: 


2 3 Te? (sQvy? d2 of rf sby,sin9 2 ccos8—t, }% »f sy sind 
Va > Wis= Tacs (IE — 8,008 OF {ei[s(q@a eee) +| sin 0 | Cee le 
j=l 
where f; = v;/c. 
If, in (14), we set v2 =0, which corresponds to motion of the electron in a circle, we get the analog 
of the Schott formula for a gyrotropic medium: 


y2 


2 
es [vi (snie: sin 6) + ate (7138, sin 6) dQ. (15) 


T?PO?2S*n 
Wis a 4rc3 
For the energy radiated in vacuum (nj =1, ay = +cos 6), expression (15) gives the Schott formula (cf., 
for example, Ref. 10, p. 216): 


Te O75 


2 , 
Ws = >) Wis = a3 — {eot? 5 (SP sin 9) + Bide} dQ. 
IT 


so 


5. Let us now examine the character of the radiation corresponding to high harmonics 


S = (ws / Q,) (1 — Ben; cos 8) => | 


(from now on we omit the subscript s on the frequency wg). Siete 
Using (11) and (14), we easily get the spectral density of the radiation, which is given by 


2 


mu P j.dodQ. 


Ge (s. Bin; Sin 6) 


If there are angles 9, within the particular frequency interval, for which Bjnj sin 6 is of order one, 
the Bessel functions in the preceding expression can be transformed to Airy functions (cf., for example, 


Ref. 10, p. 217). We then find that 
eluioedol| 2Q5 i) es ’ (x) + | va (1 — Bsn; cos @) sap 1 oBin; sin 0 : © wy} . (16) 


W jado = acy, \O8 7; sin 8 Bin; sin 0 29 
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where the Airy function is 
OG) = a cos (x + +) dé; x =-(2u* / 8,njQ2 sin 6)" (1 — Bn; sin 6 — Bon; cos 8). 
Tw d 
0 


For motion of the electron in a circle (v2, =0), we obtain from (16): 


Te*v2w'n dOde , 20 +), , a; opin; sin 0\"ls | = (20? / 8, nQ? sin 6)" (1 — Binsin 0). (17) 
W jodo = (2¢)87?Q) \oBin, ae 3) ‘fe ® (x) a 8,7; sin 0 ( 209 ) ® (x) : ( [Ps he 


p) 
; 


Let us consider our result in a little more de- 
tail. To do this we give the asymptotic expression 
for the Airy function, whose behavior for positive 
arguments is essentially different from its behavior 
for negative arguments. Thus, if x > 1, 


OD (x) = xk exp {— 2x’ / 3}, 
whereas for x <0; |x| > 1: 
4 ‘ 2 8 
@ (x) =|x“hsin(S [xf +). 
From this it follows that the character of the 

angular distribution of the energy radiated at fre- 
quency w depends mainly on the nature of the 
roots of the equation 


1 — 8,1 (w,6) sin § = 0. (18) 
For example, for an isotropic medium (n(@) = 
const > 1), Eq. (18) has two roots: 


sin, =1/B,n, sin, =sin(x— 6,) = 1/2. 


In this case the main part of the radiation is at 
angles 6 satisfying the inequalities 


(19) 


and for these values of 6, the directivity pattern 
is multi-lobed, with the main lobes directed at 
angles close to 6; and 6. For values of @ out- 
side the interval defined by (19), the radiation in- 
tensity drops exponentially as we move away from 
the angles 6, and 65. 

For a gyrotropic plasma, n(@) is given by the 
quite complicated expression (5), so that it is con- 
venient to solve (18) graphically by finding the 
points of intersection of the functions n(@) and 
1/B, sin 6. The following two cases are possible 
for the angular distribution of the energy: 

(sit 


O6<06< 45, 


dn (6;) / d6 > — cos 6, / 8, sin? 6,, 
then for 
1<8<r—, (20) 
x <0, while for 
6,>6, 6>x*—4h,, (21) 


x >0, i.e. the radiation is mainly contained within 


ft ay eo te eee ee eee 
the cone defined by the inequalities (19); 
(2) if 


dn (8;) /d6 << — cos 9, / B, sin? 6, 


then the radiation is concentrated at the angles 
corresponding to the inequalities (21). 
Figure 2 shows the graph of the function 


Wie (0) = (rrr) iz {— w(x) 


a; 617, sin 0 ‘Is le La 
8,7; Sin 0 ( 205 DONA, 


defined by (17), for the following values of the 
parameters: 


u=0.25; V=0.8; —,=0.4; o/Q,=20. 


As we see from the graph, the second case occurs 
here. 


ah 
60 62 64 66 68 10 72 1% 76 78 G0 G2 Bh 
6 


FIG. 2 


We note that expression (17) for the energy Wj 
diverges for n; >, since aq; tends to infinity 
like nj (in our example this occurs at 6 = 60°); 
whereas in an isotropic medium, the amount of 
energy radiated, W,.,, remains finite even for 
n—~e [cf, the remark concerning divergences 


which we made with respect to forumlas (12) and 


(13)]. 

We now give the approximate value of (17) for 
the case where the given frequency interval con- 
tains angles @ for which 


1 > Bin; sin§ = 1. 


It is easy to see that then x >0 and (x) hasa 
sharp maximum for angles satisfying the relation 


By; sin 8 = 1. (22) 


If we make use of the approximate equality (22), 


we get the following expression for the energy radi- 
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ated during one revolution of the electron: 
W wjdeo ~ (2e*0? / 0%) («9 / 205)" njdeodQ {— 0’ (x) 
+ %; (@ / 205)" D (x)}, 


x = (207 / 05)? (1 — Bn; sin 6). 
6. In conclusion, let us consider the case where 


NjWsfy Sin B/c< 1. (23) 


It is easy to see that in this case the greatest in- 
intensity occurs for the zeroth and first harmonics. 
For the zeroth harmonic (s=0), the expression 
for the radiated energy, when we satisfy the inequal- 
ity (23), is identical with the Cerenkov term (13). 

In this connection we note that the picture of the 
radiation of an electron, moving along a vortex line 
in a medium with n> 1, as the radiation from a 
pair of perpendicular oscillating dipoles is incor- 
rect (since it does not give the Cerenkov effect). 

We now determine the energy corresponding to 
the first harmonic (s =1). To do this, we substi- 
tute in (14) the first terms of the expansion of the 
Bessel function and its derivative. We then find 
that 


Te®earin dQ [ox (1 + a) + Born jroSe sin 6]? 
16mc8 [1 — Bz cos O(n; + «On; (1) /do)] ° 


Vi (24) 
From this formula we see that only for motion of 
the electron in an isotropic non-dispersive dielec- 
tric (n(@, w) = const, aj = +cos @; B; =+sin 60) 
do we get the familiar expression for the energy 
radiated by a pair of mutually perpendicular di- 
poles oscillating with a phase shift of 1/2 (cf., 
for example, Refs. 11, 12): 


Te®pindQ 
8rc8 | 1 — Sencos 9 |* 


2 
W,= Dum 


j= 


{(1—Bor cos 9)? 
+ (cos 6 — Byn)?}, 


where pj = e*r?_ is the dipole moment. 
If the electron moves in a circle, (24) becomes 


the following simple expression: 
Wy; = (Te? QB injdQ/16xc) (1 + «;)*. (25) 


From (25) it is easy to determine the ratio of 
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the energy radiated in the extraordinary wave to 
the energy of the ordinary wave: 


Wiy/Wie = my (1 + %)? / tg (1 + &)?. 


The author is grateful to Prof. V. L. Ginzburg 
for discussion of the results, and to V. V. Zhelez- 
niakov for checking the manuscript. The computa- 
tions needed for the construction of the graph in 
Fig. 2 were done by G. A. Semenova. 
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It is shown that the energy and damping of quasiparticles are determined by the poles of a single 
particle propagation function. The relation between the two-particle Green’s function and the 


kinetic equation is established. 
INTRODUCTION 


In many cases, weakly-excited states of a sys- 
tem of interacting particles can be described ap- 
proximately as an aggregate of elementary excita- 
tions — quasiparticles. In such a treatment the 
excited state of the system is described by fewer 
parameters than are needed for an exact descrip- 
tion. Thus the elementary excitation is not a sta- 
tionary state, but is rather a packet of stationary 
states with a narrow energy spread. The washing 
out of the packet leads to damping of the excitation. 
A description of the states of a system in terms of 
elementary excitations is possible if the energy 
spread of the packet, which determines its damping, 
is small compared to the excitation energy. 

We shall consider the case of a homogeneous 
unbounded system. In such a system, the momen- 
tum operator commutes with the Hamiltonian, so 
that the excited states are characterised by the 
value of the momentum of the system, in addition 
to the other parameters. 

Apparently, in all Fermi systems there are 
excitations analogous to the excitations in an ideal 
Fermi gas. The energy of such an excitation is 
E (pi, Po) = € (Pi) — € (Pe), where py, €(p;), and 
Po, €(P2) are the momenta and energies of the 
particle and hole which constitute the excitation. 
Here p,>PpPp> Pg, and pg is the limiting Fermi 
momentum for the quasiparticles. 

A quasiparticle with momentum p, near to Dp, 
can reduce its energy, transferring another quasi- 
particle from the Fermi sphere to a state with 
p’ > pp. From the limitations imposed by the Pauli 
principle and the laws of conservation of energy 
and momentum, it follows that the probability for 
such a process, which determines the damping of 
the quasiparticles, is proportional to (p — pg)’. 
Thus the description of excited states of a Fermi 
system by means of quasiparticles is the more 
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exact the closer the momentum of the quasipar- 
ticles to po. 

The properties of the excitations are conven- 
iently studied by the methods of quantum field 
theory, by introducing the Green’s function of the 
system. Then the single particle Green’s function 
determines the energy and the damping of the 
quasiparticles. However there may be excitations 
in the system whose energy is not describable as 
a sum of energies of quasiparticles. The energy 
spectrum of such excitations can be found from the 
two-particle Green’s function. The two-particle 
Green’s function, as we shall show later, also 
enables us to determine the behavior of the system 
in a weak external field. 

In addition to the Green’s function of the parti- 
cles, we can also introduce the propagation function 
for the interaction between the particles. For ex- 
ample, for the problem of electrons in a metal in- 
teracting with the lattice, this propagation function 
is the Green’s function of the phonon. The phonon 
Green’s function determines the energy and damp- 
ing of excitations of the lattice. 


SINGLE PARTICLE GREEN’S FUNCTION AND 
ENERGY SPECTRUM 


1. The single particle Green’s function is de- 
fined, as usual, by 


G (ritzy hate) = {elt (1) eH (h—ta)b* (pr) e-FHhy, (1) 


where ~(r) = ape’: 
p 
over the ground state function of the Hamiltonian 
system H. 
The Green’s function of the field g which pro- 
vides the interaction between the particles is de- 
fined similarly: 


the average is taken 


D (tats, Pate) = i CP {eltthg (14) ett o (rg) eH} ». (2) 
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In the case of the phonon field, 
9 (F) = S) aq (bg + bier, 
q 


where bg and by are the phonon annihilation and 
creation operators. 
In the absence of external fields, the functions 
G and D depend only on r=|r,;—r.| and 7 = 
ty — t,. Expanding the functions G(r, 7) and 
D(r, 7) in Fourier integrals, we get 
G(r,2) =| PEG (p, adele, a 


D(r,2) = \E2 D (q, 0) ettar—0n 


where G(p,€) and D(q, w) are the Green’s 
functions in momentum representation. 
In the absence of interactions between the par- 


ticles, we easily find from (1), for Fermi systems,* 


eo fDi, i(pr—e°t) (ee 0 

Go(rs) =i\ Gop erer—es Nasr eae) 
where np = apap. Going over to momentum rep- 

resentation by means of formula (3), we get 


Go(p,e) = 1/(¢,—2—iA), 
a(*o D> Po (4) 
Sk WP <ePote 


Similarly, we find from (3), 


1 1 


Do(a 0) = 25 Tamera, 


of OO 
2. We now go on to the Fourier transforms with 
respect to r=Yr;,—Y2. From (1), we find for 


G (p.*) = yg \d2G (da) eo 
the expression 


OMRIES | Ean ag, > Ee" ws > 0 (6) 
? eae agers c<0 : 
If we express the operators which appear in 
G(p, 7) in the energy representation, we have 


i S\(az)s0 |? exp {— i (Es — Bo) =} +> 0, 


eed er (7) 
G (p,*) — i S\| (Gp)s0 |? exp {i (Es — Eo) } <4 


| 


Since the operator + increases the momentum 
of the system by the amount p, and the number of 


} 
+ 


*We shall give the formulas for Fermi systems. As is 
easily seen, most of the results also are valid for the case 


| of Bose particles. 


particles in the system by unity, the summation for 
T>0O extends over all states with momentum p 
and particle number N+1, if the number of par- 
ticles in the ground state was N and the momen- 
tum was equal to zero. Similarly, the summation 
for T<0 is taken over states with particle num- 
ber N-—1 and momentum —-p. We use the nota- 
tion 
E.(N + 1) — Ey (N) 
=e,(N+ 1) + E,(N+ 1) — Ey (N) =e,+H, 
where » =Eg(N+1)—-—E )(N) is the chemical 
potential. The excitation energy €g = Eg(N + 1) 
-— Ey(N +1) is, by definition, positive. Similarly 
ESN = WEF) 
= e,(N — 1) — E,(N) + £, (WN — 1) =e, —w. 
The quantities «4 and yp’ are identical with ¢€, 


and yw to terms of order 1/N. We introduce the 
functions 


A(p, E)dE = S\\ (ap) 0 [?, E<es<E+dE, 


(8) 
B (p, TB al Se S}| (@p)s0?, E<e<E+dE 
and carry out a Fourier transformation with re- 
spect to T in (7). We get 
: e A (p,E) B(p,E) 
G (p, €) = eae ra vA eT (9) 
0 


Formula (9) is Lehmann’s! expansion for the 
single particle Green’s function of a system con- 
sisting of a finite number of fermions. Using it, 
we can obtain some relations between the real and 
imaginary parts of the function G(p, €). In fact, 
from the equality 


4 
E—e+u—id 


‘1 Bon 
Ropers ag te eas 


if follows that 


A (p;e— p) 


e> yu 
Im O(0,2)==|_ Bip u—e) 


e<p, 

i.e., the imaginary part of the Green’s function 
changes sign at the point « =y. Using (9) and (10), 
it is easy to obtain the formula* which gives the 
relation between the real and imaginary parts of G: 


(10) 


(11) 


*This formula was obtained by L. D. Landau. 
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We remark that in the case of a system of 
bosons the expression for G(p, €) differs from 
(9) only in a change in sign of B(p, €). Thus for 
bosons, unlike (10), the imaginary part of G(p, €) 
is positive for all p and e. Formula (11) re- 
mains valid for bosons. 

Similar formulas can be gotten for D(q, w): 


co) 
(12) 


i S11 (e-2)s0 [2 exp {— i (Es — Ey) 4} 
POG G 0) extn nS cts 

i > | (2q)so |? exp {7 (Es — Eo) =} t<O0 
Here we have made use of the reality of the field 
Q: %q = Pq. Unlike (7), the number of particles, 
N, in the states of the sum (12) is equal to the 
number of particles in the ground state. We use 
the notation 


® (g, 0’) dw’ = oy (p~g)so |? = > | (%q)s0 |? 


w << E,— E,<o’ + do’, 


(13) 


Then 


D(g,2)= \ deo" (Gra vere 


0 


(14) 


Taking the Fourier transform of (14) with respect 
LOmmaWicaZeu 


D (q, ®) = \de'® (q,0’) | Ss - peas: (15) 


0 


From (15) we have 


Im D (q, @) = r® (q, |@|) > 0; (16) 


co 


, ff 4 
ReD(q,0) =+ | do’ ImD(g,0') Pi +. +o5}-07 


0 


3. Let us examine the properties of the Green’s 
function in the complex ¢€ plane. Replacing E by 
—E in the second term of (9), we get 


(18) 


The integration contour C is shown in Fig.1. The 
expression on the right side of (18) is an integral 
of the Cauchy type. Functions defined by such in- 
tegrals are known? to be analytic throughout the 
plane except for the points on the contour of inte- 
gration. In our case the integration contour C 
divides the plane of the complex variable ¢€ — p 
into two regions, and the integral (18) defines two 
different functions: fy(¢€ —) which is analytic in 
region I, and fj;(€ —) which is analytic in re- 
gion II. The Green’s function G(p, €), which is 
defined by the values of the integral (12) on the real 
axis, coincides with fy for «<u, and with f, for 


€>p. Thus G(p, €) is not an analytic function of 
€, but has a singularity at € =p. 


FIG. 1 


Using the reality of the function F(p, E), itis 
not difficult to show that the values of the integral 
(18) for points lying infinitely close to one another 
on opposite sides of the contour C are complex 
conjugates. Thus the function fj], for negative 
values of «€ —w lying above the contour C, is the 
complex conjugate of G(p,ée ): 


fr(e—p+ 218) = G*(p, 2), <p. 


Thus G(p, €«) for ¢€ >u, when continued ana- 
lytically into the upper half-plane, coincides for 
€<p with G*(p, €), or in other words, G(p, €) 
for €>p and G*(p, ¢«) for € <p comprise the 
analytic function fy. Similarly, G(p, €) for 
€ <p, when continued analytically into the lower 
half-plane, coincides for € > with G*(p, e). 

4. We shall now establish the connection of the 
single-particle Green’s function with the spectrum — 
of excitations. The Green’s function G(p, T) has 
a simple physical meaning. Suppose that initially 
the system is in the state (0) = ap ®o, where 
is the ground state of the system of N particles 
(the physical “vacuum”). At the time T>0, the 
wave function of the system is 


(19) 


y (x) — etal ®,. 


The function G(p, T) is the probability for finding i 
the system in state %(0) at time T. 
In fact, 


(L (0), F(x) = (Ooape-!"*a5@,) = —iG (p, x). (20) 


A similar relation holds for Tt <0. According to 
(7) and (8), for T>0 


(¥ (0), ¥ (2) = eww (p, E) e- ‘2d B. 


0 


(21) 


In the presence of interaction, for values of p 
greater than po, 


A (p, E) =6(E +4 —<9) and(¥ (0), W(c)) = ewe" 

When we switch on the interaction between par- 
ticles, the 6 function in A(p, E) is replaced by 
a function having a sharp maximum near E = enum 
Lt, where Ep is the energy of the quasiparticles. 
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Let us look at the behavior of the Green’s func- 
tion for large positive times. Suppose that the sin- 
gularity of the analytic continuation of A (p, E) 
into the lower half-plane, which is closest to the 
real axis is a simple pole at E = Ep ~H- ibs: 
Then, by shifting the contour of integration in (21) 
into the lower half-plane, we get 

G (p, 5) = ie~*\ Ac-iFtaE, 


2 (21’) 


The integration contour C is shown in Fig. 2. The 
non-exponential term in the function G(p, T), 


which arises from the integration along the imagi- 
nary axis near E =0, is of order (T/e,)° for 
o> 1/1. Thus 


G (p, t) = cpe—#*o*—™ + O[(T/ep)”I. (22) 
This result can be interpreted in the following 
way: the state (0) contains, with amplitude Cp; 
a packet describing a quasiparticle with energy ¢€ 
and damping IT. The values of €, and I are de- 
termined by the position of the pole of A(p, E), 
i.e., by the imaginary part of G(p, €) in the lower 
half-plane. The poles of Im G coincide with the 
poles of G or G*, but the analytic continuation 
of the latter is fjz(¢ —), which is analytic in the 
lower half-plane. Thus the energy and damping of 
the excitations are determined by the real and im- 
aginary parts of the poles of the analytic continua- 
tion of G(p, €) for ¢€ >w in the lower half-plane. 
Similarly, the energy and damping of holes in the 
Fermi distribution are given by the poles of the 
analytic continuation of G(p, €) for «<4 into 
the upper half-plane. 
| Let us introduce the irreducible part of the 
| proper energy of the particles, 2(p, €): 
: See HP®) 


=e, —e—¥,(p,¢) —i2,(p,°), (23) 


Phere Zp and 2, are the real and imaginary 
parts of 2. The energy and damping of the quasi- 


particle are determined from the equation 


| ee pep — 1 0, 


(24) 
where mm (p, €) is the analytic continuation of 


| 
) 


| 
| 


Z(p,¢€) for ¢€>yp. For T/ep «K 1, we have 
approximately: . 


op — Ep — Xo (P, &p) = 0, 


(ee > (p, e,) | [1 a ().-2,| ; 


Analogous results hold for D(q, w). Let 
Il(q, w) be the irreducible part of the proper 
energy of the phonon 


(24’) 


D (q, ®) = a / [og — © — 2ayacll (q, &)] 


= eo QeopaelTy (g, ©) — QiejfaZIT, (q, ©)]. 


As above, the energy and damping of the phonon 
excitation are given by the poles of the analytic 
continuation of D(q, w) for w>0: 


0 


wg — (@y — iy)? — Qegagil (q, oq — ty) = 0, (25) 


where TI (q, w) is the analytic continuation of 
Il(q, w) for w>0. Approximately, for Wg > 7: 
wy = Of — 2ahaiTl, (q, 7), 


w? ) ue 
= SE Th qs oy) | (Ts cane (oS 

We determine the momentum py from the con- 
dition 4 =€p, where w is the chemical potential 
of the system. Then, assuming that Im G is con- 
tinuous at € =p, we find from (10) and (24’) that 
I'(ppo) = 0. Thus the damping of the excitations 
goes to zero at the point pp, which is determined 
by the equation Ep, =H: 

5. The single-particle Green’s function also 
enables us to find other characteristics of the sys- 
tem. Thus the momentum distribution of the par- 
ticles is related to the Green’s function by? 

nip =i\ G(p, 8) oer 
Cc 
where the contour C consists of the real axis and 
a semicircle of infinite radius in the upper half- 
plane. 

As was shown in Ref. 3, when we pass through 
the point p=po, the pole of G(p, €) which lies 
nearest to the real axis moves into the lower half 
of the ¢€ plane, and is thus outside of the contour 
C of formula (26). Thus the jump in Np at 
P = Po remains even in the presence of an arbitrary 
interaction. 

Let us express the energy of the ground state of 
the system in terms of the function G. Differenti- 
ating G(p, 7) with respect to the time t, it is 
not difficult to obtain the formula 


(i 2 — 2) 6 (9,2) = 3) EXT MH! (0), ae (DLA (ED, 
(27) 


(26) 
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where H’(t) is the interaction Hamiltonian be- 
tween particles, and [H’, ap | is the commutator 
of the operators H’ and ap. Comparing (27) in 
the (p, €) representation with the expression re- 
lating G and Gp, we find the general form of the 
product ZX(p, €)G(p, €): 


3(p,2)G(p.s) = i\dce'e CT {{H’ (t), ap (t)] ad (t’)}>. 
(28) 


By integrating (28) with the factor el€4 and 
going to the limit A-~+0, we get the formula 
d 


lim \ eleAS (p, )G(p,¢ 
el es (p, ¢) G (p, £) 


o 


= 5 (p,e) G(p,s) = —i <ap [H’, ap], 


. ( d#p 
1 \ (arp 
ab 


(p, 2) G(p,2) =\ Cah [H’, ap]> Gar (29) 


where the contour C coincides with the integration 
contour in (26). 

In the case of pair interaction between particles, 
the right side of (29) reduces to the average value 
of the interaction Hamiltonian 

i i d* 
(Hy =—+\ oe Z(p, )G(p, 8). (30) 
¢ 

Adding the average value of the Hamiltonian of 
the non-interacting particles to (30), we get finally 


Eu = aa \{te— 2 (P.8)} Gp. dtp. 


(31) 


Differentiation of Ey) with respect to the number 
of particles N gives the chemical potential, pw, of 
the system. 


TWO-PARTICLE GREEN’S FUNCTION. 
KINETIC EQUATION 


To study the energy spectrum and the behavior 
of the system in weak external fields, we must con- 
sider the two-particle Green’s function. The two- 
particle Green’s function K(1,2; 3,4) is defined 
by 

K (1,2; 3,4) =i<T (h (1) $* (2) 9 (3) 97 (4), 82) 
where 1,2; 3,4 stand for the sets of coordinates 
of the space-time points. If t;,t, >t3,t,, K can 
be written in the form 


K (1,2; 3,4) = i Dyys (1,2) xs (3,4), 


s 


(33) 
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where 


xs (1,2) = (T &p (1) $* (2)})os» 
xs (3,4) =(F {d (4) b* (3)})osi 


T orders the operators in the reverse order from 
T. The functions x, (1,2) for simultaneous times 
t; =t, have the physical meaning of wave functions 
describing the behavior of a particle and a hole in: 
the state s. In the absence of external fields, the 
dependence on the coordinates of the “center of 
gravity” X = (x, + x,)/2 can be separated off 
EGOUI I: 


(34) 


Ys (X1, Xo) = ef *f,  (%), RX —KR— Ol, 
(35) 


X=X%j—%, kK=Pps—Py © =E,—E,, 
where k and w are the momentum and energy of 
the excitation. 

As will be shown later, the function fk ow (x) 
for t;=t, in momentum representation, i.e. 
fy w(P), is the Fourier component of the distribu- 
tion function f(r, p, t). Asa matter of fact, the 
density matrix, normalized to the total number of 
particles: 


Plexi) 


(36) 


N 
=y Vo" (Gin cert) nN 1.6 (eeemst ree yee sn) WV 


hi 


aa 


i= 


(where 9(r,...Y%y;t) is the wave function of 
the system in configuration space), can be written 
as the average value of an integral operator with 
the kernel 


(P(r, r’, i= D)8 (r’ — 13) 3 (r — ny (37) 


which we may call the density matrix operator. In 


the occupation number representation, this operator . 


has the form 


P (isc) 
(37’) 


= \ oF) 8 (FF) 8 (r=) (Ey) Vids = FO’) 4 (0). 


Xg (1,2) for t;=t, is, to within a factor which is 
independent of points 1 and 2, the part of the den- 
sity matrix which oscillates with frequency w = 
Es — Ey. The Fourier component of the density 
matrix with respect to the coordinate x =r;,—- Try, 
is related, as we know, to the distribution function 
(the density matrix in mixed representation ). 
Therefore the function f, to within a normaliza- 


: 
! 
: 
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tion factor, coincides with the Fourier component 
of the distribution function 


fro (P) = c\ f(r, p, t) e-t-00 dude. (38) 


From (34) we see that the two-particle Green’s 
function K is suitable for studying excited states 
of a system of N particles, in which there are 
particles and holes, while the single particle 
Green’s function G enables us to investigate 
states of a system of N+1 particles which differ 
from the ground state of the N particle system by 
the presence (or absence) of one quasiparticle. 
The essential feature of the states described by 
the two-particle Green’s function K is the inter- 


action between particle and hole. If this interaction 


K (%1%q3 %3%q) = iG (x, — x4) G (x3 — X2) — iG (x, — X2) G (%3 — X4) 


simi! \ G (x1 — X5) G (%_ — Xa) TP (x5X%o, X7Xg) K (XX Qi XgXq) d4x,d*xpd4x,d4x4, 


TI is a compact four-pole diagram, i.e., a set of 
graphs which start and end with a pair of solid 
lines, while the graphs cannot be split into parts 
which are joined only by a pair of solid lines. The 
free term of this equation describes the propaga- 
tion of non-interacting particle and hole, and does 


Xs (Xi%X_) =L \ G (X1;—X5) G (Xg—Xq) TP (X5%@, X7Xs) Xs (X7%g) d*x5d*xX,d*x,d4*X,. 


Substituting X, in the form (35) into this equa- 
tion, we get an eigenvalue problem whose solution 


leads only to scattering of the particle by the hole, 
then the energy of the excitation is equal to the en- 
ergy of the particle and hole at infinity, E =e (p;) 
— €(p2), P=P, — Py. In this case, the two-particle 
Green’s function gives no new information concern- 
ing the energy spectrum of the system, beyond that 
from the single-particle function. In some cases 
the interaction can lead to the presence of excited 
states which can be interpreted as bound states of 
a particle and a hole. Such excited states were 
studied in the papers of Klimontovich and Silin’»5 
and Landau,® and were called zeroth sound. 

As was shown in the papers of Schwinger,’ and 
Gell-Mann and Low,® the equation for the function 
K has the form 


/ 


(39) 


not contain the frequencies corresponding to bound 
states. Therefore, extraction of the function Xg, 
which describes bound states, leads, as was shown 
in Ref. 8, to the following homogeneous equation 
1Ote x: 


(40) 


equation for these X,, we can use the I which is 
described by only the first of the graphs in Fig. 3; 
because the potential is independent of the spin 


gives us the frequency of zeroth sound and the func- 
tions X,. In the following, we shall limit ourselves 
to the case of a system of particles interacting with 
one another via a weak non-retarded potential V. 
To first order in the strength of the interaction, the 
zeroth order Green’s functions should be used as 
the Green’s function, while the compact four-pole 
-T is given by the pair of graphs shown in Fig. 3. 
(The dotted lines on these graphs refer to the prop- 
_agation function of the interaction, —iVg. For our 
further work, we must include the spin of the par- 
ticles. In the most usual case, of spin 3, we can 
construct four functions X¢: 


Hs (1,23 64, 52) = (T {You (1), Por (2)})os- 
: It is not hard to see that the functions 
Xg(1,2; $, -#) and Xg(1,2; -2, 2) correspond 
‘to excitations with spin 1 and projections +1 and 

| —1, respectively. As the compact four-pole in the 


FIG. 3 
variables, only a particle and hole with total spin 
equal to zero can participate in the second of the 
interactions. Thus the equation for these functions 
has the following form in momentum representa- 
tion: 
"Xs (P1, P23 6, — 2) (42) 


; ‘ dq 
(41) = iG, (Ps) Go(P2)\Vaxs (Pr + 4 Pa +45 % — 9) Tye 


In contrast to this case, the compact four-pole 
in the equation for the functions X,(1,2; 3, 3) 
and X,(1,2; -2, —%) is described by both of the 


| 
| 
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graphs in Fig. 3. The equation for these functions is 


Xs (P1» Poi 5, 5) = 1Gq (Py) Gy (Po) {( Voxs (Pi + 4, P2 + 93.9 


We introduce functions X3 (Pi, Pe) and Xg (P41, Pz): 


BE (Pir Po) = v2 {is (1 Po; = 


Me (Pi P2) = Bas axe) 


The function Xs (Pi, Pz) corresponds to excitation 
with spin zero, the function Xg(p, p) to excitation 
with spin 1 and projection 0. The equations for 
these functions can be gotten by adding and sub- 


dq 
) Bae 


z) 
75 {te( Pr Pai 3 a a> 


; d 
XE (Pus Pz) = iGo (P1) Go (2) |\ Vang (01 + 4 Pa +9) oh 


Transforming to the “relative” momentum 
k = py = py, which is equal to the momentum of the 
excited state, and the “total” momentum p = 
(Pp; + p2)/2, we get the following equations for ex- 
citations with total spin zero and one, respectively: 


(p+ 5) G0(e—3) 
x {\ Vax, (29 + 9) oan — 2Vi\ x2, (Paar } , 


hy (P) = iGo(n + +) Go(p—F)\Vexd., (p +4) 


je (p) = iG, 


(46) 


q 
(2n)4 
(47) 


The function Xkw corresponds to excitation with 


Ny (p + k/2) — nm (p — k/2) 


— VW p-o\ x¢ (o-+ .p eae oa \. 


POS Sree kp — 8 [mM (p + k/2) — m1 (p — k/2)[ 
fhe (p) = No (Pp + k/2) — no (p — k/2) 
ae © — kp — 18 [mM (p + k/2) — ny (p — k/2)] 


where no(p) are the occupation numbers for non- 
interacting particles. 

Let us consider the case of short range forces 
(apy «< 1, where a is the range of the potential ). 
For excitations with low momentum k, the func- 
tion f,,,(p) differs from zero over a narrow 
range of momenta near py. Because of this, the 
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Vo.—ps > \ es (p =)" mot. 


o/ 


. + Ys (Ps Pai — = 7 (44) 
Xs (Pur Pai a 2 — z)} (44’) 


tracting Eq. (43) with spin values o= 3 and o= 
—%. The equation for Xg is the same as Eq. (42) 
for the function with spin 1 and projections + 1. 
The equation for Xe is: 


(45) 


total spin 0, the function X,,,. to excitation with 
total spin 1. 
In the absence of retardation, the Fourier com- 


ponent of the potential does not depend on the fourth | 


component of q: Vg =V(q), so that Eqs. (46) and 


(47) can be integrated with respect to € (the fourth — 


component of p). Integration of the function xX 
with respect to € corresponds in coordinate rep- 
resentation to equating the times t, and ty, so 
that as a result of the integration we get an equa- 
tion for f,,,(p), the Fourier components of the 
distribution function: 


{\V (a) fs ( + 4) qk —2V (Kk) | Rho (p) ee}, —(46") 


\V (q) fko (p+ 4) ates (47’) 


potential V(q) can be taken out from under the 
integral sign and, like V(k), replaced by V(0). 
Writing the difference ng(p+k/2) — ny (p — k/2) 
in the form 3k@f)/8p( (fy = 2n9(p) is the distribu- 
tion function of the non-interacting particles in the 
ground state), we find 


0 Serre 1 k Of, / Op 
fo (©) =~ Sep Te WE ro PET (0) \ ko (P) dD / (2), (46”) 

Sree k Ofy / Op 
feo (P) = > Sx kp — i8 [19 (p + k/2) — Mg (p — k/2)} ae Fo (P) dp / (2)* (0g 


Equation (46”) coincides with the kinetic equa- 
tion in the self-consistent field approximation, but 
with the number of particles reduced by a factor of 
two. This equation has a solution only for V(0) > 
0, i.e., in the case of repulsion between the parti- 
cles. 


The formal solution of equation (47”) for the 
case of attraction is not justified, because of the 
readjustment of the Fermi sphere caused by the 
formation of correlated pairs. Thus for a repul- 
sive short-range potential, propagation of spinless 
zeroth sound is possible. 
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In the case of long-range repulsive forces, V(k) i | 
has a pole for k—0, so that the second term in Sere den at'\\ ander Ne (P’) ee) 
(46’) is much greater than the first, in which the 
integration makes the pole in V unimportant (we X (LF so (2) pute (4) api;uje (2”) Op-—uie (t')]> Ak (E’), 


note that this result remains true in all approxima- 
tions). Neglecting the first term, we write (46’) as | Where j%(p)=p% for @ =1,2,3, and j4(p) =1. 


2, = — k Of, / ap The average value of the commutator under the in- 
Xo “@— kp — 28 [ny (p + k/2) —™% (P— kD] tegral sign in (51) can be expressed in terms of the 
dp functions f,,,, (p) 
x V (ki) fhe (P) ee. nes a P 
3 ‘ dans tha Ny (OP OP t’)] 
This equation coincides with the kinetic equation a) cay rixak ; sn gY 
for the k, w Fourier components of the distribu- (es 8 a wai) feaOo (02) 
tion function in the self-consistent field approxi- as (t—t") as 
mation. — es" f-x,ag (P’) fw, (P)}- 
Let t th havi 1 st i 
Sa peree? the be see SE eey ete ms a Thus the knowledge of this system of functions 
weak electromagnetic field A(r, t). The Hamil- ‘ Ms: nee 
Petes the iniogacti f th t ane is sufficient for determining the current of the sys- 
Pera “ rect edad Sea © tem. On the other hand, this commutator can be 
. = expressed directly in terms of the two-particle 
A a, a0 Green’s function K. Denoting by K the two-par- 
U Setar \i (r, £) A* (r,t) do. (29) Ejele Green's function inemonentuns representation 
for ty =t,=t and t,=t,=t' (t-—t’ =T): 
The summation over qa extends from 1 to 4. Sit er ( ) ‘ 
After the field is switched on at time ty, the K(p ~- a pe = sisi: a Jt pe+ = : t’} 
wave function of the system varies in time accord- a ; (53) 
j = (p, p’, k; 7), 
ing to the law 


t 
(t)=T{exp iz ‘\ H'dt' )\®y we easily find 
Clas (t) Qptxy(t), apeens (t’) dpnp (t’)]> 
U a , a , , 
=T {exp|— = MM (r,#)4%(r, ty dodt’]} (50) — —iK (p, p’, k;t) + ik’ (p, p’, —k; 2). ee 


Substituting (54) in (51’), we have 


0 


or, in first approximation in powers of the external 
i 1 , 13 5 1, 4 , é 
jg) = atl apap 7? p) ° (0) (RW. v's) 


MONS {1 eet if \ie (r,t) A% (r, t") dodt’}d,, (50") 
t 


—K° (p, p’, — k; 2)} Ak (¢’). (55) 
In (50) and (50’) the current operator is taken in Going to the Limit of ty aimee wa Geel! the rela- 
the Heisenberg representation for the unperturbed tion between the time Fourier components of j(t) 


Hamiltonian of the system. The current of the sys- and A(t): 
tem at time t is determined by the average value 


feo =~an (ke oe ped 
of the operator j(r,t) over the function @(t). 


Making use of the fact that the current of the sys- Xa, (K, ©) = ag \ APA" ey {K (p, p's k, ©) oe 
tem is equal to zero in the unperturbed state 9, ae < sah 
we easily find —K* (pps -—k, — ')}, 

/ Par aner ale? ff K Pp sek; is the time Fourier compo- 
| it) =— \( dt’do’ ¢ [j9 (r,t), (7 (r,t) AX (r’, f’), ee eee at ieee P 

; (Bh) In conclusion, the authors express their thanks 
Bnere < > denotes an average over the ground to L. D. Landau and S. T. Beliaev for interesting 
state of the system. For the k-Fourier compo- discussions. 


, nents, the relation (51) takes the form: 
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We have evaluated the energy spectrum and ground state energy. of a non-ideal Fermi gas with 


repulsive interactions, using an expansion in powers of the ratio of the range of the potential to 
the mean distance apart of the particles (gas approximation). We have obtained the first two 


terms of the expansion. 
INTRODUCTION 


Ir is well known that in many cases one can con- 
sider the excited states of a system of interacting 
Fermi particles as a gas of elementary excitations 
— quasiparticles. The energy of a quasiparticle is 
determined by its momentum in such a way that the 
energy of the excitation of the system ¢€, is equal 
to €(py) — €(P2), where p;> pp > Py with pg the 
momentum at the Fermi surface. Such a spectrum 
is called a spectrum of the “Fermi type.” A de- 
scription of a system by means of the method of 
quasiparticles is exact only in the case of an ideal 
gas. If there are interactions between the particles, 
the excited states of the “Fermi type” do not rep- 
resent the exact stationary states of the systems. 
This leads to the damping of the quasiparticles. 

It was shown in Ref, 1 that it is convenient to 
apply the methods of quantum field theory to deter- 
mine the energy spectrum of a system. The energy 
€(p) and attenuation y(p) of the quasiparticles 
can be found as the poles of the analytical continu- 
ation of the single-particle Green function G(p). 
In the present paper we shall apply the methods of 


quantum field theory to the problem of a non-ideal 


Fermi gas in which the interaction between the par-_ 


ticles is short range na? «<1 (n is the density of 
the particles in the system and a the range of the 
potential), but not necessarily weak. We assume 
that the radially symmetrical potential V(r) is 
positive and that the interaction between the parti- 
cles is not retarded. We expand in powers of the 
parameter pofy, where fy is the real part of the 
scattering amplitude for small momenta. We shall 
find the energy spectrum of the system and the 
ground state energy up to quadratic terms in this 


parameter. Terms corresponding to higher powers — 


than the cubic can not be expressed by means of 
two-particle parameters which makes it difficult 
to obtain them in a general form.* This fact was 
first remarked on in Ref. 2 in connection with the 
evaluation of the ground state energy. 


1. SINGLE PARTICLE GREEN FUNCTION. 
THE METHOD OF GRAPHS 


It is well known that the single particle Green 


*The author is obliged to E. M. Lifshitz for this comment. 
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function of a system is given by the equation 


iG (x — x’) = CT { (x) §* (x') S} / Soo, (1) 


where w~ and pr are taken in the interaction rep- 
ee) a ee 
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resentation and where the averaging is performed 
over the ground state of the non-interacting parti- 
cles. The S-matrix of the system is in our case 
given by the equation 


S=T jexp(—ilw'at))= 7 fexp[—4( v1 —1e) 4 (est) 9° (at) (Eat) 8 ad) do,do,dt]} - 


(we choose our units in such a way that f =m = iE) 
It is convenient to change this definition slightly by 
adding a dependence on a time t, to the dependence 
on the variable r, and by introducing an extra in- 
tegration over time, 


St {exp |- = \ dx,dx,U (x; — x2) 


¥ (1) Y* (2) dO) ()]} , (2) 


where 
U (x; — x.) = V (ry — rp) 8 (t — #2). (3) 


In (2’) the integration over the variables x, and 
X_ is taken over the whole of the infinite four- 
dimensional space. 

If we want to expand the S-matrix of (1) in 
powers of the interaction U, we must know the 
average value of the T product of the ~ opera- 
tors. According to Wick’s theorem this T prod- 

uct can be written in the form of a sum of normal 
products and different connections between opera- 
tors. To apply the methods of quantum field theory 


it is necessary to put the average values of the nor- 


mal products equal to zero. This condition will be 
fulfilled, if we take y in the form 
P(r) = u(r) + o*(r); u(r) =V~™ D agelrr, 
PDPo (4) 
ot (r) =V~" >) apeit 


D<Po 


and if we define the normal products as those prod- 

ucts in which all operators u and ad are on the 

right, and all operators u’ and v’ on the left. 

In this representation the operators u and v play 
the role of annihilation operators and the operators 
ut and v’ the role of creation operators for par- 
‘ticles and holes. The average of the N products 

is equal to zero and the connection of two operators 

is equal to the Green function of non- -interacting 


particles, 
BE b@)d() =iG@—x)=THMY HD. (6) 


In the momentum representation the Green function 
of non-interacting particles is of the form 


G3 (p)=G7 (p,¢) = ¢—e& + id8(p), (6) 


where es =p’ and 


1 |p|>po 
—1 |pi<p)’ 


with is the occupation number of the non-inter- 
acting particles in the ground state. We can use 
the corresponding graphs to assign a definite ar- 
rangement of T products to an assembly of con- 
nections. The graphs consist of full drawn and 
dotted lines; each full drawn line corresponds to 

a particle propagation function iG)(x — x’), or 

in momentum representation iGj(p), and each 
dotted line to an interaction, iU (x, — x,) or in 
momentum representation iU(q), and at each 
vertex the law of conservation of the four-dimen- 
sional momentum is obeyed, p; — pp +q=0. Since 
the interaction does not enter into the normal prod- 
ucts, we can restrict ourselves in calculating them 
to the connections of operators which enter in the 
same H’, that is, to simultaneous operators. To 
determine those connections we note that in the 
interaction H’ the operators ¥* are to the left 

of the operators ~ so that G)(p, 7) for T=0 
must necessarily be taken to be Go(p;,—0) = inp. 


6 (p) = 1—2n, = | 


FIG. 1 


For our further discussion it is very important 
that the interaction is not retarded [Eq. (3)]. It is 
convenient to indicate this absence of retardation 
by drawing the dotted lines in the graphs horizon- 
tally. This representation makes it possible to 
judge from the graphs the number of particles and 
holes taking part in the process. The process cor- 
responding to the graph of Fig. 1, for instance, in- 
volves one particle and one hole since for each ar- 
rangement of vertices one of the lines of 1 or 2 is 
directed downwards on account of Eq. (3). 


2, ESTIMATE OF THE GRAPHS. 
GAS APPROXIMATION 


We introduce now the main part of the energy 
eigenvalue of the particle Z(p), 
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G™ (p) = Gy? (p) — B(p) =e— 3 —L(p) - (7) 


In the first approximation of perturbation theory 
x(p) is determined by the two graphs of Fig. 2. 
Graph 2a corresponds to a non-exchange scattering 
by a particle of the Fermi sea (background particle ) 
and graph 2b to an exchange scattering. In the case 
in which we are interested where pya «< 1 both 
graphs are equal and are of the order nV ~ pe *Doae 
Vya?, where V is the Fourier component of the 
potential for small values of the momentum, and 

V> is the value of the potential inside its range. 


FIG. 2 


We can consider now graphs which are more 
complicated in three different ways. 

1. We can increase the number of dotted lines 
which connect solid lines which are in the same 
direction (graphs a and b in Fig. 3). 

2. We can increase not only the dotted lines of 
the first kind, but also those which connect solid 
lines which are in opposite directions (graph c in 
Fig. 3). 

3. We can increase the number of closed loops 
which are connected by dotted lines to the basic 
graph [it is well known that unconnected closed 
loops are eliminated by the denominator in Eq. (1)]. 


FIG. 3 


Let us now estimate the value of these graphs. 
For graphs of the first kind each additional dotted 
line adds to 2 a factor Gu (q) and one integra- 
tion over the four-dimensional momentum q. As 
U(q) only depends on q we get after integrating 
over the fourth component of q an integral of the 
form 


(8) 


the convergence of which for large values of q is 
determined by the function V(q). An estimate of 
this integral leads to Va! or Voa’, i.e., the 
parameter of the perturbation theory. The collec- 
tion of graphs of the first kind gives thus the per- 
turbation theory series. For graphs of the second 
kind, the additional part has the form pictured in 
Fig. 1. Since one of the two lines corresponds to 
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the occurrence of a hole, the momentum of which 
does not exceed the momentum at the Fermi sur- } 
face, po, the integration over q in Eq. (8) will in 
that case be taken over a limited region of dimen- 
sions py. We obtain as a result poV or Poa- Va", 
i.e., graphs of the second kind contain apart from 
the perturbation theory parameter also an addi- — 
tional “gaseousness” parameter poa. The differ- 
ence between the magnitudes of graphs of the first 
and of the second kind can be given a simple physi- 
cal interpretation. Indeed, graphs of the first kind 
correspond to a further approximation of the per- 
turbation theory in terms of the interaction between 
two particles, while graphs of the second kind cor- 
respond to a further approximation in terms of an 
interaction between a particle and a hole. The in- 
teraction with a hole, however, is essentially an 
interaction with a background particle so that in 
the processes corresponding to the graphs 3a and 
3b one background particle is taking place, but in 
the process 3c two background particles. This re- 
sult can also be extended to graphs of the third 
kind (3d). Graphs 3c and 3d will be discarded. An 
exact estimate of these graphs which is not based 
upon perturbation theory is given in Sec. 5. The 
result of this estimate shows that graphs of the 
kind 3c and 3d can necessarily only be considered 
in the third approximation in terms of the small 
parameter Ppof. 

The graphs of the kind 3a and 3b which deter- 
mine the energy eigenvalues of the particles in the 
first and second gas approximation can be given in 
the form of block diagrams as given in Fig. 4. The 


it 
a b a 


a se SO CE SE ee OE SS 


FIG. 4 
f 4 
aes ee 
fy P, 
FIG. 5 


square denotes as usual the Feynman diagram as- 
sembly describing the interaction of two particles 
in the “ladder” approximation (Fig. 5). This quan- 
tity we shall denote by 


— iT (pyp2, Psa) 


and we shall call it the effective interaction poten- 
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tial. Graphs 4a and 4b have the same structure as 
the graphs 2a and 2b corresponding to the first ap- 
proximation of perturbation theory with one differ- 
ence, however, namely that the dotted lines corre- 
sponding to the Born approximation have been taken 
into account in our effective potential. The values 
of the particle energy eigenvalues determined by 
these graphs is of the form 


B(p) = — i dp’Go(p')V (pp', pp’) 


a dp'Gy (p') T (pp’, p’p). 


Here and henceforth we shall use the following 
notation 


(9) 


dp =dpde/2z, dp =dp,dp,dp, | (2n)3; 
8(p) = 2x8 (p)e(e), 8 (p) = (2)*3 (px) 8 (py) 8 (pz). 


Equation (9) does not take the presence of par- 
ticle spin into account. To do that we note first of 
all that the Green function G)(p) contains the 
delta function 55, sg’ (where s and s’ are the pro- 
jections of the spin at the points x and x’) which 
we have omitted, and this means that the particles 
propagate without change in spin. This result is 
also still valid in the case where the particles in- 
teract during their propagation with other particles, 
since the potential does not depend on the spin vari- 
able. The presence of spin leads thus to the ap- 
pearance of a factor Os1s.5s3sy in I'(pyp2, P3P4). 
The result of summing over the spin variable s’ 
in Eq. (9) is a factor 2s +1 for the first term and 
a factor 1 for the second one. This result has a 
simple physical meaning. The graph 4b corresponds 
to an exchange scattering in which one must take 
into account only those background particles which 
have a spin the projection of which coincides with 
the projection of the spin of the impinging particle. 
In contradistinction to this, graph 4a corresponds 
a non-exchange scattering process in which all par- 
ticles in the Fermi sea must be taken into account. 
If we restrict ourselves to the case of particles of 
spin 3 we get finally 

B (p) = — 21 dp’Go(p')T (pp’, pr’) 
9’ 
eleid \ p’Go (p’) T (pp’, p’p)- oe 


3. THE EFFECTIVE INTERACTION POTENTIAL 


To determine the effective interaction potential 
we introduce a function Q which is connected with 
T by the following equation 


T (p1P25 PsPa) = \dgu (9) Q (Pi — 9) P2 + 9 PsPa) (10) 


The function Q differs from the two-particle 
Green function K in the “ladder” approximation 


by the absence of initial outside lines with momenta 
p3 and p,. We can thus obtain the equation for Q 
from the corresponding equation for the function K 
by dividing by the product iGo (p3) iGo (p,). We 
have thus finally for Q’= 6(p; +p, — p3 — Py) Q, 


Q’ (PiP2 PsP) = 9 (Py — Ps) 8 (P2 — Pa) 


(11) 
+ iG, (01) Go (p2) \dqU (q) Q (pr — 4; Pa +4, PaPr): 


If we go over to the relative momenta p and p’ 
and the moment of the center of mass g, 


P=(Pi— Pe)/2, p’ = (Ps — Pa) / 2, 
&=Pi + Po= Pst Pa, 


we get the equation 


(12) 


EE: MAE ae SV 

Q(0, p', 2) =($ ar |) Sut P? cpg — Pl): 
=6(p—p’) (13) 

+ iG, (g +p) Go(¥ —p)\dqU (9) Q(p — 4,0", &)- 


The potential U(q) in Eq. (10) does not depend 
on the fourth component of q so that it is suffi- 
cient to know the function Q integrated over the 
fourth component of the relative momentum p, e, 
in order to determine the effective potential. If 
we denote that function by x(p, p’, g) and inte- 
grate Eq. (13) over e we find 


X(P, p’, g) 


N ‘ [/ , 
— pe avg \40Y @) x — 4, P', g) =3(P—p?). 


(14) 


In Eq. (14) we have E = gp — tg” (where go is the 
fourth component of g) and the factor N(p) takes 
the Pauli exclusion principle into account inasfar as 
it applies to the initial background, 


N (p) = 1 —Ngio+p — Ngi2—p- (15) 


For further calculations it is convenient to con- 
sider the effective potential as a function of the 
relative and total momenta which are defined by 
Eqs. (12). If we write 


rep. g=l($t+e, $—— $+ p.$—-'), 


we obtain from (10) the following connection be- 
tween the effective potential and the function x, 


D(p, Pp’, 8) = \aqv (4) x(P —4, P’, 8): (16) 


Equation (14) can not be solved in its general 
form; our problem is to express the solution of 
this equation in terms of the scattering amplitudes: 
of the particles. We consider first of all the prob- 
lem of the scattering in vacuo. In that case N(p) 
= 1 and Eq. (14) is of the form 
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1 , y 
Xo (P) B's 8) —porpn ld (4)Xo (P, P’ £) = 8(P —P’)- 
(14’) 


Equation (14’), multiplied by E — p’+ id, is the 
same as the inhomogeneous Schrodinger equation 
for the relative motion of two particles. It is there- 
fore easy to express its solution in terms of Y,(P), 
the wave function of the relative motion of particles 
which are scattered (k is the relative momentum 
at infinity ), 


FAN dy (P) ¥y (P’) 
Xo (P P's g) = (E—p? +18) \dk Fes. (17) 
Let us introduce the scattering amplitude f(p,k) 


of the particles, by the equation 
f (p, k) = \ dq (a) $x (p — 4). 


This amplitude differs from the usual one by a 
factor —4n, that is, the usual amplitude is equal 
to —f(p,k)/4m. The wave function %x(p) is con- 
nected with the amplitude by the relation 


(18) 


p, k) 


te(p) =8(p—k) + wes 9) 


Using this relation for VK (p’) and substituting it 
into (17) we get 


Xo (P; P’, Z) = Pp (P) 


alge ; (17°) 
+ {dkde(p) f (0's) (goss + ep al 


and we get for the effective interaction potential of 
particles in vacuo* which is defined by an equation 
which is analogous to equation (16) 


Ty (p, P’, £) =T (P, P’) 


ee 4 4 \ 20) 
oh OME) peers © pee ay 


If we use Eq. (II) of the Appendix, we can express 
Ty also in a slightly different, equivalent form, 


To (p, p’, 8) =F (P’, p) 


f 1 : ay 
+ \dki (pK) F(z 


SS as k2— p2+ is! 


The effective interaction potential of particles in 
vacuo is thus equal in first approximation to the 
scattering amplitude f(p,p’) orto f (p,p’). 

Going on to the solution of (14), we write it in 
the form 


*The problems connected with I, were solved jointly with 
S. T. Beliaev, who was working simultaneously on the analo- 
gous problem of a Bose gas. 
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/ al ‘ ; 
(P,P, 2) — gogrqay \dW (4) x(P— 4 P's a) ot 


N (p) Ay \r (pp, &)s 


nN i 4] 
=3(P—P') + (pe PAN) Eapys 


where xX, is the Green function of the left hand 

side of this equation. Equation (21) admits thus of 

the following formal solution, - 
Ke (p, Dp; g) —— Xo (p, p's g) 


N (k) 1 , 
+) dkyo (p, k, g) (pes iSN (k) ae aah i(k: p »£) > 


If we apply (16) we can go over to an integral equa- 
tion for the effective potential I, 


Tr (p, p’, g) ae Ty (p, Dis g) ru 
{ N(k) 1 ; 
ta dkTy (P. K, 2) \e— Nm) poeple »8). 


(22) 


Equation (22) can be solved by iteration methods 
since the term involving the integral is small. In- 
deed, the difference within the braces is different 
from zero only if N #1, i.e., if the variation of 
k is of the order of py. To a first approximation 
we can substitute the scattering amplitude f for 
Ty. We then get, for E ~ pj, the following order- 
of-magnitude estimate for the term involving the 
integral in (22): 


pepo lt = pf T<. 
If we now take second-order terms «TI into ac- 
count we can substitute in the integral in (22) f(p,k) 


for Iy(p,k,g) and Io(k,p’,g) = f(p’,k) for 
I(k, p’,g). We get the following result, 


P(p, D>) = Pop: ps2) 


Sow N (k) 4 
+ \ aki (p, k) f (.) p= aN — EY 


(23) 
N (k) 4 \ 


=f (pp) +\ dkf (p, k) f* (wk) {¢ 


As can be seen from Eq. (23), the effective in- 
teraction potential I, like Ty, is equal in first 
approximation to the scattering amplitude f(p, p’)- 
In the second part, the integral converges for val- 
ues of k* of the order of the larger of the quanti- 
ties E or p’*. For the energy eigenvalues of the 
particles 2(p,é€) in which we are interested, and 
for values of € near }p’, both quantities E and 
p’? are of the order of magnitude De- The second 
term in (23) is thus ppf times smaller than the 
first one. 

If the momenta p and p’ have the same abso- 
lute magnitude we can write the effective potential 
in a slightly different form. Using the equation 

4 
C= pools ae oe 


— [xo (k? ax>. 7) 


— R? + i8N (k) TB —p?+ids* 
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and Eq. (IV) of the Appendix, we get 


P(p.p', g) = Ref (p, p’) + \dki (p. kf (p',k) Pp 


+ \akF(p, k) F(p’, k) - —* © 


+ iSN(k)’ (23) 


where the symbol P indicates the principal part 
of the integral. 


4, THE ENERGY SPECTRUM OF THE SYSTEM. 
GROUND STATE ENERGY 


The main part of the energy eigenvalues of the 
particles can be written in the form 


; ds’ , , 
3 (p)=—2i | = dp'G(o') F(a, 4, g) 
-( de’, , , 
+ il FS Ap'Gy (p’)T (a, — 4, 2), 


where q=(p-—p’)/2, g=ptp’. The first two 
terms for I in (23’) do not depend on the fourth 
component of the momentum so that integrating 
them over e’ reduces to calculating 


de’ , , 
(GP). 


This integral is equal to Gp(p’, T) with T=0, 
1.e., to Go(p’, —9) = inp’, according to the con- 
siderations of Sec. 1. The integral over e¢’ of the 
last term of (23’) is elementary. We get the fol- 
lowing results 


Z(p) = X14 (p) + 22 (p), (24) 


E, (p) = 2\ dp'np Ref (a, 4) —\dp'np'Ref (q,—4), (25) 
Bs (p) = ( dp’dk (2 | f (a, k) P — F(a, k) F* (— 4, k)} 


4 
x [tw P ag (26) 
) N (k) —9 (p’) 4 
2 


¥ 
gata 12 — g?—e + e° + 8 [0 (p’) —N (k)] J 


For wavelengths that are considerably longer 
than the range a of the potential, the real part of 
the amplitude will not depend on the momenta, If 
we therefore restrict our considerations to excita- 


tions with momenta p which satisfy the condition 


pr 1, eu) 


we can calculate the real part of the constant am- 
plitude. Assuming that 


Ref = Arf, (28) 


where fy is the real part of the usual scattering 
amplitude with the opposite sign, and taking fy 
outside the integral sign in (25), we get for the first 
approximation to the energy eigenvalue 
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xy => 2nnf 9. (29) 


To the first approximation in the gas parameter 
x is thus a real constant quantity. The Green func- 
tion has in the first approximation the following 
form, 


G; (p, ©) = 1/[e — e% — 2nnf, + 188 (p))]. 


If we introduce instead of € anew variable e’, 


(30) 


e’ = e— Qrhf, 


(31) 


we can verify that G,(p, €’) is the same as the 
Green function of non-interacting particles. We 
can thus make our calculation more precise by 
assuming that everywhere instead of Gy(p, €) 
the Green function of the first approximation 
Gi(p, €) was used. If we make our considera- 
tions more precise in this way we must in all 
equations replace e€ by e’ so that the Green 
function of the second approximation has the form 


Gas (p,¢) =e— ep — 2nnf, — LX» (p, ©’) =e’ — ey — X, (p, e’), 
(32) 


where 2»2(p, €’) is obtained from (26) by replac- 
ing € by e’. 

We shall now calculate the energy eigenvalues 
of the second approximation, 2». In the integral 
over the variable k in (26), the only appreciable 
contributions to the integral come from values of 
k in a region of the order of magnitude q. For 
excitations with momenta that satisfy condition (27), 
both arguments of the amplitude are small. The 
imaginary part of the amplitude can thus be neg- 
lected and the real part can be considered to be 
constant and can be taken outside the integral sign. 
Using the notation of Eq. (28), we get 

Re, = 16x7f3( dp'dk NyP a, 


(26’) 


N (k) —0 (p’) 1 
— N (k) j Pp Era \, 
Im, = — 4n°fo \ dp'dkN (k) [NV (k) 


— 6 (p')P8 (k2 — Gg? —e' + &). ok 


The energy spectrum of the system is deter- 
mined by the poles of the analytical continuation of 
the Green function (1), or, in our approximation, by 
the equation 

Pee Qxnfy — Le (Pp, ef) =o) (33) 
After some simple calculations we get for the en- 
ergy €p and the damping y of the quasiparticles 
the following expressions 


110 Viw Ms. GALT TSHREE 
4 = 58+ goo + qe pips Lx + 2x°In oy —10(e*—1)In Hl — x2)" In ad Biped ve 
ie yet 24 Spal espa | = 1)In|==5| —2(x?—2)"b cot”! yeah, x>V2, 
a Se Pl ee 2 = 75 PRS (51°74 2(2— #7), 1D, 
| Seetegtilon ge Ve (35) 
where x =p/py. The expansion (34) in a series in tion o we find 
the momenta has for momenta near the Fermi sur- ap naga dant (p/2, p/2). ay 


face the form 


€ 4 2 2 9 
== = +5 Polo + Gece Polo (1! — 2]n2) 
De ; (34’) 
eros =e nee 


From Eq. (34’) we can obtain the effective mass, 
m*, of particles on the Fermi surface, 


Mo = 1+ sos (7In2 — 1) pos (36) 


and the chemical potential of the system which, as 
is well known! is equal to the energy of the quasi- 
particles for p =pD)po, 


1 


= po{1 + se Palo + Gyex (11-2 In2) piss}. (87) 


oT 
These expressions are the same as the ones ob- 
tained by Abrikosov and Khalatnikov.’ Using the 
formula = (9E)/8N )vy, we find for the ground 
state energy of the system,* 

Wp nO Det eee ae Spokes a= (2 In 2) pofey - (38) 

The damping of the quasiparticles y for mo- 

menta p which are nearly equal to py is of the 
form 
P< Po 


1 ore 2 
y= — = Polo (Po — P)”s (35’) 


ete 
{=p Polo (P — Po)”, P > Po» 
i.e., proportional to the square of the deviation 
from the Fermi surface., 
Let us now consider excitations with large 
momenta, 
Po<< P< I /fo. 


The quadratic correction term of the quasiparticle 
energy €p is small for such momenta., The im- 
aginary part has the form 
4 
ea Polop = > nps. 


If we use the connection between the imaginary part 


of the scattering amplitude and the total cross sec-: 


where f is the usual scattering amplitude. 

The evaluation of ZX», as a function of the vari- 
ables p and ¢€ leads to a very cumbersome ex- 
pression. The expansion of its real part for the 
case when |x —1] «1 and |y|<«1, where 

y = (2 —29)/p2, 
is of the form 


1 2 
Re Z,(p, ¢) = <¢ pafaize (11 — 21n 2) 


40 
1)(x—1)—41n2-y}. ee 


8 
— = (7In2— 
From Eq. (40) we can get the renormalization con- 
stant of the Green function Z which is connected, 
as is well known,° with the discontinuity of the mo- 
mentum distribution function of the particles, 
Z=N(py— 9) —n(p) + 0) = 1 — 2p? Aln2 (41) 
As far as the imaginary part of Z, as a func- 
tion of the variables p and e is concerned, there 
are a number of regions in which Im 2 has a dif- 
ferent analytical form. We shall show that this 
function tends to zero at the value «’ = p%, inde- 
pendent of the value of the momentum. We write 
Eq. (26”) in the following form 


Im ¥ (p, ¢) = — 4n*fo | np’dpidp» {p+(1 — M%p,) (1 — Mp,) 


— (1 — Np) Np,Mp,} 


x3 (pit 7 pip” e")8 (Py + P2—p’ —p). 
The first term within the braces determines the 
attenuation of the quasiparticles, and the second 
one the attenuation of the holes. For e¢’ = 3p} each 
of those terms tends to zero since from the first 
one it follows that p’? < p3, dpt + dp} > PO, and 
from the second one that p’* > pj, dp? + 4p3 < pi, 
both in violation of the equation p} + pa = p/* 4 Das 
According to the general theory of Green functions 
of many-body systems, the value for which the im- 
aginary part of the energy eigenvalue tends to zero 
determines the chemical potential of the system p 
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THE ENERGY SPECTRUM OF A NON-IDEAL FERMI GAS 


(Ref. 1). The equation 
Im X (p, p2/2) = 0 


shows that the expression which we have found for 
Im 2 makes it possible to determine the chemical 
potential only to a first approximation. We can 
make the result more accurate by including in e’ 
besides 2mf) also the second-order energy cor- 
rection on the Fermi surface. This method of cal- 
culation is used by Beliaev.® 

We shall now discuss the connection between 
the results obtained by us and the general theory 
of a Fermi liquid developed by Landau.’ 

Owing to the monotonic dependence of the quasi- 
particle energy €) on the momentum, the quasi- 
particles fill the Fermi sea up to a limiting mo- 
mentum py. The occupation numbers of the quasi- 
particles are thus the same as the occupation num- 
bers Ny of the non-interacting particles. This 
equality is also maintained for states near the 
ground state. It is easily seen that expressions 
(25), (26), and (26’) for the extra energy of the par- 
ticles are correct for any distribution of non-in- 
teracting particles. To see this it is sufficient to 
define the operators u and v* in Eq. (4) by 


u=Vh SCL = Ap) apet?t, oF = Verh Sy pape'"", (4) 
P P 


where Np is the occupation number of the non- 
interacting particles. In the particular case of the 
ground state, Eq. (4’) is the same as Eq. (4). The 
sum of expressions (25) and (26’) at «’ = €° gives 
the energy of the quasiparticles as a functional of 
the distribution function n, of the quasiparticles. 
The variational derivative dep/onpy determines 
the function f,; (p, p’) which was introduced by 
Landau (after a summation over the spins s and 
s’), 
5 4 
fy (P, p’) = 4nfy + 32n%fs( dknx {P + pp’ — kp -+P’) 
4 4 1 

whe)” e—He Py’ 


+P (42) 
Using Eq. (11) of Ref. 7 we obtain an expression . 
for the effective mass of the particles at the Fermi 
surface which is the same as expression (36). 


5, ESTIMATE OF THE GRAPHS OMITTED. 


HIGHER APPROXIMATIONS 


When we estimated in Sec. 2 the importance of 


the omitted graphs, we considered an additional in- 
- teraction with the background particles, corre- 


| 
: 
| 
' 


sponding to a single action of the potential V(q) 
(one additional dotted line). In the case where per- 
turbation theory can not be used this estimate is 


pia th 


incorrect. The Born approximation is the first 
term, which is large, of a series, the sum of which 
(the scattering amplitude) is small. To obtain a 
correct estimate it is necessary to sum the graphs 
corresponding to all orders of interaction of real 
gas particles, that is, all ladders of dotted lines 
connecting two full drawn lines going in the same 
direction. This sum is equal to the effective inter- 
action potential I’. To construct the graphs it is 
thus convenient to use the effective potential I 
(square), and not the potential U (dotted line). 
Figure 6 illustrates a construction consisting 
of graphs omitted by us. To estimate the value of 


FIG. 6 


23 defined by those graphs it is sufficient to con- 
«sider I in the first gas approximation, I » f. 
We get then 


ele \ dp dp2dpyGo(P1)Go (P2) Go (P + Pi — Pao) 


X Gy (Ps) Go (Pp + Pa — Pr) (43) 


It is important for us to show that the integral 
in (43) converges since in that case its value can 
only depend on the momentum py (we assume that 
the momentum of the particles is in the neighbor- 
hood of pg) and from dimensional considerations 
it follows that 23 must be of the order pef?. After 
integrating over the fourth momentum component, 
there are only two energy denominators left in (43). 
If we then integrate over the momentum p», we get 
a final quantity which is of the order of a recipro- 
cal momentum. It is essential that the two re- 
maining integrals over p; and p, be taken over a 
domain that is bounded by the Fermi surface. In- 
deed, in our approximation I does not depend on 
the fourth momentum component, that is, the inter- 
action takes place instantaneously. The lines cor- 
responding to the momenta p; and p3 =p+ pi — De 
thus form a closed loop and one of these lines must 
correspond to the propagation of a hole (compare 
the graph of Fig. 1). Since the momentum of a hole 
is less than the Fermi momentum pp, one or other 
of the two conditions, py < pp, or | p+ Py — Py | 
< Pp, must be fulfilled. In each of these cases p,; 
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varies only in a bounded region. The same argu- 
ment applied to the lines with the momenta py and 
Ps =P + Py — Py shows that the domain of integra- 
tion of py is bounded. We have thus proved the 
convergence of the integral, and 23 is of the order 
of magnitude 


(44) 


sy f 
d.—~ pele ~ pens. 


In conclusion the author wants to express his 
sincere thanks to A. B. Migdal and S. T. Beliaev 
for fruitful discussions and to A. F. Goriunov for 
help with the calculations. 


APPENDIX 


We shall derive certain relations to be satisfied 
by the scattering amplitude f. If we multiply Eq. 
(18) of the main text by ie (p’) and integrate over 
k we find if we take into account that the ~ form 
a complete set of functions, that 


V (p—p’) = \ dkf (p, k) dx (P’). 


or, if we substitute (19) for de (p'), 


, ' .k) f* (p’, k 
Vip—p') =F (0. p) + \dk SPO (I) 


If we use the condition that the potential be Hermi- 
tian we can obtain from (I) the following formula, 


f (p, p’) — Ff" (P’, p) 


! * (as 1 
= (aki (, K) P00.) Lay — pa} 


(II) 


In the case where the two vectors p and p’ have 
the same absolute magnitude, the principal values 


ViiMea GATS he 


of the integral cancel each other and (II) becomes 


f (Pp. p’) —f* (p', p) = — 2nd | dkf (p, k) f° (p’, k) 8 (p? — &). 
(I) 


If we consider scattering in a central field of force, 
f(p, p’) can depend only on p’ and (p-p’), if 
p=p’, sothat f(p, p’) =f(p’, p) and we get from 
(III) 


Im f (p, p’) = — ae p \ anf (p, pn) f*(p’, pm) ~~ (TV) 


where |n|=1. Equation (IV) contains as a special 
case the well known relation between the imaginary 
part of the scattering amplitude at sero angle and 
the total cross section. 
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An integral equation of the Low type is derived and investigated in relation to the proton-proton 
scattering problem. The connection with the phenomenological quantum-theoretical treatment 
of proton-proton scattering is established. It is shown that the total scattering cross section 
observed in the medium-energy region can be obtained by solving the derived equation, taking 
into account only the most intense scattered wave ‘sn provided one neglects in the equation the 
contribution from states that involve a number of real mesons and nucleon-antinucleon pairs in 
addition to two nucleons. Moreover, it must be assumed that the inhomogeneous term of the 
equation is computed in the nonrelativistic single-meson approximation. 


pepe eee quantum field theory meets with 


serious difficulties in trying to explain even the 
most fundamental phenomena of nuclear physics. 
These difficulties are related to a great extent to 
the inapplicability of perturbation theory methods 
to the investigation of properties of interacting 
meson* and nucleon fields and to the fact that it 
thus becomes necessary to develop methods of cal- 
culation which are not derived from perturbation 
theory. Further development of such methods will 
enable us to find out to what extent does the present 
quantum field theory correspond to reality, and 
which of its features will remain in a future theory. 

One of the methods not based on perturbation 
theory is the method of Low equations.f 

Applying this method to a single nucleon prob- 
lem, Chew and Low® found out that a whole class 
of phenomena taking place at low energies in the 
presence of one nucleon can be explained suffi- 


ciently well even with the help of the present theory. 


It thus becomes interesting to try to apply the 
method of Low equations to a two-nucleon problem. 

This work considers the problem of elastic 
nuclear proton-proton scattering from the point 
of view of the Low-type integral equation. 

Section 1 of this work contains the derivation 
of the integral equation for proton-proton scatter- 
ing in a form convenient for the subsequent calcu- 
lations. States that contain in addition to two nu- 


*Here and in the following the word “meson” means 


“7 meson.” 
tEquations similar to those of Low also cons 


Ref. 2. 


idered in 


cleons a certain number of real mesons and nucleon- 
antinucleon pairs are neglected. This is permis- 
sible in the region of nonrelativistic energies 
corresponding to the elastic proton-proton scatter- 
ing. This equation contains, as an unknown function, 
a matrix element which is related on the energy 
shell to the proton-proton scattering amplitude. 

The inhomogeneous term of the equation is com- 
puted in the nonrelativistic single-meson approxi- 
mation. 

No perturbation theory, in the form of expansion 
in terms of the coupling constant of meson and nu- 
cleon fields, is used anywhere in the derivation of 
the integral equation, nor in its solution. 

A very important circumstance is the fact that 
the obtained equation contains only renormalized 
quantities. 

In Sec. 2 the integral equation is used to find 
the scattering cross-section assuming that the 
latter is determined by the 'S) phase. 

In the integration with respect to the energy of 
the intermediate state, a cutoff limit is introduced 
equal to 5u (p is the rest mass of the meson).* 

It is important that the dependence of the scatter- 
ing cross-section on the cutoff limit is very weak. 

The expression obtained for the scattering 
cross-section agrees very well with the experi- 
mental data in the intermediate energy region from 
about 0.1 to 11 Mev. 


1, INTEGRAL EQUATION FOR THE PROTON- 
PROTON SCATTERING 


Consider the matrix element of the operator 


*We let c=h=1. 
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S (k’y’) = a(k’y’, 0) Hy (0) — H; (0) a (k’v’, 0) 


= —@ (3 hea moo 


A=1 


i 


taken between the functionals of the states of the 
system consisting of one and two protons: 


(2 (a’u!), S(k’¥’) Qin (kyqy)). (1) 


Here ~(x) is the nucleon field operator; Hy(0) 
is the energy density of the interaction of meson 
and nucleon fields Hy;(x) (with the renormalization 
counterterms for x =0 introduced); k, q and k’ 
q’ are the space components of the proton four- 
momenta k, q and k’, q’, for which k+q=k’ + 
q’ in the center of mass coordinate system, but in 
general ky = q) = ky) =q9; Vv, H and v’, p’ are the 
spin variables; u~’(k) =u’*(k)y4; u’(k) and yy 
are the bispinors and Dirac matrices; m is the 
proton mass; and 


a (ky, 0) = a (ky, %) |ej-0 = | dsx exp (— ikx) u”" (k) $ (x) |xo- 


The functional Qj, (kq) (we shall leave out the 
spin variables for brevity ) can be represented in 
the form 


Qin (kq) = az (Kk) 2(q). (2) 


In the above equation the operator aj, (K) is 
the asymptotic form of the operator exp ( — ikpxo) 
xat (k, x9) [the operator at (k, Xo) is the Her- 
mitian conjugate of the operator a(k, x))]: 

a; (k) = exp (— ikyx)) a* (k, x) when %)—> — oo 


and, by virtue of the equations of motion, it satis- 
fies the relationship 


eg \ dxy\ dsx exp (ikx — iPx) S*(k) exp (iPx), (3) 
where xX) is the time; kx =kx — koxp; Px = Px —- 
Pox9; (P, Py) — is the operator of the four-dimen- 


Dy (Qin $* (0) w (k) Q (q)) (has $* (0) w (k’) Q(Q’))* + 


n(o"=0) n(p"=q—k’) 


where p” is the momentum of the intermediate 
state described by the functional 02. 

Matrix elements of the operator pr 0)u(k), 
appearing in Eq. (7) (the matrix elements of the 
operator ~'(0)u(k’) are obtained from the ma- 
trix elements of the operator p*( 0)u(k) by re- 
placing the quantum numbers k,q by k’,q’) can 
be transformed into the corresponding matrix ele- 


sional energy-momentum vector of the interacting 
meson and nucleon fields; the operator st(k) is 
the Hermitian conjugate of S(k). 

For kp = do = kp = 49, the matrix element (1) is 
related by a simple relationship to the proton-pro- 
ton scattering amplitude T(k’q’, kq) with initial 
proton quantum numbers k,q and final quantum — 
numbers k’, q’: 

T (k’q’, kq) = — 2 (Q(q’), S(k’) Qin (ka). (4) 


ar 


Our problem is to derive an integral equation 
for the matrix element (1). 

We shall start from the anti-commutator rela- 
tionship for the nucleon field operators tg (x) 
and vp (0), taken at the same instant of time Xo 
= (0; 


{a(x), Od (0)} = 8x98 (x). 


Multiplying both sides of the above equation by 
a (k’) ug(k) exp (—ik’x), integrating with respect 
to x, and summing over q@ and 8 we obtain 


{\ dex exp (—ik'x) u* (k’) 9x), $* (0) u (k)\ = u" (k’) u(k). 
(5) 


It follows from this that the operator expression 
on the left hand side of (5) is a number, and conse- 
quently its matrix element taken between the func- 
tionals Q(q’) and (q), which are mutually or- 
thogonal for q’ #q, is equal to zero: 


(2 (q’), {\ dsx exp (— ik’x) u" (k’) p(x), 


Y* (0) u (k)} Q(q)) = 0. (6) 


Introducing a complete orthonormal set of eigen- 
vectors of the states Q}, for the operator (P, Po), 
and integrating with respect to the variable x, we 
can rewrite Eq. (6) in the form: 


(2 (q’), YF 0) w (k) Qin) (Q(q), p* (0) w(k’) OF,)* = 0, (7) 


i SO eee 
ments of the operator St(k) with the aid of the 
equations: 

(Q4,» S* (k) Q (q)) 


(Qin, y (0) ee (k) Q (q)) — Snkq ig 2k) —E, + ie (PS 0), 
/ n (Q (q’), S* (k) QF,) 

(Q(q’), b* (0) u (k) O2,) = — rN) Oia) irene a 

9 (0) u (K) 2%) eoaeE ak), 

(8) 


ee ee ee 


APPLICATION OF THE LOW INTEGRAL EQUATION METHOD 


where E, is the energy of the intermediate state 
with momentum p"™; €>0 and ¢ 0; On kg =0 


é n 
if Qin * Qin( ka), and dy 4q=1 if QF, = Qin (ka). 
Equations (8) are easy to prove if we write the 


operator ¥~*(0) on the left hand side of (8) in the 
form 


9" (0) = )) [u" (p) at (p, 0) + 0° (p) 6 (p, 0) 
P 


(the bispinor v(p) and the operator b(p,0) per- 
tain to antinucleons) and then, following the calcu- 
Jational methods of Klein,‘ we substitute for 
a(p,0) and b(p,0) their expressions from (3) 
and from an analogous formula for the antinucleon 
operator b(p,0). Remembering relations (2) and 
taking into account the orthogonality and normali- 
zation properties of bispinors 


uY” (k) ue (k) = d,,, 0”( —k)u" (k) = 0, 


we arrive at Eq. (8). 
Thus, substituting (8) into (7), we get 


(ey — ho) * [(Q (q), S (Kk) Qin (k’q’))* — (2 (q'), S(k’) Qin (Kq))] 


(Q (q’), S (k’) Q7,) (Q (q), S (k) Q”,)" 


7 5 = —V, (9) 
(2k, — E,, — ie) (2ko — E,, + ie) 


(Q.(q’), St (k) 7) (Q (q), S* (k’) QF)" 
EB? — (qo — hy)? ; 


v=- ¥ 


n(p"=q—k’) 


In the first term of the right-hand side of Eq. 
(9) the summation is over all those intermediate 
states of the system consisting of two nucleons and 
of a certain arbitrary number £ = 0 of real 
mesons and nucleon-antinucleon pairs, described 
by the functionals Q},, which are consistent with 
the laws of conservation of charge and momentum. 
In the expression for V the summation is over all 
those intermediate states of the system consisting 
of a certain arbitrary number £ = 0 of real me- 
sons and nucleon-antinucleon pairs, described by 
functionals Qj, which have a momentum p" = 
q —k’ and are consistent with the law of conser- 
vation of charge. 

Identity (9) can be looked upon as the first of the 
infinite set of equations for the infinite number of 
matrix elements entering the first term of the 
right-hand side of identity (9). The quantity V de- 
termined by Eq. (10) plays the part of the inhomo- 
geneous term in this equation. On the energy ae 
face E, = 2k) or E, = 2k), the desired matrix 
elements are related to the transition amplitudes 
for different scattering processes, leading to the 
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formation of two protons, by simple relationships 
similar to (4). 

If we use the nonrelativistic approximation, we 
can neglect in the first term of the right-hand side 
of (9) the states which, in addition to two nucleons, 
contain a certain number { >0 of real mesons and 
nucleon-antinucleon pairs. In that case identity (9) 
can be considered as an equation for the matrix 
element (1), in which the inhomogeneous term V 
can be computed in the nonrelativistic single-meson 
approximation. Going over to the continuous spec- 
trum and substituting integration for- summation, 
we get 


(Ry — Ro)? [(Q (q), S (k) Qin (k’Q’))* 


, , 4 
— (2(q'), S (K’) Min (eq) = Se X (11) 
Q (q’), S (k’) Qin (ts) (Q(q), S(k) Q,, (ts))” 3 (t 
sf C45) Oh Oe tS) COS HOt MS) 8 (a ee 
(Ry — fo — ie) (to — to + ie) 
where 
von (4 (a) se (K)) (w(K) you (Q)) ib 5 
“ake tel +@— Keak pays” (12) 


Here Qjy(ts) is the functional of the interme- 
diate state of the system consisting of two protons 
with momenta t and s; the symbol £2 indicates 
summation over spins of protons in the intermedi- 
ate state; the inhomogeneous term V is computed 
in the nonrelativistic single-meson approximation 
for the charge-symmetric meson theory with 
pseudo-scalar coupling; g? is the coupling con- 
stant of the meson and nucleon fields; ys = yyVov3743 
p is the meson rest mass. 

Equation (11), where the inhomogeneous term V 
is determined by formula (12), is the desired inte- 
gral equation for the matrix element (1). 

In order to establish a connection with the phe- 
nomenological theory of scattering from the poten- 
tial U, it is convenient to use the following sym- 
bolic expression for the wave function %q (0) 


(at the time t = 0) of the system of two colliding 
protons with initial momenta k and q:> 


1 


Yq (0) = Gq + RG KU pe UP 


where K is the kinetic-energy operator for the 
system, and 9kq is the eigenfunction of the opera- 
tor K corresponding to the free motion of protons 
with momenta k and q. We take the scalar prod- 
uct of this equation with UP g'- From the result- 
ant equation we subtract its complex conjugate, in 
which the primed and unprimed quantum numbers 
have been transposed. If we now introduce a com- 
plete orthonormal set of functions y4,(0), we ob- 
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tain an equation analogous to (11) for the quantity 
R(k’q’, kq) = (¢«-q"1 Upiq (9), 


which plays the part of the matrix element (1) 
(Ref. 5). 


2. INVESTIGATION OF THE INTEGRAL EQUA- 
TION FOR THE 'S,) WAVE COMPUTATION 
OF THE SCATTERING CROSS-SECTION 


In this work we confine ourselves to dealing with 
the most intensive scattered wave ah for which the 
orbital angular momentum, the spin, and the total 
angular momentum are all equal to zero. We as- 
sume accordingly that the matrix element 


(Q(q’p’), S(kV’) Qin (KY L)), 
related to the proton-proton scattering amplitude 
by Eq. (4), is independent of the directions of mo- 
menta k= -—-q, k’ = -q’ and is antisymmetric 
with respect to each pair of spin variables v,p 
and v’,p’. 
Introducing dimensionless energies 


x, =m+(ky—m), x, =m1(ki—m), (13) 
we let 
(Q.(q’z’), S(k’y’) Qin (kygu)) = 
— m0 (x1) F (xox) x(n’) x (ve); 2) 
where c(x,) =m(kky)7!? ~ (2x,)7/4; the spin 


function y(vy) is determined with the help of two 
relations x(vu)=-x(uv) and x(1—-1)=1 
(each of the spin variables v,p can take on the 
two values 1 and -1). 

Substituting (14) into (11), summing over spin 
variables, and integrating over the directions of the 
momentum t=-—s, we obtain an equation for the 
dimensionless function F (x»x;): 


(%1 — Xg)* [¢ (x1) F (%2%1) — € (x2) F* (*1%2)] 


. 

ime! 

= ee 
0 


Here W(x,x2) is the isotropic part of the in- 
homogenous term V of (11), determined by (12), 
intunits mi; x’ =m *(t,—m). 

The range of integration over the dimensionless 
energy x’ in the right hand side of (15) is from 
zero to the cutoff limit r, which is set equal to 
0.19 (the kinetic energy in the laboratory system 
is then equal to 5yu, where wp is the meson rest 
mass). This value of the cutoff limit is the value 
chosen in meson-nucleon scattering problems. 

Using a well-known relation 

1 —— 
x’ —x ie 


(15) 


F (xox") F* (xix’) dx’ — W (x%%,). 


(x’ — x, — is) (%’ — xq + 18) 


i SPE Saat or, 
Pr Em —x), 


KUNI 


we rewrite equation (15) in the form 


(x, — a)" fo (a1) F (%ars) — © (2) FY (1%) 
: | (16) 
— GIF (eax) FY (xis) + F (ton) F* (e)]} 


_E (tau) F* (ax) 
(x7 — x) (&’ — 22) 


dx’ — W (xX). 


At first we assume that W(x;x_) = W(x:x;) is 
a product of functions depending only on one vari- 
able: 


W (x1X2) = W (X1) W (Xp). 
We seek a solution of (16) in the form: 


F (X2X1) == A (X2) + Qi (X2) (%1 — 4%). (17) 


(Expression (17) for the function F(x»x;) does 
not apply for x;—~0, x,—~0, since W(x;,x,.) be- 
comes infinite in the “non-physical region” of en- 
ergies x,;< 0, x,<0, near x;=xX,)=0.) 

Substituting (17) into (16), carrying out the in- 
tegration over the variable x’, expanding both 
sides in powers of difference x; — x, for fixed Xo, 
and equating terms of the same powers of x; — Xo, 
we obtain the following equations for the desired 
functions a(x) and a,(x): 


C (a) — a") = 5 ay; (18) 


7; 


0 


* (19) 


i 
Lt Se ges 


*7 i 
2c'dy — 2cay + 2ca, + 2a, — Aa 


* 


i 
Fie See 
1 * * if 1 * * 
Se [ (aoa + @,a1) In = — = aay + raya; | — 2W (xx); 


” em i *” 1 2 1 * , 
CU — CO — 5 MO, ae M0, — Fae Mod, WZ) 


+ a, (20" 


l ry 1 * *7 r 
Dn 0 Bete % — 39s % In 5) 


*) i 1 ts ip 7 
+O, (20 + zz % 5a5 Aoln =) — yaaa =(0), 


(20) 


Here c=c(xX), a =a(x), a; =a;,(x); primes 
denote derivatives with respect to x of corre- 
sponding functions. 

Equation (18) is obtained by letting the coeffi- 
cients of (x; - xen in the left hand side of (16) 
be equal to zero. (Because of the relation 


r 


, dx’ r 1 
lim P = po ius Se 
X1X2 \ (C/— X1) (x’—Xe) X2 (r a i X2) Xo 


the right-hand side of (16) does not contain such 
terms and has a finite limit for x,— X9.) Equation 
(18) thus shows that we can go to the limit >< mab. C) 
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in the left-hand side of (16), and is therefore the 

necessary Consequence of the existence of a limit 
in the right hand side of (16) as XpaXoe 

i Equations (19) and (20) are obtained by equating 

the coefficients of the zeroth and first power of the 

difference x; — x, correspondingly in the left and 


right-hand sides of (16). (So far we do not consider 


coefficients of higher powers of the difference 
2) Ge Xq.) 

Equation (18) and (19) have the property that 
each gives only one relation each for the real and 
imaginary parts of the functions contained in them. 
Thus, Eqs. (18), (19), and (20) give jointly four re- 
lations for the two complex functions ajo(x) and 
a;,(x). 

Let us note here that Eq. (18) is the unitarity 


condition for the scattering matrix. This condition 


is therefore contained in the initial integral equa- 
tion (16). 


To solve the set of equations (18), (19), and (20), 


we start with Eq. (18) which leads to 
Ap (X) = Anc (x) [f (x) — iJ, 


where f(x) isa real function, so far arbitrary. 
We shall solve Eqs. (19) and (20) by successive 
approximations: first, we determine f(x) from 


(19) assuming that a;(x) =0, then we put the ob- 
tained zeroth approximation for f(x) into (20) to 
find a;,(x) in the first approximation. 

Direct substitution of (21) into (19), with the 
condition that a,;(x) =9, leads to 


(21) 


f(x) = — 2 = (4m) (2x) 9 (xx) (P(X) + UN. (22) 


The quantity W (xx) is the isotropic part of the 


inhomogeneous term V determined from Eq. (12) 


on the energy surface ky = kg in units m~?, Noting 


that in the non-relativistic approximation 

(W(p’) ys (p)) ~ (2m)7'x(o, p’ — Pp), where the 
vector o is composed of the Pauli spin matrices 
04, 02, 03, Separating out the isotropic part of the 


term V, and introducing the dimensionless energy 
= ms! (kg — m), we obtain approximately the fol- 


lowing expression for the quantity W (xx) for the 
value of the coupling constant ney 


W (xx) ~ 0.8x (x + 0.006)". 


In our method the choice of the solution of Eq. 
(16) depends on the determination of the cone tans 
of integration in the solution of Eq. (22), which is 
an unknown function of the coupling constant. In 
principle this choice can be made by comparison 
with theory for low energies. However, we shall 
determine the constant of integration by requiring 
that the scattering cross-section for a certain en- 


ergy coincide with the experimental value. For 
example, comparison with the proton-proton scat- 
tering data for the energy x = 0.01 leads to 
£(0.01) ~ 0.9. In this case the relative weight of 
the second term of the right hand side of equation 
(22) is ~0.003 compared to the first term; thus in 
the neighborhood of x = 0.01 the function f(x) 
satisfies the following equation to a high degree of 
accuracy. 


f(x) =— rie, (23) 


Equation (23) will hold even better for x < 0.01, 
for as x gets smaller the relative weight of the 
second term of the right-hand side of eq. (22) will 
diminish only because 1~!x™! increases and 
(2x) W(xx) decreases. 

The solution of Eq. (23) has the form f(x) = 
a! 1n(C/x) where the constant of integration C 
is determined from the condition f(0.01) ~ 0.9, 
and is approximately equal to the cutoff limit r. 
We thus obtain the following expression for the 
function f(x): 


F(x) = In ©. (24) 


Let us now consider the determination of a, (x) 
in the first approximation. Introducing 
Ales Ve Ae 3 Ay 


1 | r 
re Drala? 


let us rewrite Eq. (20) in the form 
Sag = a5 A+ Wi(xx) a. Ay aA 5 1h" = (0, 

Inserting here the zeroth approximation for 
ag(x) [Egqs. (21) and (24)] and noting that in this 
case A=0, we get 

W’ (xx) — 53 na" =0; 

Since the function W’(xx) is real, the solution 

of this equation has the form: 


a, (x) = eb (x), when 6 (x) = d° (x), 
b? (x) = 4n°W (xx) /r + B. 


Here @ and 8 are arbitrary real constants of 
integration. We shall see later that the constant 6 
must be equal to zero and that the magnitude of the 
constant q@ is unimportant. 

We obtained expressions (21), (22), and (25) for 
functions ag(x) and a,(x) by an approximate 
solution of the set of equations (18), (19), and (20). 
Actually, however, these expressions are the exact 
solutions of the set (18), (19), and (20) under the 
condition that B =0. Moreover, the function 
F (xX»x,) determined from them with Eq, (17) is an 


(25) 
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exact solution of the integral equation (16) under 
the assumption that W(x,x.) = w(x;)W(X2). (Of 
course, the equality of the coefficients of the first, 
second, third... powers of the difference x, — xX, 
on the right and left hand side of Eq. (16) follow 
from this automatically. We did not consider these 
equalities before. ) 

Both the first and the second statement are 
easily proved by direct verification. Let us prove 
the first statement, for example. To do this it is 
sufficient to verify the following equalities, ob- 
tained from (19) by striking out terms containing 
only the unknown function a(x), and also ag (x) 
and ay’(x): 


* i * i 
2ca, + 2ca, + 55 MF YN 


4 * . if r * 7 
= 559 (0; + 2541) In ——+ 55 Ua — 2W (xx). 


The above becomes obvious if we rewrite it in 
the form 


aA* + a'A = 55, a,0' — 2W (xx) 


and if we recall the relation (25) and that A =0. 

Thus, the function F(x,x;) determined from 
Eqs. (17), (21), (24), and (25) is the exact solution 
of the integral equation (16), where W(x,x,) has 
the form W(x4X2) = w(x) w(X_). If W(x,x2) # 
w(xX;,)w(x,) then the function F(x;x,) obviously 
does not satisfy Eq. (16) itself, but it satisfies an 
equation obtained from (16) by replacing W(x,x2) 
by 

[W (x11) W (x2%2)]". 


Furthermore, insofar as for this value of F (x»x;) 
[Eqs. (17), (21), (24), and (25)] the relative weight, 
of the term W(x,x,) in the right hand side of (16) 
is negligibly small compared to the first term on 
the right hand side of (16) (it is no bigger than 
0.01 for x; = 0.03 and x, = 0.03 if the coupling 
constant is g? = 14.7), the function F(x,x,) found 
by us is an approximate solution of the original in- 
tegral equation (16) itself. In fact, when x, = 0.03 
and x, = 0.03, this function F(x,x;) coincides 
with ag(x.) [when a;,(x_.) =0, F(xX»x;) = a9 (x2) 
is an exact solution of (16) for W(x,x.) = 0], since 
for these values of x, and x, the absolute mag- 
nitude of the term a, (x) (x, — X,.) is not more 
than 0.05 of the absolute magnitude of the quantity 
ao(X2). Thus the approximate solution F(x»x;) 
we obtained for (16) depends weakly on the differ- 
ence xX; — X,, which characterizes the degree of 
removal from the energy surface x, = x9. 
Substituting the value obtained for F(x»x,) into 
(14) and discarding the unimportant term a; (Xq ) 


X (x, — X,), we arrive at the following expression 
for the sought matrix element (1): ‘ 


7 Tse An ay mr Aare ‘ 
(2(q’), S(K’) Qin (ky 4) = Peer In i) 


Recalling Eq. (4), which relates the matrix ele- 
ment (1) to the proton-proton scattering amplitude- 
on the energy surface ky = ko, we readily obtain 
an expression for the scattering cross-section of 
the 1S) wave: 


doc.m= 8-10-°5E4 [1 + x? In? (EmE™)] em? sterad™*. 


Here E is the energy of the incident proton in 
the laboratory system, in Mev, and Ey, is the cut- 
off energy, equal to 5u, in Mev. 

The expression obtained for the scattering cross- 
section depends weakly on the cutoff energy Ey) 
and is in good agreement with experimental data in 
the intermediate energy region from about 0.1 to 
100 Mev. 

The method considered here for solving Eq. (16) | 
does not enable us to determine the dependence of | 

; 


the matrix element (1), and of the scattering cross- 
section, on the coupling constant g*. This is due 
to the fact that in the solution of Eq. (22) 


F=flx, C(el=o7 (x, 8), | 
| 


we determined the integration constant C = C(g?), 
which is an unknown function of g*, by comparison 
with experiment for only one value of g*, namely ' 
gj = 14.7. The dependence of the constant of inte- 1 
gration, and also of the scattering cross-section, 
on the coupling constant g? could in principle be 
determined by comparison with the theory for low 
energies. We shall make here only a few general 
remarks about this dependence. 
Taking it into account that g(x, g) ==) “Lor 

g’-- 0, we expand (x, g”) in powers of (g/g)? 
and single out the first term of the expansion 


9 (x, 8°) = (&/ Zo)? Po (x) + (E/ Bo)* O1 (x, g?), y 


where (x, g*) has a finite limit different from 
zero for g*— 0, and where obviously 


o (x) + 91(%, 92) =e In 7} (rx). 


When g ~@), the most important term in this 
expansion is the second term, since, because of 
smallness of the quantity W(xx) we have (x) 
«K ~1(x, gj). [This last inequality is directly re- 
lated to those estimates which have enabled us to 
substitute Eq. (22) for (23).] 

For small ge, to the contrary, the principal 
term is the first term. For such values of g? the 
scattering cross-section determined by it behaves 
as the fourth power of the coupling constant, g*. 
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A closed set of equations is obtained for the random functions Ngp(t). This set determines 
the number of particles at a given point p, q in phase space at time +t, and the vector and 
scalar potentials A, g. Chains of coupled equations for the moments of the random functions 
have been obtained by averaging from this set of equations. The equations are solved under 
the assumption that the random process in the system is stationary and uniform. Expressions 
are obtained which permit determination of space-time correlation functions of currents, 
densities, and vector potentials from a knowledge of simultaneous (equilibrium) correlation 
functions. Expressions are obtained for correlation functions of “extraneous” random electro- 
magnetic fields and currents. In the absence of space dispersion these expressions become the 
familiar formulae derived by Leontovich and Rytov phenomenologically. An explicit expression 


is obtained for the complex dielectric constant of the medium 


In determining temporal correlation functions of 
random processes or space-time correlation func- 
tions for random fields we can introduce the con- 
cept of “extraneous” random forces or fields for 
which the correlation functions are known. Thus 
Rytov! has investigated fluctuations of the electro- 
magnetic field by introducing extraneous emf’s or 
extraneous fields, for which the correlation func- 
tions are assumed to be known. Similarly, the 
theory of hydrodynamical fluctuations is con- 
structed by introducing “extraneous terms” with 
known correlation functions into the equation of 
motion of a fluid.? 

It is the object of the present paper to obtain a 
closed set of approximate equations for the space- 
time correlation functions of a system of particles 
with electromagnetic interaction. 


A similar problem for a classical system of 
particles with Coulomb interaction was considered 
by Tolmachev,* who used Bogoliubov’s method to 
obtain a chain of equations for nonsimultaneous 
correlation functions. Through an approximate — 
solution of this chain of equations Tolmachev‘ ob- 
tained an expression which relates the space-time 
correlation function of a system of charged parti- 
cles with Coulomb interaction to the correlation 
function for T =0. 

In his investigation? of the spectra of elemen- 
tary excitations in a system of centrally-interact- 
ing particles, the present author used the follow- 
ing equation for the random function: 

N 
Negp (t) = D)3(q—4:) 8 (p— Pi), 


t=] 
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which defines the number of particles in the phase 
space region dqdp around the point q, p at time 
t. For the random function Ngp(t) there exists 
a multidimensional distribution function F(... 
Nap ---> t) for the probabilities of different val- 
ues of Ngp. The quantum analog of Ngp(t) is 


NiQ) (t) = (2ny* ( ¥4(q —3/s Bt) ¥(q + "a3) e-"de, 


in which % and W are quantized wave functions 
which satisfy the familiar commutation relations. 


In Ref. 6 the equations for Ngp (t) and N@b (t) 


were used to obtain chains of equations for nonsi- 
multaneous distribution functions for systems of 
centrally-interacting particles. In the present 
paper the same method is used to investigate space- 
time correlation functions for a classical system 
of particles with electromagnetic interaction. 

1. The Hamiltonian function of a classical sys- 
tem of N charged particles can be represented 
as follows: 


eN N 
# => 1(P—L aca) +e De@+ 
=a \ (E+ H)dq, 


aA 
of 


1 
+ 4, \Egrad edq+ (1) 


H = curl A, E =—gradg—— divA= 0. 
Here a Coulomb calibration has been used, by which 
the Coulomb interaction between particles can be 
distinguished immediately. It is assumed that 
electron charges are compensated by uniformly 
distributed positive ion charges. 

If the vector potential is regarded as the field 
coordinate and the quantity 


N= — E/4nc = A/4xc? + grad 9/4xc 


as the field momentum, one can introduce a distri- 
bution function 


jC Pee Al(q) soc. 1(g) at), 


for the probabilities of different values of the co- 
ordinates and momenta of both the particles and the 
field. The equation for f can be obtained by means 
of a Hamiltonian equation corresponding to the 
Hamiltonian (1). The equilibrium solution of this 
equation is the Gibbs distribution. 

The equation for f could be used to determine 
the space-time correlation functions. In the pres- 
ent work, however, we shall use a different method 
which is essentially as follows. We introduce the 
random function 


-Gn; PeePnaee 


N 


Ne (t) = D8 (a—G))3(P—P)), 


i=1 
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which defines the number of particles in the phase- 
space region dqdP around the point q, P at time 
t. By means of this definition we represent the 
Hamiltonian (1) in the equivalent form 


# =\5-(P—<A(q) ) NapdaaP +e \ ¢ (q)NgpdadP 


4 4 
+ po \ Bgrad pdq + ¢—\ (E? + HY) dq. 


(2) 


The positively charged ionic background can be 
taken into account explicitly if | Nap dP is:res 
placed by | NapaP —n,, where n, is the num- 


ber of ions per unit volume. 

Using the Hamiltonian (2), we obtain Hamilton’s 
equations for the particles and variables which 
characterize the field: 


: 0 S96 e 
d= aan. =(P— ZA im (3) 
i a) Oat 
Bega 
0 e? anes ‘lin © e 2 
~ $9 \ ana Naw da —se3q( PA) , (4) 
A=tH [AM = 4nc2M —cgrado, (5) 
9 
2 3H | e e 
= —3p = GAA+S\(P—ZA)MpaP, (6) 
Ag = —4ne | NapdP, divA =0. (7) 


From Eqs. (4) and (5) and the continuity condition 
we derive an equation for the random function 


ON 1 ON op 
qP 
Ot a aeae ait. jest 
Eo) 4 Oe. , , ON gp 
—q \ija—a1 Napdq’dP’ (8) 
1 


=); 


(6) e ae 
an en aP 


In (5) ~ (8) we have a closed set of equations for 
the random functions Ngp and A, I, g. 

It will be convenient hereinafter to use, instead 
of the canonical variables q, P, the variables 
q, p= P-—eA/c and the field variables A, A 
= 4re*Il — cgrad gy. Then NgpdqdP becomes 
Ngpdqdp, where Nqp(t) is the number of par- 
ticles in a region dqdp around a point Gs, ‘prrot 
phase space at time t. After the transformation, 
Eqs. (5) —(8) become 


ON, p ON r) cae 
ep q? 2 e 
al m oq =| aG ee “px H} iP —(; 
(9) 
1 OPA eG) @ yi 
AA — ae = por tad 9 — S|’ Nagi’: (10) 


‘4 
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Ag = —4ne| Nap dp, divA =0. (11) 
The Hamiltonian function (2) in these variables 
has the simple form 


2 
He =| om Nap dp dq + ¢ (e (4) Nanda dp — \(grad 9)? dq 


+-\{(F ay + (curl A)*} dq. 


Equations (9) —(11) correspond in external form 
to the set of self-consistent equations for the par- 
ticle distribution function and electric and mag- 
Boe field strengths which was considered by Vla- 
sov’ and a number of other authors. Unlike the set 
of self-consistent equations, (9)—( 1i) are given 
for the random functions Ngp (t), A, A and in 
this case for a total description it is also neces- 
sary to know the distribution function 


PGMER ent) oe AL Sc Al) 


(12) 


This procedure permits us to obtain from (9) — 
(11) a system of chains of equations for functions 
which determine average values of different com- 
binations of Nqp(t) and A(q,t) at different 
points of space and at different times. For this 
purpose, (9)—(11) must be averaged by means 
of F after they are multiplied by Nq’p’( tayi 

A( q; ti ) or their combination. The first two 
equations of the chains are obtained by direct av- 
eraging of (9)—(11). Using a bar to denote av- 
eraging by means of F, we obtain 


oN aN a e ON 
a> , P ap Ren Are aie ae 
ot m oq oa \ Tara Naor ep op 
e OA e Nap _ 13 
a eC OF aA H) Op a ey 
- 102A LG e 
AA DE mer EY grad | raza Nqp dq’ dp 
4 iv 
—=\p Ngpdp (14) 


In Eq. (13) the scalar potential gy was eliminated 
by means of (11). 

Averages of the products of random functions 
are called moments; therefore (13) and (14) are 
the first and second moments of Ngp (t) and 


A(q, t). 
Keeping in mind the relations 


Nap (t) az Nhi (q; Pp, L), 
Naa (t) Nap'(t) are N(N == 1) fe (q; p, q’; Pp’, t) 
+ Nf, (q, p, t)8(q—4’) 5 (p—P’), 


where f, and f, are the first and second distribu- 
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tion functions, it follows from (13) and (14) that 
self-consistent equations for the distribution func- 
tion f; andthe electric and magnetic field strengths 
are obtained only when correlation effects can be 
neglected. 

All second moments can be expressed in terms 
of the following three second moments: 


M® = Nap). Neel); So = 


Axe = Ax (q, #) Ag (q's #1); 


Nap (t) Ax (q’; €'); 


ane Sho ueaainey 


‘The equation for M() which is obtained by using 


Eq. (9) for Ngp (t) is the following: 


Mm) 
0q 


aM) 
at 


PL 
m 


eet tn ae (3) ti t t d gl ” 
5 \ i 5M (q, pt, q’,p’, t’, q’, p’, t) dq” dp 


+(LE+2PxH) Np (()- 2" = 0, (18) 
Equations for s@) and A() are easily obtained 
in a similar manner. Equation (16) and the cor- 
responding equations for s@ and Ae, relate the 
second and third moments. This chain can be ex- 
tended. In order to obtain an approximately closed 
set of equations, say for the second moments, the 
third moments in (16) and in the corresponding 
equations for s@ and Al) must be expressed in 
terms of second and first moments. 

2. In the present paper we shall consider the 
case of a system of particles with electromagnetic 
interaction in which a stationary, uniform, random 
process occurs (see the review articles by Iag- 
lom® and Obukhov’). Here the second moments 
A) , and the moments s(?) and M®)  inte- 
grated over the momenta, depend only on the ab- 
solute values of the time difference T = It ett | 
and the coordinate difference r =|q—q |. In this 
case we also have Ngp(t) =Np, i.e., the average 
particle distribution is unchanged in time and ho- 
mogeneous in space, and E =H=A =0. Deviation 
of the number of particles from the average value 
is denoted by 6Ngp(t). 


Since E=H=A=0 the 
deviations from the average values of these func- 
tions coincide with the functions themselves. 

The averages of the products of deviations from 
average values will, as usual, be called central 
moments. The subsequent solution will be obtained 
in the approximation where it is possible to neglect 
third central moments in an equation for second 
central moments. 

For the purpose of deriving equations for sec- 
ond central moments in the present approximation 
we first obtain from (9) —(11) the equations for 
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the deviations of dNap (t) and A from their mean values: | 


asN asN a oa, SK TON | es OAco le (17) 
q> p CEM wee ea i pice (0). 
dl m  0q 0q \ |q—q'| bNap" dq’ dp Op mc Ot Op 
4 OPA 1 6) e? , , 4re rd , 18) 
AA 2 OP od = OL grad | "7 Na» dg dp —=\p ON gp: dp’. ( 
In (17) and (18) terms containing products of the equations ve 
deviations 6Ngp and A were omitted because aan) 5 aBN® . eos aN, 
these terms in the equations for second central ee dhe va ia \ rena oNq'p: dq’ dp aa 0, 
moments give third central moments, which we are (20) 
neglecting in the present approximation. The term (n) (r) a 
= ; — a3N asN e dA ON 
ae x H]ONp/dp vanishes because Np = a +a Ean ao ie ==0} Pe 
(p*). 
1 oA 4 r dre a 
Three random functions will be of the greatest AA a iE ahaa = | pBNgp hte he 


importance for what follows. These are ng(t) = 
[Nap dp —the number of particles at a given point 
of three-dimensional space at a given time, j(q,t) 
x (e/m)| pNap dp —the current, and A(q,t) — 


the vector potential. These random functions form 
one scalar and two vector fields, all of which are 
stationary, uniform, and isotropic. 

In virtue of the condition div A=0 the vector 
field A is purely rotational. The vector field of 
the currents can also be divided into potential and 
rotational parts: j = j(P) + j("). 

According to a theorem proved by Obukhov’ the 
correlation functions of the vector field can be rep- 
resented as the sum of potential and rotational 
components. Moreover, 


Ng (t) i) (q', t’) = 0, 
i.e., uniform and isotropic scalar and rotational 
vector fields are not correlated. Finally, 


Aj?) = j® j@ = graa ng-j") = gradn,g-A = 0, 


i.e., homogeneous and isotropic rotational and po- 
tential vector fields are not correlated. 

It follows that in (18) there can remain only the 
rotational component of the vector on the right-hand 
side, i.e., 

Ane WI aP A ere: ie. 


c? OF c 


(19) 


Equations (17) and (19) will be the basis of our 
further study. 

Before proceding from (17) and (19) to the 
equations for second moments, we shall divide the 
former into two parts such that one part defines 
the potential part of the vector moments and the 
other defines the rotational part. We assume that 
the random function 5Ngp(t) can be divided into 


two parts: SNgp = NSD on? which satisfy the 
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The Hamiltonian function is changed accordingly. 

Thus in the variables q, p, A, A the expression 
for the departure of the Hamiltonian function from 
its average value is 


8H =\F- (ONG? + BN Gp) da dp 


4 2 9 9 \7(P) , , : 
+ eal éNG éNap dq dp dq dp os || 


er | (+ S) -+-(curl A)?| dq. 


(22) 


The foregoing partition of the initial equations is _ 
somewhat analogous to the partition of the set of i 
self-consistent equations for the distribution func- 
tion f, and the electric and magnetic fields into 
rotational and longitudinal parts, as was done by 
Vlasov in Ref. 7 and elsewhere. 

In the present case this partition is justified by 
the fact that the second moments calculated by 
means of the random function on + dNgp sep- 
arate into the sum of uncorrelated potential and 
rotational components. 

We have, for example, 


Big (2) Big (7) = Bn (E) Bn (77) 


+ Bn) (é) BnB)(H) + 2A) Ba) (FI. 


Let us consider the last term. In virtue of the 
stationary, uniform, and isotropic conditions we 
have 


dni) (t) oni) (t’) = IT (c, r). 
Using the continuity equations 


Oh rey thee Om. 
ay 8n®) + divj®) =0, divj™ = 0, op Ou) =0, 


we obtain 9II(T, r)/89t =0 and thus I(T, r) = 
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11(0, r). But from (22) it follows that I1(0, r) 
= 0, so that the term in question really vanishes. 

The separation of the correlation function for 
currents into rotational and potential components 
follows directly from Obukhov’s theorem. The 
same holds true for j(q, t)A(q, t ). 


Let us now consider the correlation of the sca- 
lar and vector fields: 


Brg (t) i(q t’) 


= §n®) 7®) (4) 7) + 8n) 7® + in 7@ 
ne j + ong j + no j + ony j®. 


The third term vanishes because the uniform and 
isotropic scalar and rotational vector fields are 
not correlated. The last term in this case can be 
represented by 


bn) JP (q’, f’) = B(x, r) x./r. 


Using the continuity equations, we obtain 
diva 8n{*) (t) j@) (t’) = 0 


Consequently, 


jg (Bta/t) = = + B= 0, 

whence it follows that B=C/r’, where C isa 
constant of integration. From the boundary con- 
dition of the correlation function at zero C =0 
and B=0. 

38. We now obtain the equations for second mo- 
ments and investigate the solutions of these equa- 
tions. 

Equation (20) agrees with the corresponding 
equation in Ref. 6, where equations for the corre- 
lation functions of a centrally-interacting particle 
system were considered. Multiplying (20) by 
5Ng’p' (t’ ) and averaging, we obtain an equation 
for M(r,T, p, p ). The superscript “p” can be 
omitted here. 


p oM 
ote “0q 
2) 2) ", p’) dq’ dp’ S® = 0. (23) 
5 \ a Ma q’, *, p”, p’) dq” dp 


Expanding M ina Fourier integral with respect 
to r, and using a Laplace transform with respect 
to T, we have 


M= aati . 7 \\ Mus (p, p’) es ikt ds dk 


after which, when the solution is found by Landau’s. 


method in Ref. 10, we arrive at the following ex- 
pression: 
\ Mer, «, q, p’) dpdp’ = M («, r) 
M, (0, p) 
ee byl \ s—ikp/m 
(Qn) 4 \ ( TEE ( ik ON 7 OP 
4 + —— \— = @f 
k2 Js—ikp/m 


(24) 


est—ik sdk. (25) 


Equation (25) agrees with Tolmachev’s solution.! 
The solution of (25) expresses: M(T, r) in terms 
of the correlation function for T = 0: 


g(r) =M(0, r)/n2—8(r)/n n= \ Vp ap. 


An expression for this function is known in some 
cases, 


We now consider Eqs. (21) for BNGp (t) and 


A. Multiplying both equations by any y(t) and 


averaging, we obtain for the fanctionss 
M = INQ D INGLE), 8 = Wey PAD 


the closed set of equations 


eM) p am") e 9s) ON, 

Sica! mi, Satie; iEGaaiaL, ee 
(8) 4 azs(t) 4n e rag(®) 

AS es gat peas sages ee Gamer ee 


When in these equations we represent M(‘) and 
g(r) by Fourier integrals with respect to the co- 
ordinates and perform a Laplace transformation 
with respect to time [see Eq. (24)], we obtain the 
following equations for the transformation ampli- 
tudes: 


. kp r 
(s— i?) ME (0. Pp) — 5, 90 0) 


oN , 
= Mf (0, p, p’) — Sk, p’) =+, (28) 


(Gr + #) SE (P) = ame Me (p’.p") dp” 
+800, p)+a(Fs py). (29) 


(r) 


Eliminating Ske (P ) in these equations, we obtain 


ik Are® ” r f ” , ON 
(s—"2)m Mi2 (D. B!) — reer cneay \P” MA (P', p”) dp" 
30 
= Mx (0, Pp, p’) ( ) 


oN 
S$ (, pt) — oes (© py} SP. 


e 
ar me (s?-+- c®k?) (s5 


We now divide (30) by s — ikp/m, multiply by 
pp’ and integrate over p, p. We direct the vec- 
{p m")(p", p )dp’ along the y axis. 


divergence of the vector we have 


For the 


dive |p’ M” (q’, q’, p’, p’) dp’ — 0, 


since divg j@)(q, t) = Therefore 
Kk {p m2 (p", p )dp’=0 and, consequently, the 


vector k can be directed along the x axis. Then 
the integral of the second term in the left-hand 
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side of (30) can be represented as 


py P’ (p"p) My’) (p’, P”) 
j= ikp, | m 


4re*s oar ? y 
N,dpdp' dp”. (31 
m2 (s2 + c®k?) \ Thaker Ca (31) 


In (31) the integrals which contain the products 
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the notation 


( pp’ ML? (p, p’)dp do’ = GU, DIE) 


PxPx and pzpz vanish since Np =f (p”). Using we obtain - 
pp’) (0; p, p’) 7 e/mc h ON , 0 (r) 1) p2p2 (r) , dodp’ 
ye SE 3 dp'-+ = \(pp') ap \sx Sio"(t.p’)—C?R?S. (ct, aes pdp (32) 
GF J)us = = : 
Ames \ Py» dp 
' m2 (s? + ck?) xT ) s—ikp,/m 
From (32) we obtain an expression for the cur- where rq is the Debye radius. 
rent correlation function: The corresponding formulas for (35) when 
w/k >> VKT/m are 
: A SaT, i ape ee 33) F 
FCG, DIP.) = ez \\ (I 1)ne er ds dk. ( | mo} 
ue wt = of + c8ks on = ae (Np,)oy = oy /h (36) 


This relation expresses the space-time correla- 
tion function for currents in terms of simultane- 
ous correlation functions. 

From a comparison of (25) and (33) it follows 
that the space-time density correlation function is 
largely determined by the form of the expression 


(34) 


gee ee / Op 


s—ikp/m~*’ 


which is the dielectric constant of a medium in 
which random longitudinal oscillations are occur- 
ring. When (34) is equated to zero we obtain the 
dispersion equation which was investigated by 
Vlasov’ and Landau.!? 

From (33) it follows that the space-time cor- 
relation function for eddy currents is determined 
by 
py Ny 
s—ikp, /m 


2 

1+ (s? + Seyi xT \ dp. (35) 
It will follow subsequently that (35) is associated 

with the dielectric constant of a medium in which 

random transverse oscillations are taking place.* 
When this expression is equated to zero we obtain 
the dispersion equation for transverse oscillations 
which was considered by Vlasov.’ 

By setting the real part of (34) equal to zero 
we obtain the frequency of longitudinal random 
oscillations. For example, for long waves the fre- 
quency and decrement o, of random longitudinal 
oscillations are given by the formulas?!® 


2 p2 ~ 7 = ir? ,/2 
ot ab 439k. =r VF brs ol 


*Expressions for the dielectric constant of a plasma, based 
on equations involving a self-consistent field, were studied by 
Gertsenshtein."* 


It will become clear from what follows that the 
magnitude of o, is associated with the imagi- 
nary part of the dielectric constant for transverse 
oscillations. Since Np, =0 for px > mc it fol- 
lows from (36) that o, =0 when w /k >, i.e., 
the damping vanishes for waves whose phase ve- 
locity is greater than the speed of light. These 
waves cannot be excited by thermal motion and 
thus do no contribute to thermal fluctuations. This 
fact limits the wavelengths of random transverse 
oscillations. For example, oscillations with the 
frequency w,_ # wy, which contribute to thermal 
oscillations can have only wave numbers for which 
k = w/c = 1/5, where 6 = (me2/4ne%n)!/2, 
These results can be obtained in a more consist- 
ent manner by using the relativistic equation for 
Nap (t). 

4. In this section we shall derive expressions 
for the space-time correlation function of the vec- 
tor potentials A(r, T) =A(q,, t’)A(q,t), by 
means of which we can obtain correlation functions 
for the electric and magnetic field strengths. We 
shall then establish the correspondence of these 
results with the expressions for the correlation 
functions of extraneous currents and electric and 
magnetic fields that were obtained phenomenolog- 
ically by Leontovich and Rytov.!2?! Multiplying 
(21) by A(q’, t’), averaging, expanding into a 
Fourier integral with respect to r, and taking 
the Laplace transform with respect to T, we ob- 
tain for the functions 


Sis(p) =] VA CQ, HANG Det dedr, Aye, 
0 


the following equations 
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ikp 2 
(s— TP sce (p) — SS Ans SP = Sy (2 = 0, p) — 


AT 


mae (AG, UYAL (G, hu, eno GE (37) 
(42 + - or) Ars = “xe ( pSks (P) dp + -S,- Ax (x = 0) 
ie a (G5 CVA, tu, ep. (38) 


If Skg(p) is eliminated from these equations and 
we perform transformations similar to those em- 
ployed in deriving (32), we obtain the following 
equation for Ax: 
2 Np? 
le a = (1 4. feet RA A 


2 
sm?xT ) s—ikp,/m 


1 7 AON ) 
=—@(A(Q, 1) A (Gd f))x, eo 


s 4re? N py 
4 (14 \ a? Beker 0) 


sm?>xT 


+ we | PSs dp. (39) 


mc Js—ikp/m 
When the left-hand side of (39) is equated to the 


corresponding part of the equation for a medium of 
dielectric constant € we obtain 


(40) 


N 
Eks = 1 + ise \ A P dp. 


sm’xT )s—ikp,/m 
Equation (39) can then be written as 


5 6 Gn PS; (P) 
te) ag = Ay (« = 0) + — : = \ jee P 


+S (AC LAG Ak, =0- (41) 


This enables us to obtain 


A(x, r)=A(q. f)AQ, ft) = Tar \\ Aue iktdsdk. (42) 
Equations (41) and (42) express in general form 
the space-time function of the vector potentials by 
means of equilibrium correlation functions (corre- 
lation functions for T= 0). 

We now turn to the comparison of (41) and (42) 
with the corresponding expressions which were ob- 
tained phenomenologically by Rytov (see also the 
book of Landau and Lifshitz'’), and ascertain under 
what conditions is it possible to derive the expres- 
sions given by the latter for the correlation func- 
tions of extraneous random electric and magnetic 
fields. 

We first take it into account that the dielectric 
constant is a complex quantity: €kg = = Ekg + lepes 
It follows from (40) that 


2 
i, 


P 
Shay = Il 


©, aa a 
Spar OF PSV Gs she = 2/0 
| (43) 


Ekw and €k,) depend generally on both w and k, 
i.e., both temporal and spatial dispersion occur. 
The space-time correlation function diminishes 
quite rapidly with increasing t and r, so that 
instead of a Laplace transformation it is possible 
to use the one-sided Fourier transformation. The 
coefficients of the expansion determine the energy 
distribution of the thermal oscillations with respect 
to frequencies and wave numbers. In (41) we now 
replace s by iw [as was done in deriving (43)] 
and assume AA =0, pS(7T=0,r, p) =0. Then 
(41) can be written as 


(Ck? — OKEke) Ako = 12k0Ax (t =0). (44) 


From a comparison of (44) with the correspond- 
ing equation in Rytov’s paper! we conclude that the 
right-hand side of this equation represents the co- 
efficients in the Fourier integral for the space-time 
correlation function of the extraneous electric in- 
duction D. Separating the real part, we obtain 


Que, 
—~ Ax (t = 0). 


DyaDio cams (45) 


When the spatial dispersion can be neglected, 

(45) becomes 
ere a ery 

Do Dyo = 8% —— x T. (45’) 
We have considered that in this case A, (T = 0) 
= 4nkKT/w*. From (45’) we obtain 

Da(a)Da(a)/8« = “x78 (q—4)). (46) 
Equations (46) and (45) agree with the correspond- 
ing equations of Rytov. 

From the comparison of these results we see 
that the microscopic approach permits us to ob- 
tain an explicit expression for the dielectric con- 
stant and to derive more general relations which 
are also valid when spatial dispersion is present. 

By a similar comparison in a quasi-stationary 
approximation we obtain an expression for the space- 
time spectral function of extraneous currents: 

(jkodko)extr = 20k iA (t = 0) / (4)*. (47) 

When spatial dispersion can be neglected we 

obtain from (47) 


(JoxJore xtr= 20024*T / 4x, (48) 


(jo (9) Jo (4')) exte = 208 (q — Q'). 
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Here €’ =4n0/w and o is the conductivity. 
Equation (48) agrees with the expression obtained 
by Leontovich and Rytov.!2 

We note once more that by the present method 
there is no need to introduce the concepts of “ex- 
traneous” random currents and fields, since all 
space-time correlation functions can be expressed 
in terms of simultaneous correlation functions. 
The correlation functions of extraneous currents 
and fields in the phenomenological theory are 
equivalent to approximate simultaneous correla- 
tion functions. 

Using (9) —(11) for the random functions 
ONgp (t), A, and g, we can also obtain equations 
for the equilibrium correlation functions. In the 
approximation where third central moments are 
dropped, the equations for simultaneous correla- 
tion functions can be obtained from (20) and (21). 
Thus, for example, the equation for the correlation 
function M(P)(r, 0, p, p) in the present approxi- 
mation is obtained from (20) in the form 


p’ am’) 
“m dq’ 


p am) 


m oq 


aN 


ce Me) " , , ” d of u" Ny 
oe eee (q"— q's PP’) dq’ dp" - (49) 


, 


e? oN 
eS (p) (gee " u ” Ditesh 
| gar MO (a" — a, p. p") da" dp’ SP" = 0. 


This equation agrees with the corresponding equa- 
tion obtained in Bogoliubov’s book by expansion 
with respect to a plasma parameter. The corre- 
lation function which is obtained from the solution 
of (49) agrees with the Debye correlation function. 

By means of (21) or the corresponding equa- 
tions in the variables q, P, we can obtain equa- 
tions for the equilibrium correlation functions of 
the rotational fields which have been considered. 
This is an independent problem and will be con- 
sidered separately. 

In conclusion we shall make two additional com- 
ments. Vector fields are characterized by a cor- 
relation tensor. For homogeneous and isotropic 
‘fields the correlation tensor is entirely determined 
by two scalar functions. We have obtained above 
expressions for the diagonal element sums of cor- 
relation tensors for the current and the vector po- 
tential. The diagonal element sum of a correlation 
tensor is expressed in terms of the two scalar 
functions which determine the tensor. A second 
equation that relates these functions is the Karman 
condition for random rotational fields. These for- 
mulas thus enable us to obtain the correlation ten- 
sor. 

The solution that has been given above is valid 
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whenever third central moments can be neglected. 
This is a poor approximation when collisions be- 
tween particles of the system play an important 
part. However, the applicability of the foregoing 
formulas can be extended considerably if collisions 
are taken into account by introducing into the right- 
hand side of (20) and of the first equation in (21) — 
the terms 


— vsN®) (2), — v8) (2), 


in which v is the frequency of the collisions. In 
this approximation all of the formulas derived 
above remain valid when s — ikp/m is replaced 
by s+v-—ikp/m. For example, the expression 
for the dielectric constant becomes 
Hyp 
Se Hed i m 


. 4me2 
&xs = 1 + 


sm2xT 


dp. 


The method which has been described can be ap- 
plied to the study of a quantized system of parti- 
cles with electromagnetic interaction and for a 
system of electrons interacting with lattice vibra- 
tions. It is thus possible, in particular, to obtain 
corresponding microscopic expressions for the 
relations of Callen and Welton. 
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Stability against small perturbations of the discontinuity surface is investigated for shock 
waves in an arbitrary medium, described by relativistic equations for an ideal fluid.* 


1. INTRODUCTION 


Sir concept of an ideal fluid is applicable in two 
limiting cases of relativistic hydrodynamics: at 


sufficiently low temperatures, when the mean num- 


ber of produced pairs is much smaller than the 
number of virtual particles, and in the ultra-rela- 
tivistic case of super-high temperatures, when the 


mean number of pairs is much larger than the num- 


ber of virtual particles. In fact, it follows from 


the equationst 
OT; /Ox*=0, Tin = Wutyty + PRin (1.1) 


that the entropy flux density satisfies the equation 


i i 
= = = mae ci = cui, ni = nul, (1.2) 
x x 


In the first case, which we shall call relativ- 
istic, the equation of continuity holds for the num- 
ber of particles in zero approximation of the ratio 
of the mean number of pairs to the number of par- 
ticles 


On! / ox! = 0. (1.3) 


In the ultra-relativistic limit the chemical po- 
tential is equal to zero in zeroth approximation of 


the ratio of virtual particles to the number of pairs: 


*In classical hydrodynamics this problem was solved by 
D’iakov.* 

tOur notation follows Ch. XV of the pook by Landau and 
Lifshitz.” 


p= 0, (1.4) 
In both limiting cases (and only then), the en- 
tropy is conserved: 


Osi / Oxi = 0. (1.5) 


It should be noted that, as shown by Khalatni- 
kov,? it is possible to obtain the equations for the 
ultra-relativistic case, (1.1) and (1.5) from Eqs. 
(1.1) and (1.3) of the relativistic case by a simple 
substitution: 

w—>To, VG; (1.6) 


and putting p = 0.* We shall make use of this re- 
sult later. 


*Thermodynamical relations necessary for the complete- 
ness of the system (with exception of the equation of state) 
remain valid after the substitution (1.6), in view of Eq. (1.4): 
if = 0, n does not enter into the thermodynamical identities, 
and w= To. The equations for the ultra-relativistic case can 
therefore be obtained at any stage from the relativistic equa- 
tions if one does not use the equation of state explicitly. If 
the boundary conditions are obtained directly from the equa- 
tions, or if there is no condition imposed on n at the bound- 
ary, then the above procedure permits us to obtain the corre- 
sponding solution for the ultra-relativistic case from the so- 
lution of the boundary problem. 

If we note that conditions at hydrodynamic discontinuities 
do not follow from equations of the ideal fluid, but represent 
additional physical requirements (following from the equations 
with dissipation), it becomes clear that the substitution (1.6) 
is applicable to tangential and is inapplicable to normal dis- 
continuities, since n enters the boundary conditions for the 


latter. 
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It should also be noted that considerations of 
stability of shock waves against motion of the sur- 
fact of discontinuity as a whole, which lead to the 
following inequalities in the non-relativistic case: 


hss Ge (1.7) 
are fully valid in relativistic hydrodynamics. Here 
v and v denote the component normal to the sur- 
face of discontinuity of the three-dimensional hy- 
drodynamical velocity in the system where the dis- 
continuity is at rest, while s and s_ is the veloc- 
ity of sound in the eigen-system; the bar denotes 
values in the part of the medium before the on- 
coming shock wave. 

In fact, according to Einstein’s formula, we 
have for the velocity of the disturbance in the sys- 
tem where the discontinuity is at rest, 


(o+s)/(1+vs), (0+58)/(1 + 9s). 


The sign of the above expressions is determined 
by the numerator only, i.e., the choice of the sign 
determining the possibility or impossibility of 
propagation of the disturbance from the surface of 
discontinuity leads to the same inequalities as ob- 
tained from the Galileo transformation. It is nec- 
essary for the sake of stability that the number of 
parameters describing the perturbation should not 
exceed the number of equations. The inequalities 
(1.7) lead to such a minimum number of param- 
eters both in the non-relativistic? and relativistic 
and ultra-relativistic cases. It should be noted 
that, although the number of equations in the ultra- 
relativistic case is smaller by one, the number of 
parameters decreases also by the same amount 
since there are no separate sound and entropy dis- 
turbances. 


DISS 


2. VARIATIONAL EQUATIONS OF MOTION 


According to (1.7), the motion of a shock wave 
should be supersonic in the part of the medium 
into which it enters, and subsonic in the region 
left behind. This means that disturbances of the 
surface of discontinuity will influence only the flow 
behind the wave. Let us choose the axis y = xX» 
in the direction of the normal to the surface of dis- 
continuity, aligned with the hydrodynamical veloc- 
ity v, and the axis x =x, in the direction of the 
wave vector k, of the disturbance, which will be 
specified as a traveling wave of small amplitude 
nN: 


Y= expt (Rix™ = RX"). (2.1) 


Variation 5A of an arbitrary variable A be- 
hind the shock wave will be of the form of a trav- 
eling wave with wave vectors ky, and k, and fre- 


quency Ko 


8A ~exp(ikix!), 00A/0x1 = ik,bA. 


Next we shall write linearized equations for the 
amplitudes: 


RApTi =0; 87) = su! + wou! + wujdu', (2.2) 


—_ 


kbnt=0; dn! = Sanu! + nou!. (2.3) 


Multiplying Eq. (2.2) by ul, and making use of 
Eq. (2.3) and of the thermodynamical identity 


d-& =Tdt + — dp, (2.4) 


we obtain easily 


kus —- = 0. (2.5) 
It is convenient to transform Eq. (2.2) into 
ku! {uj5p + wou;}+ kip =0. (2.6) 


It can be seen from Eq. (2.5) that there are two 
types of solutions. The first represents turbulent 
entropy waves carried by the liquid current 


RMut = 0. (2.7) 


It follows immediately from (2.3) and (2.6) that 


PY sum! — 0, 6p) = 0, (2.8) 


The second type of solutions (disturbances of 
the sound-wave type) is 


aie: 208 (2.9) 
Omitting the superscripts in k;?) and 6p®), we 
have 
l 
Pl ney ee 
OU a p Pee (2.10) 
Multiplying Eq. (2.6) by k; we obtain an equa- 

tion for k@ 


(Awut)? (1 —s?) + kk! = 0. (2519) 


In the ultra-relativistic case, all relations are 
obtained from the above through the substitution 
(1.6). The solutions of the first type represent 
turbulent waves. In Eq. (2.11), s denotes the ve- 
locity of sound: s~* = (8e/ap Yo/n: 


3. BOUNDARY CONDITIONS AT THE SURFACE 
OF DISCONTINUITY 


The continuity condition 


[Ej 0. Jt =) oc: (3.1) 


is satisfied at a normal discontinuity. The prime 
denotes a system of coordinates in which the dis- 
turbed discontinuity is at rest, f is the normal, 


eS ee rm 


ee 
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and + the tangent to the surface of discontinuity. 
In addition, we have in the relativistic case the 
following condition: 


[24] = 0. (3.2) 


The Rankine-Hugoniot equation, relating the 
thermodynamical variables at the discontinuity, 
is a consequence of Eqs. (3.1) and (3.2). It fol- 
lows from the equation of state and the Rankine- 
Hugoniot equation that only one thermodynamical 
variable is independent at the discontinuity (we 
shall choose the pressure p). It should be noted 
that we deal with variables on one side of the sur- 
face of discontinuity only — behind the shock wave. 

In the ultra-relativistic case it is clear from 
thermodynamical identities that there is only one 
independent thermodynamical variable at all. In 
both cases, therefore, we have at the discontinuity 


dW = gdp, (3.3) 
where, in the relativistic case 
9 =(0w/Op)n - (3.4) 
is the derivative along the Hugoniot adiabatic. In 


ultra-relativistic case, when there is no Hugoniot 
equation, but p = 0, 


q =dw/dp. (3.5) 


The system (3.1) and (3.3) is the complete sys- 
tem of boundary conditions at the perturbed dis- 
continuity in linear approximation for both limit- 
ing cases. 

We shall write down certain relations at the 

discontinuity, omitting the primes. From Eq. 
(3.1) we have 
[wuz] = —[p], 


It follows that the discontinuities of the compo- 
nents of the three-dimensional velocity are: 


[wujue]=0, [wus] = 0. (3-6) 


[ur / Uy] =0, [uf/U] = —[p]/ wus. (3.7) 
Furthermore, 
we [ol] —Ipl. 
[wuz] = “we [wus], [wus] = A SES (3.8) 


[=] a ipl, (wud) = “<= (p]; (3.9) 


af sey i 
[e] = [w] — [p] = (: = =| ie [p]. (3.10) 
The last relation yields for u, = 9 
[el / [9] = Uolto | upuy. (3.11) 


All the above relations are valid for the ultra- 
relativistic case as well. Making use of Eq. (3.2), 
ug =jV, where V = 1/n and [j] =0, we obtain 


Seip ieoyrl: (3.12) 
Since, according to (3.6) we have 
[w2uFur) = [wuyu5] = 0, 
then it follows that 
P= — [wV?] / [wV41. (3.13) 


Eliminating j? from Eqs. (3.12) and (3.13), we ob- 
tain the Rankine-Hugoniot equation:4 


[p] = [w°V*] / (WV? + wV?). (3.14) 
4, DERIVATION OF THE CHARACTERISTIC 
EQUATION 


In order to write down the perturbed boundary 
conditions it is necessary to carry out a transfor- 
mation from the system (I) in which the unper- 
turbed discontinuity surface is at rest, to the sys- 
tem (II) where the normal velocity of the per- 
turbed discontinuity vanishes. The Lorentz for- 
mulae of transformation to the moving (primed) 
system (the motion along the i-axis with a 4-ve- 
locity ul) are: 

A; = U°A, + UIAy, Ap =U°A,+U'An (4,1) 
where there is no summation over double indices. 

From the equation of the perturbed surface (2.1) 
we find the normal f,(-—ikn, 1, 0) and the tan- 


gent Tg (1, ikn, 0), k=k,. The velocity of the 


surface of discontinuity in (I) is 
Dy = tee G ele (4.2) 


The perturbed hydrodynamical velocities in (I) 
are 
Uyxl- Sly: tbe, “Uo tedley Utty Oty ata iG) 

We next project on the directions of f and T: 

Dy =ikgn; Dzr=0; up=uyt buy; Uy = Uy; 
Bg sat) pres ad Se Trp main) eco 

By means of Eq. (4.1) we go over to system (IZ), 
assuming that Uj = Dg = ikon: 


' ' v sy : 
Up = Uy + duly + thoy, Uz = Oy + ikyUy, 


Uy = Uy + By + ikyYlly, (4.4) 
Up = Uy+ iRpttlo, U, = iktUy, Up = Uy + ikoylly. 
It follows from uu! = —1 that 
Uy y = Ugdtly. (4.5) 


We shall denote by ~ the perturbed variables 
p=ptip, p=p. (4.6) 


~ 


w-w+stw, w= 2, 
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Boundary conditions (3.1) become then 

[ouz] = —[p], [wujwi]=0, [wuyuo] = 0, 
substituting Eqs. (4.4) — (4.6) into the above and 
eliminating 7, we find 

pete Coie 

2upwu', ({el/[p 1)’ 

Q=—(1 + guy) / 2wuy. 


In carrying out the transformations it is conven- 
ient to use the formulae of Sec. 3. 

We shall now make use of the variational equa- 
tions of motion 


su, = ~ Pop, 


(4.7) 


Buy = Q3p, (4.8) 


buy = Ou; + su. 


According to Eqs. (4.5) and (2.7), the first of con- 
ditions (2.8) becomes 


kuyudsuy + kdul? = 0. 


Multiplying Eq. (4.7) by kuyuy and Eq. (4.8) by 
kp, adding them together, and then substituting 
d5u; 2) from Eq. (2.1) we obtain, since dp # 0 


RR ylly + ko(Uyku! + ky) =— why! (RuyuyP + RQ). (4.9) 


Equations (4.9) and (2.11) constitute a system of 
characteristic equations for ky and ky as func- 
tions of k in both limits of relativistic hydrody- 
namics. The variables P and-Q which are_in- 
dependent of k* are given by Eqs. (4.7) and (4.8) 
and the parameter q by Eqs. (3.4) and (3.5) for 
the relativistic and ultra-relativistic cases re- 
spectively. 


5. THE CHARACTERISTIC EQUATION 


The dispersion relations obtained above de- 
scribe, in the coordinate system I in which the 
medium as a whole moves with the 4-velocity u;, 
the possible motions of the medium, due to per- 
turbations of the boundary conditions at the dis- 
continuity, taking place behind the shock wave. 
Let us now go over to a system III where the un- 
disturbed medium behind the shock wave is at 
rest (we denote variables in III by = ). We have 


ky = Wky— ko"ty, Re=kR=R", Ro=urky — Rytly, 
Uy=Uy=0; w= —I1. 


Let us put k” =. Then ky! =-aQ. 
Equation (2.11) becomes in III 


B+ ky = OF / 52. (5.1) 
Let us introduce polar coordinates 
k” =(Q/s)sine; ky = (Q/s) cose. (5.2) 
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Equation (5.1) becomes then an identity. In sys- — 


tem I we have 


0 (Oly & 
hy = Ol 2 cose aa k=-—sin¢, 
y € ’) Ss (5.3) 
ky = —2(u? + “2 cos 9). 


Substituting into Eq. (4.9) we obtain the char- __ 


acteristic equation for cos 9: 


1402 0 u2wQ 
2 y y y 
cos o * ees wP— 3 


2 


J —2 


yo uy 


+ Cos © eee: 


s3 


“20Q| 


02 0 
ae ee — u%wQ + Se wP} = 0. 


Ss 


Equation (5.4) corresponds, in non-relativistic 
hydrodynamics, to D’ iakov’s characteristic equa- 
tion.! Like that equation, Eq. (5.4) is quadratic, 
which makes it possible to study it by the method 
of Ref. 1, as indicated by Landau. 


6. INVESTIGATION OF THE CHARACTERISTIC 
EQUATION 


Using Eq. (5.2), we can express Q in terms of 
k (assumed to be real): 


Q = sk/sin 9; (6.1) 
sku sk u 
ky = sng (e698? + ty), iscsi (uo + “* cos 9). 
(6.2) 
The conditions of instability are 
Imky <0, ~ Ime, 0: (6.3) 
Let us introduce real variables p and yp 
Cot (9/2) = pel (6.4) 
Using the inequalities 
u°/s—uy>0, u°—uy/s >), 
we can write Eq. (6.3) in the following form: 
1-++ cos 9 uo wu /s 
|x|>>1, where x = ease mms - * (635) 


Since it is necessary for instability that ky and 
k,, were complex, then cosy and sing cannot 
be real simultaneously. We have therefore 


[cose | > 1 (6.6) 
Rearranging Eq. (5.4) in terms of x we obtain 


x (uw — u® / s*) (u°/s — wQ) 


for Imcose = 0. 


+ 2x {2 (uuy/s*) wP — wQ (u” — ut / s*)} 
— (uo? — us, / s*) {u/s + wQ) = 0. 


(6.7) 5 


~~ 


I a a ee Se ey, en Re are Oe OU Be a aa 
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It is necessary to find such relations between 

the coefficients that inequality (6.5) is satisfied 
for at least one root of Eq. (6.7). Let us denote 
the roots by x, and x»; we have then the follow- 
ing well-known inequalities for the quadratic equa- 
tion ax? + bx +c =0: 


lai>lel, Jo}<Jatel, [xl |ei<ls; (6.8) 
[ahqsiel,e bb <aha-pele: |x, | x2) > 1; (6.9) 
Pf Wet | Ve Cj. teal <1, | x5] >.1 (6.10) 


It is easy to see that inequalities (6.9) are in 
contradiction with Eq. (6.7). The conditions of in- 
stability are therefore represented by (6.10) where 
X, and xX, are real. 

According to Eq. (6.5) cos y is then real as 
well, i.e., relation (6.6) should be satisfied. This 
is possible only for x < 0. Consequently, for in- 
stability it is necessary that one root of Eq. (6.7) 
lies in the interval (~~, —1). The condition for 
this is 


a@>0, a—b+-¢<0; (6.11) 

a<0, a—o+c>0. (6.12) 
We find a-—b+c 

a—b+c=— 4uu,s?wP. (6.13) 


It follows that for the regions of absolute insta- 
bility 


q>2+ uz, (6.14) 


or 


q<m— uz? (1 + 2u%y /s). (6.15) 
Relations (6.14) and (6.15) correspond, in non-rel- 
ativistic hydrodynamics, to the regions of instabil- 
ity obtained by D’ iakov. 

Inequality (6.14) can be written in a more re- 
vealing form using the identity q = (8e/8p)y + 1 


vu? > s?2,, where Sy) = V &), (6.16) 


is the “sound velocity” on the Hugoniot adiabatic. 

In the ultra-relativistic case one should substi- 
tute in Eq. (6.7) s? 
Condition (6.16) becomes then identical with that 
of the instability region (1.7), that is, it does not 
represent an additional limitation. Inequality 
(6.15) cannot be satisfied since q > 0. 

For ultra-relativistic shock waves, therefore, 
there is no region of absolute instability. 


for Sty according to Eq. (3.5). 


7. SPONTANEOUS EMISSION OF SOUND FROM 
THE DISCONTINUITY 


An interesting result of the work of D’ iakov is 
the discovery of regions in which the solution is 
of the form of undamped (in linear approximation ) 
waves propagating from the discontinuity. We can- 
not exclude the possibility that, in spontaneous 
emission of sound, the energy of shock wave is 
fed into the emitted waves during such a long per- 
iod that we have to consider the phenomenon as 
separate from the cases of stable and unstable 
motion. 

We shall find the condition for spontaneous 
emission of sound from the discontinuity. In sys- 
tem (I) where the unperturbed discontinuity is at 
rest (and the fluid moves with velocity u;), the 
velocity Vg of waves emitted from the discon- 
tinuity should have a positive normal component 
Vy (in contrast to waves incident upon the discon- 
tinuity, for which Vy is negative). The condition 
for emission is 


Imk?=0, Imky=0, Vy>0. (7.1) 


Velocity Vg can be found, for example, by differ- 
entiating Eq. (2.11) 


Vi = Ok/dk*, a= 1, 2,3. (7.2) 
We obtain: 
kyulu, (1—s-) +k 
hes pal SA a (7.3) 
kw (1— sa?) ke 
Using Eq. (5.3) we shall express Vy through 
variables measured in system (III) where the 
fluid behind the discontinuity is at rest: 
toes Uy/s + u? cos @ (7.4) 


u/s + Uy COS © ‘ 


The condition of spontaneous emission of sound 
(7.1) becomes 


—M <cose<, (7.5) 


where M is the Mach number; M = v/s = Uy/su, 
The waves emitted by the discontinuity can 
move, with respect to fluid at rest, in the direc- 
tion opposite to the motion of the shock wave 
(0 < cosy <1) as well as following it (-M < 
cos gy < 0). In the latter case the emitted sound 
wave lags behind the shock wave, while continuing 
to propagate in the same direction as seen by ob- 
server situated in system (II). 
Inequality (7.5) remains valid in non-relativ- 
istic hydrodynamics.° We shall find now by means 
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of Sturm’s theorem the condition that the roots of 
Eq. (5.4) lie outside the instability region (6.14) — 
(6.15) and that at least one of them satisfies the 
relation (7.5). For the region of spontaneous 
emission of sound we obtain the double inequality 


ey u, 
i (14 2u"*) <a 
ue S 
yk 
tie fa MPS (Maja ay (Le 20s) 
uw {— M24 MP? /uia 


(7.6) 


where 
x = [w] /[p] —2 = (1 — vv) / v0. 


In the ultra-relativistic case q=4, a =2, 
ga = Bt 

The left-hand side of inequality (7.6) is satis- 
fied for all values of v. The right-hand side can 
be written in the following form: 


y* — 4/,0" + 1/5. > 0, 


which is satisfied by v < VE and v > 1/V3. The 
latter case corresponds to instability and should 
be excluded. Making use of the relation vv = 
which follows for the ultra-relativistic case from 
Eq. (3.11) we obtain that for emission it is neces- 
sary that v > 1, i.e., the velocity of propagation 
of shock waves in the part of the medium ahead of 
the front should be greater than velocity of light. 
The spontaneous emission of sound is therefore 
impossible in ultra-relativistic hydrodynamics 
and, when the relation (1.7) is satisfied, shock 
waves are absolutely stable. 

In conclusion the author wishes to express his 
gratitude to I. M. Khalatnikov for suggesting the 
present work, and tol. M. Lifshitz, I. M. Khalat- 
nikov, and V. L. German for valuable remarks in 
discussion. 


Note added in proof (December 22, 1957). In 
an article published in November, 1957, Iordanskii® 
treats by a somewhat different method the stabil- 
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ity of non-relativistic shock waves with respect to 
small perturbations of the fluid behind the wave. 
The regions of absolute instability found by him 
are identical with those of D’iakov. Since D’ iakov 
[who required for the waves emitted by the dis- 
continuity that 0 < cos g < 1 instead of relation 
(7.5)] did not find explicitly the region of spontan-_ 
eous sound emission, there is some discrepancy 
with results of Iordanskii, which disappears when 
the latter are compared with those of Ref. 5. Ior- 
danskii explained the discrepancy by the fact that 
the perturbations considered by him were more 
general than perturbations of the surface of dis- 
continuity only. It can be easily seen, however, 
that only the perturbations from the region of 
compression which were reflected by the shock 
wave can contribute to the solution (otherwise an 
unstable flow without shock waves would occur). 
If that is the case, however, perturbations can be 
always considered as originating at the shock 
wave, as was indeed assumed by D’ iakov. 


1s. P. D’iakov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 27, 288 (1954). 

21, Landau and I. Lifshitz, Mexanuka cmomHpix 
cpex (Mechanics of Continuous Media), Goste- 
khizdat, 1953. 

31, M. Khalatnikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 27, 529 (1954). 

4A. H. Taub, Phys. Rev. 74, 328 (1948). 

°>V. M. Kontorovich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 1527 (1957), Soviet Phys. JETP 6, 
1180 (1958). 

Se lordanskii, [[puxnaguaa Marematuka 
mMexaHuka (Applied Math. and Mechanics) 21, 465 


(1957). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 195-197 (1958) 


ioe piotonzodubtion of strange particles on protons is considered for the case of hyperon spins 
of ‘4 and “4. The angular distribution of K mesons is derived. Comparison of these distribu- 
tions with experiment permits one to determine the parity of the (KY )-system with respect to 


the nucleon. 


fers photoproduction of strange particles is of 
great interest from the point of view of the hypothe- 
sis of the “minimum electromagnetic interaction”! 
connected with the conservation of strangeness in 
electromagnetic processes. In addition, the inves- 
tigation of the photoproduction of strange particles 
may lead to conclusions concerning the spin of hy- 
perons and the parity of the (YK) system. 

The aim of this work is an investigation of the 
photoproduction of strange particles on protons 
with the emission of charged K mesons: 


‘eld ma oat 
yap? Ke 


The cross sections of these processes is calculated 
by means of second order perturbation theory. The 
question of the applicability of perturbation theory 
to photoproduction of strange particles was con- 
sidered recently by Gell-Mann,? who pointed out 
the possibility of applying weak coupling theory to 
the processes considered. 

In accordance with experimental results,’ we 
take the spin of the A°-hyperon to be '% and that of 
the 2°-hyperon to be *4.3+4 

It is further assumed that the proton and the A° 
particle obey the Dirac equation (the interaction 
of the electromagnetic field with the magnetic mo- 
ments of the particles is neglected), while the Z- 
hyperon is described by the Rarita-Schwinger equa- 
tion® for particles with spin */. 

Both the direct interaction of the y-quantum 
with the nucleon, and its interaction with the field 
of the virtual K-mesons, are considered. 

To the extent that we consider processes of 
creation of K* mesons and that we assume the 
hypothesis of the conservation of strangeness in 
electromagnetic interactions, the only possible dia- 


(1’) 
(1”) 
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grams of the processes are the ones shown below 
in the figure. 


AE) + os ips 
(Z) ee Kt A(f£) 
ap i At 
D wl Sia 
e 
Y. A Y p 
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Carrying out the standard calculation, we obtain 
in the center-of-mass system (c.m.s.) the follow- 
ing expression for the angular distribution of Kt- 
mesons produced in reaction (1’) (h=c =1): 

Dee IES 
da 3272 p43 


\mM (m? + 2) + a9 (M (m2 —e?) 


2 ep2 Se se 
— w%g cos 6) + = are ro [mM +-a(MY m? + ow?) 


(2) 


—og cos 6] sin? 6s , 


e=0+Vor+m, g=V(e—MyP— 


Here v and q are the velocity and the momen- 
tum of the K mesonin the c.m.s., w is the energy 
of the incident y-quanta, f is the coupling con- 
stant of the fields of the nucleons, hyperons and K 
mesons. The factor a is equal to +1 of to —1 de- 
pending upon whether the (hyperon — K* meson) 
system has the same parity as the proton or the 
opposite parity. 

The calculation shows that the interaction of y- 
quanta with the field of the virtual Kt mesons 
gives an appreciably smaller contribution to the 
cross section than the direct interaction of a y- 
quantum with a proton. From this it follows that 
if the (A°K*+) system has the same parity as the 
proton, the angular distribution of the K* mesons 
will be shifted in the c.m.s. towards the larger 
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angles; for a parity of the (A°K*) system oppo- 
site to the parity of the proton, the opposite is true. 

For a 1-Bev y-quantum (in the laboratory sys- 
tem ) the order of magnitude of the total cross sec- 
tion of reaction (1’) is f* x 2 x 1078? cm?. 

Let us now consider the production of 2-hyper- 
ons [reaction (1”) ]. We proceed from the Rarita- 
Schwinger equation® for particles of spin *4 


(7,0/0%, + M)¥;=0 (i, k= 1, 2, 3, 4), (3) 


where v; is a spin vector with the combined trans- 
formation properties of a four-vector and a Dirac 
bispinor. ; obeys the added conditions: 


OW ;/0x; => 0, ¥;¥i = Q, 


which lead to the fact that a direct interaction of 
the fields cannot be constructed. The only field 
couplings possible are those including the boson 
derivatives 
H = (F/M) (¥7'") 09¢/0x; + complex conjugate, 
; (4) 
H = (F/M?) (¥7y,,¥”) 0?9f/0x:0%m + complex conjugate. 


Starting with the first interaction in (4), and using, 
for the spin- the projection operator of the Rarita- 
Schwinger equation in the form® 


Au=> We = bat ae PP; a (PY, — PY) 5 Yitr 
$ (5) 
(D; is a four-momentum ) in the summation of the 
>°-hyperon over the spin projections in the final 
state, we find that the angular distribution of Kt- 
mesons formed in reaction (1”) does not depend on 
the parity of the (=°K*) system (relative to the 
proton). Further, the angular dependence of the 
cross section enters only in the term described by 
diagram b in Fig. 1. As in the previous case, the 
term corresponding to this diagram gives a small 
contribution to the cross section and can be ne- 
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glected. Therefore the observed angular distribu- 
tion must be isotropic in the c.m.s. 

The total cross section of reaction (1”) has the 
form 


e ( F 2 qmM (eo + m*) 
‘6x \ M / wot 


x [5410-4 + 14(4) —6 (4) + (47) |. 


provided the square of the mass of the K meson is 
neglected in comparison with the square of the 
mass of the = hyperon. 

Comparison of the obtained results with experi- 
ment will help decide the question of the parity of 
the (A°Kt) system relative to the proton. Let us 
mention further that if an isotropic distribution of 
Kt mesons formed in reaction (1”) will be observed 
experimentally, then it may serve as an argument 
in favor of spin *4 for the 2 hyperon. 

Naturally, one must bear in mind at the same 
time. that the results discussed above are obtained 
on the basis of perturbation theory, the applicabil- 
ity of which to the processes studied requires fur- 
ther investigation. 


oy = 


(6) 
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The scattering of light in a Fermi liquid is studied. An expression is obtained for the distri- 
bution of the scattered light with respect to angle and frequency, and estimates are carried out 


for liquid He?®. 


lene in one of his papers,' has shown that it 
is possible for a special type of oscillation called 
“zero sound” to be propagated in Fermi liquids at 
sufficiently low temperatures. One of the condi- 
tions for the possibility of propagating “zero sound” 
is, in particular, the inequality 


jet le (1) 


where 7 is a relaxation time which, for He’, is of 
the order of 10°"T~ sec.” If, for example, the 
temperature where ~ 0.01° K, then a frequency of 
more than 10° cycles per second would be required 
to observe zero sound, so that such an experiment 
would be very difficult to perform. 

In place of this method, an indirect method can 
be proposed which consists in observing Rayleigh 
scattering of light in liquid He*.* As is well known, 
in Rayleigh scattering there arise, in addition to 
the principal line, satellite lines differing from it 
in frequency by 


u apie 
Ao = +2—osing, 


where u is the velocity of sound and @ is the 
scattering angle. The velocity of zero sound in 
He? is of the order of 2 x 10‘ cm/sec, so that Aw 
~ 10 *%w.? Thus, in principle, the velocity of zero 
sound can be measured by observing the frequency 
distribution of the scattered light. The require- 
ment (1) can be satisfied because of the high fre- 
quency corresponding to visible light. 

Apart from the above considerations, the scat- 
tering of light in a Fermi liquid at sufficiently low 
temperatures has several specific features, which 
make it of interest to carry out a theoretical study 


*The idea of using Rayleigh scattering was first suggested 
by S. P. Kapitza. 


of this phenomenon, particularly the distribution 
of intensity with respect to frequency.* 

As is well known, the frequency dependence and 
the angular distribution for Rayleigh scattering of 
unpolarized light are given by the equationt 


ot 1 | ° 


= Gea ar | \®Dao (r) eM dV "21 + cos? 6) 2 dda, 

(2) 
where w is the frequency of the incident light, @ 
is the scattering angle, q is the change in the wave 
vector of the light, equal in absolute magnitude to 
(2w/c) sin(0/2), and 6Da,) is the Fourier com- 
ponent of the fluctuation of the dielectric permea- 
bility 6D(t): 


to 


6 4 iAw 

SDaw = Vi ! 8D (t) eft dt, (3) 
where t) is a certain large quantity which, in the 
final equation, will go to infinity. 

The bar in equation (2) denotes averaging over 
the fluctuations. In what follows we shall, for 
simplicity, set the volume of the system equal to 
unity. 

In view of the very small polarizability of he- 
lium atoms, it is possible to consider that the 
change in the dielectric permeability is due to 
density fluctuations, i.e., 6D =(9D/8N) 6N, where 
N is the number of particles per unit volume. 
However, according to the general theory of Fermi 


*We note that at high temperatures, where w, t< 1, the 
scattering of light will be described by the usual equations.° 

tHere dh is the so-called differential coefficient of ex- 
tinction. The integral over dh with respect to df and dAw 
gives the total coefficient of extinction h, representing the 
logarithmic decrement of the attenuation of the photon flux 
density in the medium. 
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liquids set forth by Landau,‘ the number of exci- 
tations is equal to the number of atoms of the liq- 
uid. Consequently it is possible to write 


| 8Daw (r) e!" dV = or \ Ba.dw (P) dp, (4) 
dtp = 2dpxdpy dpz/ (2k), 


where 6ng,Aw(P) is the Fourier component with 
respect to r and t [the latter in the sense of 
Eq. (3)] of the fluctuation of the excitation distri- 
bution function. 

Before proceeding with further calculations, we 
point out one important circumstance. In Eq. (2) 
the average is taken over all possible fluctuations. 
In the region of temperatures and frequencies 
where fAw = kT, it is necessary to take account 
of quantum effects in the averaging process. This 
can be done satisfactorily, if one knows the result 
for the purely classical case (kT > fiAw), by in- 
troducing a certain correction factor. For scat- 
tering in which there is an increase of the fre- 
quency by Aw (anti-Stokes scattering), the fac- 
tor is (hHAw/kT)N(Aw); for scattering in which 
the frequency decreases (Stokes scattering), the 
factor is (hAw/kT)[N(Aw) +1], where N(Aw) 
is the Bose distribution function. If a negative 
Aw is used to describe Stokes scattering, it turns 
out that, because of the relation N(—Aw) +1 = 
—N(Aw), the correction factor for both cases 
has the form 


ndo [ehAolkr ict, (5) 


kT 


We shall suppose thus that kT > fw. To find 
the fluctuations of the distribution function we 
make use of the method suggested by Rytov® and 
by Landau and Lifshitz® for calculating fluctuations 
in electrodynamics and hydrodynamics.* In using 
this method we find the fluctuations of a “stray 
force” entering into the kinetic equation, where- 
upon by solving this equation we also obtain the 
fluctuations of the distribution function. 

For the case of a Fermi liquid we will proceed 
from the kinetic equation, which we write in the 
form 


Bsr iiaen) oe on angie 1 08 (p’) 
Gens ors Oc el FC Sb Naga rar: 
=I (8n) +y(p,r, t). (6) 


*The authors are grateful to L. P. Gor’kov, I. E. 
Dzialoshinskii, and L. P. Pitaevskii for directing their 
attention to the possibility of applying this method to the 
kinetic equation. 


After the elimination of the “stray force” 

y(p, r,t), this equation represents, in the ap- 
proximation linear in 5n, the kinetic equation 
for Fermi liquids found by Landau; here € is the 
energy of an excitation, ng the equilibrium dis- 
tribution function, and f(p, p’) the function in- 
troduced in Ref. 4. 

In what follows we shall be interested only in 
frequencies and temperatures for which Eq. (1) is 
satisfied, i.e., for which it is possible to ignore 
collisions. The detailed form of the collision inte- 
gral will not be essential to us, since it plays the © 
role of an auxiliary quantity in the calculations 
and in the final results can be set equal to zero. 
In view of this we set 


I (6n) = —8bn/x, (7) 


where 7 is a large quantity. It is next necessary 
to find the rate of change of the entropy. Remem- 
bering that the number of particles and the total 


energy are fixed and making use of the equation de- 


termining f(p, p ), 

B=(p) = | F(p, p’) dn (P') dep (8) 
we find that 

Sa |) SURE dep av 


No (1 — no) 


+ a \F (ep) a(r—1') dnl (2n')depdV dep dv}. (9) 


If we remember also that ng(1 — no) = kT6(€ —y), 


where yp is the chemical potential, it is not diffi- 
cult to see that 6n(p) should have the form 


in (p) = dnt (9, 2) 8 (e—w), (10) 


where 3 and @ are the polar angles of the vector 
p. This equation indicates that fluctuations of the 
distribution function take place only in the region 
of the Fermi surface. 

It is natural to take the same form for jy: 


y (Pp) = y*(9, 0) 8 (e —p). 


We now introduce the notation 


(11) 


F()=[F@, p22] 


exe/ap.” 
where vy is the angle between p and p, and we 


expand 6n, y, and F in spherical harmonics: 


bnt (9, 0)= >) D>) An Pr’ (cos9) e'”®, 


n=0mM=—n 


y® (9, o) = SI SS Goes (cos 9) eine (12) 
n=0 mM=—n 


F (y) = > FnPn (cos). 


n=0 
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Since 6n€ and y* are real quantities, 


Ap= (AR), y 


=(y,")°. 


Making use of Eq. (7) for the collision integral, we obtain the following equation for the rate of change of 


the entropy: 


We now introduce the notation 
Se Oe Ae (14) 
Then if Eq. (13) is to have the form® 


ie 
18 


Sree ING; 


i 


we have to take as the generalized force Xj the 
expression 


1 (dt, iets, 14 (n+|m\)! ,-m (15 
Seale ale es yee Aneto) 


| m|)! 


In Eq. (14) the quantity yj)’ plays the role of the 
“stray force.” Ree this expression in the form 


Ses 


n’, m' 


m XM byt, 


n’ 


where the coefficients y are determined without 
difficulty from (15), we have, according to the gen- 
eral theory of fluctuations, 


Uae) Hea mm rey ater 2) Obit’) Or 0) 
— oF n’ One AO 10) (v —S r’)9 0 


AR 
{at , Jy, Lae ae Me 
[ar ( yay Gat ey ee 


(tf —t’) (16) 


Finally, having made use of (12) and the relation 
>) (2n-+ 1) Pa (cos y) = 28 (cosy — 1), 


we obtain after certain transformations the gen- 
eral expression 


2kT , , 
om yore t = or —1 yor — f)) 


x {55 (p—p')8(e —u) (17) 


F. Pp (cos) 
+ d(e—p) 6(e age Da 1+ F,,/@n +1) i 


With the aid of this expression and the kinetic 
equation (6) we can calculate those fluctuations of 
the distribution function which are of interest to 
us. Since for the general case of an arbitrary 


2 eit 


1 ee 


geno yn) An”. (13) 


function f this is a rather complex procedure, we 
restrict ourselves to the case f = const.* 

Making use of the fact that the fluctuations occur 
only on the Beane surface, and using Eq. (6), we 
express 5ng, Aw, @) in oe of the correspond- 
ing Fourier components of oe (3, g). This gives 


c dQ. 
\ ons, Ao (> 9) Te 


Ye no (8 9) (dQ/4m) | 
ei — io + 1/4 + iqv ee + Fo | 


_ i (qv) (dQ/4r) _ (dQ/47) 
ie +1/t + iqv + iqv 


), (8) 


where v = (d¢«/dp). Averaging the square of 

the absolute value of ‘this expression with the help 

of Eq. (17) [keeping in mind that the Fourier com- 
ponent with respect to the time is derived accord- 
ing to Eq. (3)], we find 


Vans Aw (>, @) =| ca an < [- \ | eet i/t |? 
(19) 
1 
a =! \ oe UT 4 / | Lo 2 | qux a i/T 
sr = 


We are interested in the limiting value of this 
expression when T — ©. When qv > |Aw|, the 
denominator has no poles, and what turns out to 
be important is the residue of the integral in the 
numerator. For this we obtain 


4 SS 
dq | Mga (P) ap | 
(20) 


nar (2) Migr (1— fin eeeyy + SP 


In the opposite case, i.e., when qv < |Aw|, it 
is the pole in the denominator of (19) which is im- 
portant. It is not difficult to see that such a pole 
arises if Fy > 0 and the equality Aw =+ nqv 
holds, where 7 satisfies the equation 


*Actually, for He’, the function f is not constant. It is 
possible to find une first two terms of the series (12) from the 
experimental data,” which give F(y) = 5.2 + 1.3 cos y. 
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1+ F,[1—}In(2*5)|=0. (21) 
This expression agrees with Eq. (14) of Ref. 1 for 
the velocity of zero sound. Using the relation 


2 lim oe 
Then oe (@— )? + 7? 


= 3(@ — ®), 
we obtain without difficulty 


tl eect 
(22) 


2) F ao [8 (Aw — 4qv) + 6 (Aw + 490))- 
e=p 10 0 


Thus the angular distribution and the frequency de- 
pendence of the scattered light are expressed by 
the following equation [in which the quantum factor 
(5) has been introduced ]}: 


~ar( 


ot /dD\? (Ip 26 iAw 
dh = Ta on ee es Chgrseos 7) phAolkT __ 4 


x Pe [ff tFe(1— seein] Eee) | 


/ 


need 


N dQ 
+ Fa pay [8 (Ao — go) +8 (Ao + ngo)l| Ge ddo, 
(23) 
where 
ge 0 
6 (y) = 
(y) | Seo 


The result obtained has a simple physical sig- 
nificance. As can be easily seen, the frequency 
spectrum consists of a central part —qv < Aw 
< qv and two sharp lines at Aw =+ nqv. The 
central part corresponds to the Doppler width of 
the principal line. A comparison of Eq. (1) with 
Eq. (14) of Ref. 1, concerning the oscillations of 
a Fermi liquid, shows that the secondary lines 
appear as satellites in Rayleigh scattering, aris- 
ing in connection with the possibility of propagat- 
ing zero sound (7v =u). The relation between the 
intensities of the central part and of the secondary 
satellites depends in general upon the scattering 
angle. In the limiting cases of high temperatures 
(kT >> fwu/c) and low temperatures (kT « fiw 
x u/c), however, this expression does not depend 
on angle. It is possible to carry out a numerical 
estimate for He’, using the well known param- 
eters.” It turns out that, for high temperatures, 
the central part has about 20% of the total inten- 
sity, and the secondary lines about 40% each. At 
low temperatures the distribution will be cut off 
on the side of positive Aw because of the quan- 
tum factor. In particular, of the two satellites 
there will remain only the Stokes line for Aw = 
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—uq, with 90% of the intensity. Only 10% of the 
total intensity will appear in the central line. 

The total scattering intensity is obtained by in- 
tegrating (23) with respect to dAw and dQ. For 
high temperatures (kT > hAw ~ fwu/c) it is 
equal to 


4 2 dt 
= Gar (ar) (ae enn!” 
where J, is a numerical integral, equal to about 
0.5 for He®, In the quantum limit (kT « fiwu/c) 
we have 
5 \2 /dT 

= Gao (an) (ae eon (25) 
Here J, is a numerical integral which is equal to 
about 0.2 for He*®. In order to make a quantitative 
estimate of the above expressions for He’, it is 
necessary to know the quantity 9D/8N. There 
have been no measurements of this quantity; con- 
sequently we set D-—1 proportional to N, and 
evaluate the coefficient of proportionality from 
data on liquid He’. For a wavelength 2 = 5461 A 
the index of refraction of liquid He’ is equal to 
1.027. This gives 09D/8N = 2.5 X 10°, Substitu- 
tion in Eqs. (24) and (25) gives 


h(He®) ~ 10° wT em=-! for wo <2-107T sec"!, ad 
h (He) ~ 10°87 w® em! for w >> 2-10"? T sec7!. Ce 


It is necessary to keep in mind that the frequency 
has to satisfy Eq. (1), i.e., Aw > 1/7, or 


>> 10°87? sec-! , (27) 


If this condition were not satisfied, the line 
width would be too great. Thus for the visible re- 
gion of frequencies, temperatures below 0.05° K 
are necessary. It is not difficult to see that to 
temperatures of the order of 0.01° K in the visible 
range of frequencies there will correspond a value 
of (He?) ~ 10°? em™!, which certainly is too 
small for the effect to be measured.* Because of 
the fact that w enters into the expression for h 
to a very high power, however, it is possible that 
the scattering can be successfully measured in 
the ultraviolet region. 

In conclusion the authors express their grati- 
tude to Academician L. D, Landau for his interest 
in the work. 


*For liquid He* in the visible region, h ~ 10° cm™ (Ref. 
7). (Approximately the same result ought to be obtained for 
He’ for Aw t K 1.) Measurements of h have been made for 
He* (Refs. 8, 9), but they were at the limit of the experimental 
capabilities. 
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A method for treatment of various problems connected with static distortions of crystal lattices 
is proposed, in which the distortions are related to fluctuation waves of the composition and of 
the internal parameters. Scattering of x-rays and thermal neutrons in binary solutions of arbi- 
trary composition and with arbitrary values of the short and long range order parameters is 
considered. Anisotropy of the crystal and its atomic structure are taken into account explicitly. 
The scattering intensity can be expressed in terms of the thermodynamical characteristics of 
the solution (or correlation parameters), elastic moduli (or interatomic interaction constants), 
and also in terms of parameters characterizing the dependence on the concentration of the cell 
shape and dimensions. The particular cases of ideal, dilute, almost completely ordered solu- 
tions and also of solutions located near the critical point on the decay curve or near phase-tran- 
sition points of the second kind are investigated. The diffuse scattering intensity distribution in 
a CusAu solution, calculated without making use of the theoretical parameters, agrees satisfac- 


torily with the experimental distribution. 


I N earlier papers!»? (quoted in the following as I 
and II) the diffuse scattering of x-rays and neu- 
trons in solid solutions was investigated within the 
framework of phenomenological’ and microscopic? 
theories. In the course of these investigations it 
was assumed that the sole cause giving rise to dif- 
fuse scattering was the random distribution of the 
atoms among the lattice points of a geometrically 
ideal lattice. In this article we shall investigate 
the influence of geometrical distortions of the lat- 


tice, associated with the difference in the size of 
atoms of different kinds, on the scattering. During 
the last few years an intensive experimental study 
was begun of the diffuse scattering due to the above 
cause and of the weakening of the lines in an x-ray 
photograph (see, for example, Ref. 3 where refer- 
ences to other work are given). These problems 
have been studied theoretically for several particu- 
lar cases in a number of papers.‘~® 

In this article we investigate the general case 
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of substitution solutions of arbitrary composition 
with arbitrary values of the parameters of long and 
short range order without making use of the approx- 
imation of an elastic isotropic continuum. For the 
calculation of intensity we use a simple method, 
which is a generalization to the case when distor- 
tions are present of the method used in I and II. 
In this method, which can be called the method of 
fluctuation waves, we consider Fourier components 
of fluctuations of the composition, of the degree of 
long-range order, or of other internal parameters 
characterizing the state of the crystal. The equa- 
tions which relate these fluctuation waves to waves 
of geometrical distortions turn out to be simple 
ones. This leads to the possibility of easily ex- 
pressing the scattering intensity, which is related 
to the differences in the atomic factors and to the 
geometric distortions, in terms of the above 
Fourier components. The probability distribution 
of the fluctuations is obtained by means of the ther- 
modynamic theory of fluctuations, as a result of 
which the intensity turns out to be expressed in 
terms of quantities determined from independent 
experiments. By means of this method the aniso- 
tropy of the crystal and its atomic structure have 
been taken into account explicitly. As in I and II, 
we have not taken into account in the present arti- 
cle Compton scattering, nor scattering by thermal 
vibrations, and the calculations are carried out 
within the framework of the kinematic scattering 
theory. The scattering of monochromatic radiation 
‘by a Single crystal is considered. 


1, DISORDERED SOLID SOLUTIONS 


We consider a disordered solid substitution 
solution AB of arbitrary composition, and with 
arbitrary values of the parameters of short-range 
order, an elementary cell of which contains one 
atom. The distribution of the atoms A and B 
among the lattice points of the lattice is determined 
by assigning the numbers c,, where s is the in- 
dex of the lattice point, with cg=1 ifanatom A 
occupies the s-th lattice point, and cg =0 if an 
atom B is situated there. The distribution of 
atoms can also be specified by giving not the c, 
themselves, but their Fourier components defined 
by the relations: 

Cs —C= >, [cx exp (— ikRs) + cy exp (ikR;)]; 
k 
— = >) (cs—c) exp (ikRs). (1) 
Here c is the atomic concentration of atoms A, 
R, is the position vector of the s-th lattice point, 
the summation over k is taken over the vectors 
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k/2m lying in one half of the first cell of the recip- 
rocal lattice space and satisfying cyclic conditions. 
The geometric distortions may be characterized 
by the displacements 6R, of atoms from the lat- 
tice points of an ideal periodic lattice having the 
same structure and the same lattice constant as 


the solution. To each distribution of atoms there — 


corresponds a definite distribution of displace- 
ments. The 6Rg may be represented in the form 
of a superposition of displacements corresponding 
to individual fluctuation waves. The discussion is 
considerably simplified if one assumes that the 
boundaries of the crystal are held by infinitely 
rigid walls and cannot be displaced. We denote by 
k’ a vector parallel to the displacements of atoms 
in the k-th wave and equal to k in absolute value. 
Then 


i Ki * 
dR, = >; - i [cy exp (—ikRs) — cx exp (ikRs)] (2) 
R 


When k—0 the a, cease to depend on k (but 
do depend on the direction of k). Explicit expres- 
sions for a, are given below. Strictly speaking, 
we should also have taken into account in the ex- 
pansion quadratic and higher-order terms in Cy. 
Instead of this, in an alternative formulation of the 
problem, we could have taken into account fluctua- 
tions of short-range order parameters as well as 
fluctuations in composition in determining ORg, 
and could have also taken into account the fact that 
the quantities a, should be evaluated for constant 
values of these parameters and may differ from 
the equilibrium values given below. The approxi- 
mation adopted in the present article is valid if 


| Ou/dc | > | 0?u/dc? |W c(1 —c), 


where v is the molar volume. This condition is 
fulfilled for solutions obeying Vegard’s rule (lin- 
ear dependence of v on c), and also for all solu- 
tions of low concentration of one of the components. 

As is well known, the x-ray scattering intensity 
expressed in electronic units can be given in the 
form 


I == 


dis exp (¢q,, Rs + oRs) ‘ (3) 


Here fg =cgfa + (1 —cg)fp is the atomic scat- 
tering factor for an atom situated at the s-th lat- 
tice point, fa and fp are the atomic factors for 
atoms A and B, q, is the difference between the 
wave vectors of the scattered and the incident 
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waves, and the bar indicates averaging over all the 


permutations of the atoms among the lattice points * 


In calculating I by means of formula (3) it is 
convenient to break up f, into its average value 
and its deviation from the average: 

=f+C.—°)(,—fes F=f, +(e) Fp: 


The expression for I is then broken up into three 
terms each of which we shall evaluate separately: 


f=1,+1,4 1, 
N 


=|f >) exp (iq. Rs— Ry) exp (iq, dR, — Ry) 


N 
Fi, fe) EF Ga, —fe)l DD) exp (iq, Rs— Re) 


O= c) exp (iq, 8R; — 8R,-) 


+\f,—fel > exp (iq, Rs — Ro) 


Ss, S'=1 


(Cs) (C= c)exp (ig), ORs —= 8Ry). (4) 


Here q=q; — 2mKy, where Ky is the vector of 
the reciprocal lattice lying in the same cell as the 
vector q;/27 (so that q/2m lies in the first cell). 
It can be seen from (4) that in order to evaluate 
I, it is necessary to find the statistical average of 
the expression exp(iqy, 6Rg — 6Rg’). Such an av- 
erage may be easily evaluated if one notes that in 
accordance with (2) this exponential breaks up into 
a product of factors corresponding to different k 
- and adopts for the probability distribution of the 
quantities cy the Gaussian distribution (cf. Refs. 
11 and I): 


w ~exp(— Deel % P). (5) 
k 
(The formulas relating g, to the thermodynamic 


characteristics of the solution are given below). 
Then 


M (Rs 5 Rs’) = exp (iq1, oR; — dR) 


== eX): [—2 I (ark)? a? (1 —cosk, Rs = R,)). (6) 


k 


*To obtain the neutron scattering cross-section per unit 
solid angle one should replace fy and fg in the formulas 
for I by A, and Ag, which are constants describing the 
interaction of the neutron with the nuclei (see Ref. 10), 
averaged over the isotopes and independent of the spin di- 
rections of the neutron and the nucleus, and one should mul- 
tiply the result by m’7/4 ah?, were m is the neutron mass. 


Substituting (6) into the first term of formula (4), 
factoring out e~L where 


L =2 D\k-4(q,k’)?a2/g,, (7) 
k 


and expanding the exponential expression remain- 
ing in (6) into a series we obtain: 


N 2 
I, = 8x? Wf Pe-£8(q) +N? | FP ee aa)? 7a (8) 
7&5 
Here A is the volume of an elementary cell, the 
first term containing the 6 function (which ap- 
pears in the limiting case of an infinite crystal ) 
determines the intensity of the regular Laue scat- 
tering, while the second term determines the inten- 
sity of the diffuse scattering. 

In calculating I, terms in (8) are neglected 
which correspond to terms which appear in the ex- 
pansion of the expression M(Rg — Rg’) el and 
which contain products of two or more cosines. 
The discarded terms are much smaller than the 
term retained in (8) if the following condition holds 


(Lq/km) cos *(q’qi) <1, (9) 


where kj, is the maximum value of k lying in the 
first cell of the reciprocal lattice. In many cases 
condition (9) is satisfied for arbitrary gq, and it is 
always satisfied for sufficiently small q (with the 
exception of directions for which cos (q’q;) = 0). 
It is evident that if it should turn out to be neces- 
sary, it would not be difficult within the framework 
of the procedure outlined above to take into account 
also these discarded terms. 

For the calculation of I, and I; one may make 
use of the relations obtained from (2), (5) and (6): 


=(q,k’/R’g,) a. [exp (ikRs) — €xp (ikRg’)] M (Rs = Rs), 


cx exp (ig,, 8Rs — 6Re) = — (4,k'/Ag,) a, 
x [exp (—ikR,) — exp (—ikR,)] M(R; —’Ry). (10) 


Substituting (1), (5) and (10) into the second and 
third terms in (4) we obtain: 


Ig +Is= — N? WGN ves) ete Pain ip)] 
x ety tN aca in Pare (11) 


In calculating I, and I; we have also neglected 
terms containing products of two or more cosines. 
However it may be shown that if condition (9) is 
satisfied for a given q then the neglected terms 
are much less than I; (if L«1) or ], (if 

liga le 
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It follows from (4), (8), and (11) that the expres- 
sion for the intensity of scattering by a disordered 
solution may be written in the form: 


, 


—fatts " (12) 


Nis . eee eer aed 
J = 8e° [fet 8(q) + WO | fay 


In order to be able to apply formula (12) we 
must find expressions for the quantities and 
Bq We consider first the quantities ag which 
characterize the degree of deformation associated 
with the q-th fluctuation wave. For this purpose 
we shall make use of the conditions of equilibrium 
with respect to the displacement of the atoms of 
the solution, In the approximation of an elastic 
isotropic continuum the expression for the density 
F of the free energy of a solution, in which there 
is a non-uniform distribution of concentration 
6c(r), may be written in the form (cf. Ref. 12, 
part II, Ch. 1): 


fir Be = xKbcu)1 + 02 (uij — aie b;jUi1)” ao ae Kae 


where i, j, and £ denote Cartesian coordinates, 
Ujj is the deformation tensor, Fy does not depend 
on u;; and dc, k is the bulk modulus of elasticity, 
yw is the shear modulus, 6;,; is the Kronecker 
delta. In this and in the followine expressions it is 
understood that summation is to be carried out over 
repeated indices. From this we obtain the follow- 
ing equation for the components of the stress 
tensor: 
04; = OF | Oujj = — «K00d;; + Kui 8;j + 2p (uij — */39ij Uu1)- 
(13) 
In the case when 6c is constant along the sample 
and oj;=0, Eq. (13) enables us to relate x to the 
equilibrium change in the volume as the composi- 
tion is changed. In this case uj; ~ 6;;, and setting 
(13) equal to zero we find that k = ugg /dc = (1/v) 
av/ac. If dc is a wave of fluctuations of composi- 
tion along the x axis, then in planes perpendicular 
to this axis the displacements are equal to zero 
(the crystal boundaries do not move) and all the 
Uij with the exception of ux, are equal to zero. 
Substituting in (13) cpexp(—ikR,) in place of 6c, 
and the expression a,c, exp(—ikR,) obtained 
from (2) in place of uyy, setting ox, equal to 
zero and making use of the well known relations 
between k, y, and the Poisson ratio o, we obtain: 


1 els EAA ee GON 
ASQ) — GE Soy wae * 


ae a (14) 
Thus, in the approximation of an isotropic continu- 
um, a, does not depend on k. 


In the case of a single crystal 


Eg Fo a Aijim Rim Ui; 6c ta we hijtmbij Uim; 
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where Aijom is the elasticity tensor. In order to 
determine kg, we may, as above, consider the 
case when 6c(r) =const and Cir 0. The equa- 
tion obtained from this shows that the kgm are 
equal to the result of dividing by 6c the compo- 
nents of the deformation tensor ug, which arises 
as a result of changing the composition by 6c. = 
Evidently the tensor kg, is completely determined 
if we know the dependence on the composition of 

the dimensions and the shape of the ideal elemen- 
tary cell. If the fluctuation wave is directed along 
the X’ axis with the unit vector n=k/k, then in 
the system of coordinates x’y’z’, only uy’y #0, 
uxry? ~ 0, Ux'z’ # 0. The quantities ojj are ex- 
pressed in terms of the ug, by means of the for- 
mula 


oj = Aijim RimdC + Aijim Ulm. 


(15) 


Replacing dc and uy/y: by periodic functions and 
taking into account that oj; yi 8xj = 0 we obtain 
from (15), (1), and (2) three equations for the ayn}, 
where n’ =k/k: 


(16) 


hijimMjN Apt m =hijim Rimn;- 


Thus the a, may be determined if we know the 
moduli of elasticity and the dependence on the com- 
position of the dimensions and the shape of the ele- 
mentary cell. The expressions for ax become 
simplified for various specific structures. Thus 

in the case of cubic crystals 


and there exist only three different elastic moduli 


Aexex == Oni Lexyy = Cy. U Aeyxy = C44. 
In this case, for directions of the type (100), ex- 
pression (16) takes on the following form: 


ay 1 Ov Cy + 212 
3) UOC WCin q 


Qy = 


(17) 


In determining the quantities a, for short wave- 
lengths, the continuum approximation may no longer 
be used, and the atomic structure of the crystal 
must be taken into account explicitly. In the approx- 
imation under discussion, where the relation be- 
tween ORg and cy is assumed to be linear, the 
expression for the free energy of the solution con- 
sidered as a function of the static displacements 
of the atoms (positions of equilibrium for their 
vibrations) takes on the following form: 


Fi = Fy — seri (Cx — 6) BRei + Ya Veari BRsiBRoj, (18) 
where the coefficients wgg'j and Veg jj depend 
on the relative position of the lattice points s and 
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s’, on the temperature and on c. The force Fs 
which acts on the s-th atom due to all the other 
atoms is equal to: 


Fey = — OF’ / O8Rs; = — Wss'i (Cs: —C) a Vss'ij bRsy;. (19) 


Substituting into (19) in place of cy — Cg and 
OR,’ j the partial (k-th) waves appearing in the 
expansions (1) and (2), and equating to zero the 
components of the vectors Fg, we obtain: 

an’ jVssrijexp (ik, Rs — Ry) 
= (b/i) wees exp (ik, Re—Re) (i= 1,2,3). 
Restricting ourselves to the few nonvanishing con- 
stants Vss’jj and wgs’j, we can express these 
constants in terms of the moduli of elasticity and 
of quantities which characterize the dependence of 
the dimensions and the shape of the cell on the con- 


centration. Subsequently the a, will be determined 


for arbitrary k. 

We now go on to the determination of g, and 
to the investigation of the expressions obtained for 
I in various special cases. In accordance with (5), 
1/g, = [ cy, |?. For ideal and for weak solutions 
(when the atoms are distributed among the lattice 
points at random) these quantities may be deter- 
mined either directly from formula (1) (taking into 
account that ci =c,=c, ¢.cy =0 for s #8’) or 
with the aid of the usual formulas of the thermody- 
namic theory of fluctuations (cf. I): 


1/ gx =c(l—c)/N. 


Substituting this expression into (12) we shall 
_ find that the intensity of diffuse scattering ly by 
ideal solutions is equal to: 


y= Ne(1—c)e-* | agfquq’/q? — fa + fa, (21) 


where the in various special cases are deter- 
mined by formulas (14), (16), (17), and (20), For 
a, = 0 formula (21), and also the formulas given 
below for non-ideal solutions, reduce to the*corre- 
sponding formulas of Refs. 1 and II. Therefore in 
solutions with components having nearly equal 
atomic radii, and not too closely equal atomic fac- 
tors (for example in Ag—Au) one may use for- 
mulas given in I and II for all values of q, with 
the exception of values lying in the immediate 
neighborhood of lattice points of the reciprocal 
lattice. 

In the case of non-ideal solutions, when the 
correlation between the occupation of different 
lattice points by atoms of different kinds is sig- 
nificant, we have in accordance with (1): 

1/gx= (oeP = a [e(! —¢) — 3} 2 (9) cos ek - (22) 


P+0 
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Here p = Rg — Rg take on the values of all the 
position vectors of the lattice, and the correlation 
parameters are 


e(p) = — (6c) — c2), 


where the averaging is carried out over all pairs 
of lattice points separated from one another by the 
distance p. In accordance with (12) and (22), I 


is in this case equal to: £ 
lop 
= a (23) 
= W[e(1 —c) — See) cos ap |e | agfana’/ 4? — fa + fa. 


P+0 


Formula (23) is a generalization of the well-known 
formula (see, for example, Ref. 13) which expres- 
ses I, interms of c and €(p) to the case 
when geometrical distortions are present. This 
formula also enables us to determine ¢€(p) from 
the experimentally obtained distribution of inten- 
sity of diffuse scattering taking geometrical dis- 
tortions into account. For this one has to carry 
out the Fourier transformation of I, divided by 
the last factor of formula (23). As a consequence 
of this the expressions for €(p) can be obtained 
from the corresponding expressions of Ref. 13 by 
making the following replacements in the latter: 


fa—fa—>fa—fs— aqfqia’/9?, (24) 


i.e., 


ve Sty | BULLS es i (25) 
e(p) = — z\ ak rgd CL Lpas eee | Seaet | cos kp, 
where in the course of integration k/2m take on 
values which lie inside the volume of an arbitrary 
elementary cell of the reciprocal lattice. 

As was shown in II, certain thermodynamic con- 
stants (for example the energies of ordering) can 
be obtained directly from the experimentally -de- 
termined distribution of diffuse scattering. The 
inclusion of geometrical distortions in this method 
will also reduce to carrying out the replacement 
(24) in formulas (23) of II. The correction for the 
distortions is particularly important in the case of 
decaying solutions with appreciably different 
atomic radii. It should be noted that in the case 
of weak dependence of v on c and of not too simi- 
lar atomic scattering factors (aq |f| < 0.1 |f,4 - fpl) 
the correction due to the distortions in the formu- 
las for €(p) and for the energies of ordering is 
significant only for small q(q «<kKy,) when the 
macroscopic formulas (16) and (17) can be used 
for a, In the more general case when the cor- 
rection is significant also for large q, ag should 
be found with the aid of formula (20). 

If the constants characterizing the thermody - 
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namic properties of the solution, e.g. the energies 
of ordering, are known, then I, may be calculated 
with the aid of the formulas of II upon making the 
replacement (24). In the general case, the deter- 
mination of Iy by this method will not be suffi- 
ciently accurate, since it is based on a simplified 
statistical model of the solution. However, in the 
neighborhood of the lattice points of the reciprocal 
lattice (where the distortions play the most signi- 
ficant role), the evaluation of I, from the ther- 


modynamic data can be carried out quite accurately. 


In this case [compare (9) of I with (5) of this ar- 
ticle] g, is determined for cubic crystals by 
means of the following formula: 


Bx = (V/RT) (Pee + BR’). 


Here V is the volume of the crystal, Yee = 
d2y/dc*, g is the thermodynamic potential per 
unit volume, the derivative with respect to c is 
calculated for a given number of atoms (and not 
for a given volume), and § is of the order of 
magnitude of (kT/A)r?, where ro is the inter- 
atomic distance. Substituting (26) into (12) we find 
that for q«k,, 


(26) 


—_ , 2 
ee agf et — fy + fo (27) 
In the general case of crystals of non cubic sym- 
metry, Bq? is replaced by the sum Bij9idj- If the 
dependence on concentration of the activity a, of 
atoms A in solution AB is known, then Yoo 
may be found from the formula: 

kT 1 aay 
Ge wera) Aa, ae” 

Thus, for q— 0, I may be calculated with the aid 
of parameters obtained from independent experi- 
mental data on the dependence of ag on c, on 
the moduli of elasticity, and on the dependence on 
concentration of the dimensions and shape of the 
elementary cell. Within a certain region q «< K> 
in accordance with (27), Ig depends only on the 
single unknown parameter £. It is evident that 
formula (27) also provides a method for an inde- 
pendent determination of activities from experi- 
mental data obtained from x-ray photographs. 

Geometrical distortions are particularly signi- 
ficant if the molar volume depends strongly on c 


(aq is large), andif fy and fp are nearly equal. 


Even if «1 and |fy -fp| «|f], still for 
sufficiently small q, i.e., in the vicinity of the 
lattice points of the reciprocal lattice, the first 
term in the binomials of formulas (21), (23), or 
(27), which is determined by the distortions, be- 
comes dominant. In this case, just as in the case 
of weak solutions discussed by Huang,°® Ig tends 
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to infinity like q72 when a lattice point of the re- 
ciprocal lattice is approached. The coefficient of 
q~ is proportional to qj = (407! sin @)?, where 
X is the wavelength and 26 is the scattering 
angle. Therefore, the intensity, divided by 

|f,4 —fpl|*, of the background associated with dis- 
tortions, in contrast to the intensity of the back- 
ground associated with a difference in the atomic 
factors, does not recur periodically in the differ- 
ent cells of the reciprocal lattice, but grows with 
an increase in @ and with a decrease in 2 (i.e., 
with an increase in the cell index). For small 0, 
when q;=q, Ig in accordance with (27) tends to 
a constant limit and does not vary proportionally 
to q~*. The term in Ig which is proportional to 
Ger contains cos? y as a factor where g is the 
angle between q’ and q,. Therefore, for small 
q, Ig depends appreciably not only on the distance 
to the nearest lattice point of the reciprocal lattice, 
but also on the mutual orientation of the vectors q’ 
and q;. Since also changes appreciably as the 
orientation of q with respect to the crystal axes 
is varied, the above behavior of Iy is determined 
not only by the factor cos’, but also by the factor 
aq, and will be different in the vicinity of the dif- _ 
ferent lattice points of the reciprocal lattice. It 
should be noted that the small terms neglected in 
the derivation of formulas (8) and (11) have a dif- 
ferent dependence on the direction of q than the 
terms which are retained; in particular, they do 
not vanish when cos gy =0. Therefore the char- 
acteristic form of the isodiffusion curves will be 
somewhat altered if we take into account the neg- 
lected terms, whose relative importance in ac- 
cordance with (9) increases with increasing q and 
becomes insignificant as q—0. The cross prod- 
ucts obtained on squaring the binomials in formu- 
las (21), (23), and (27) change sign when q is re- 
placed by —q and lead to an asymmetry in the 
distribution of intensity of diffuse scattering with 
respect to the lattice points of the reciprocal lat- 
tice. 

It can be seen from formula (21) that, even in 
the case of ideal solutions, the dependence of Ip 
on concentration is, generally speaking, not sim- 
ple, since it is determined by the factor c(1—c), 
by the linear dependence of f on c, and also by 
the dependence on the concentration of a, which 
is different for different solutions. If the correla- 
tion in the solution ‘is significant, then the depend- 
ence of Ig on the concentration, as may be seen 
from (23) and (27), becomes even more compli- 
cated, owing to the fact that €(p) and Pec de- 
pend strongly on c. Moreover, Ip also depends 
strongly on the annealing temperature T’ at which 
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short range order is established. Apparently, for 
small q, a typical behavior will be an increase of 
Ip with diminishing T’ for decaying solutions, 
and an increase of I, for solutions that are be- 
coming ordered (although exceptions are possible ). 

The intensity of diffuse scattering in the vicin- 
ity of lattice points of the reciprocal lattice be- 
comes particularly great for solutions which are 
in the neighborhood of a critical point on the decay 
curve (point K in Fig. 2 of I). As is well known, 
Yee =9 atacritical point, Therefore, right at 
the critical point, I, increases for small q pro- 
portionally to q™4 since Bq? «1 ( pk, ~1) for 
q< ky, and in this case Ig is considerably 
larger than, say, for ideal solutions.* In the neigh- 
borhood of the critical point ¢> is very small 
and for small q, when Bq? < fee, 1p is propor- 
tional to q@’, but with a very large coefficient of 
proportionality. 
If the sizes of the atoms A and B are nearly 
equal and aq is small, then the dependence of I 
on q agrees with that obtained in I for not too 
small q, when | agfas/a | « |fa-—fp| (but q« 
kn 

In order to calculate L, which determines the 
reduction in the intensity of the regular reflections, 
it is necessary in the general case, as follows from 
(7), to know a, and g, not only for long, but 
also for short wavelengths, i.e., it is necessary to 
utilize a specific atomic model. Such calculations 
will be carried out elsewhere. Here we shall 
merely quote the formula for L obtained by Huang 
for weak solutions (and also applicable to ideal 
solutions ) with a face-centered cubic lattice and 
improved in accordance with formula (14) by the 
addition of the factor (1+ 0)?/9(1 -—«)?, which 
takes into account the difference in the displace- 
ments brought about by a point defect in an infinite 
and a finite crystal (cf. Ref. 14): 


5 


L = 2p Se _ OF int 
4 av\2 % 
= 0.234¢ (1 —o)(7#2) (| za) “sin? (28) 


*For crystals of finite size in the region of very small 
q(qa~ 1, where a are the dimensions of the crystal) the 
formulas obtained above cease to hold at the critical point. 
The region indicated above in the space of the reciprocal 
lattice is occupied by extended Laue reflection as a result 
of diffraction by a crystal of finite size. 

+It should be noted that in the neighborhood of the critical 
point it is necessary to satisfy in place of the criterion (9) a 
more strict criterion, which is obtained from (9) by replacing 


ko by Pee B. 
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Here uj is the mean square of the i-th compo- 


nent of the static displacements of the atom, and 
dy is the length of an edge of the cubic cell. In 
deriving formula (28) atomic structure was taken 
into account explicitly, but the displacements of 
each atom were calculated in the approximation 

of an isotropic continuum and may differ consid- 
erably from the true displacements. In the case 
of non-ideal solutions L, generally speaking, de- 
creases when short-range order, which is charac- 
teristic of decaying solutions, is established. 

The evaluation of L can be carried out without 
taking atomic structure into account if the solution 
is near a critical point on the decay curve. Since, 
in accordance with (26), 1/gy, decreases rapidly 
in this case (maximum value at k =0), the re- 
gion of small k is the most important one in the 
summation (7). Making the transition in (7) from 
summation to integration over k, extending the 
region of integration to infinity, and making use 
of (14), we find in the approximation of the iso- 
tropic continuum that near the critical point 


IL, sin? 6. 


8 = AT 4 
=n (i V e038 ® 


In the case of specific crystals, it is not diffi- 
cult to obtain L near a critical point, even without 
using the approximation of an isotropic continuum, 
by making use of (16) or (17) and by carrying out 
numerical integration over the angles. The above 
formula allows us to calculate L if the value of © 
B has been previously determined from the data 
on diffuse scattering. As the critical point is ap- 
proached the intensity of regular reflection is re- 
duced in proportion to 


exp (— const open eye 


This law ceases to hold in the immediate neighbor- 
hood of the critical point L>41 and the stricter 
criterion (9) (see notef) is no longer satisfied. 

It follows from (7), (16), and (20) that for the 
same sin 6/A (same q;), but for different direc- 
tions of q,, the values of L for non-cubic crys- 
tals may differ appreciably. Formula (28), while 
giving a correct estimate of L, may, generally 
speaking, lead to appreciable quantitative error. 
An evaluation of L, taking atomic structure into 
account by means of formulas (7) and (20), yields 
an improved expression for L and permits us to 
investigate its dependence on the direction of qy 
and on the correlation parameters. 

Expression (27) for Ig in the vicinity of regu- 
lar reflections was compared with experimental 
data by Borie? for a disordered solution Cu;Au 
quenched at 600°C. The value of ag for q direc- 
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ted parallel to a cubic axis is computed by means 
of formula (17). In doing this it was assumed in 
accordance with Ageev and Shoikhet!® that 
v‘av/ac = 0.4, and in accordance with the data 

of Siegel'!® (for ~ 400°C.) it was assumed that 
(Cy, + 2cy.)/3cy; = 0.87. With the aid of thermo- 
dynamic data on the activity of Cu in Cu—Au 
(Ref. 17) it was found that at 600°C. og = 13kT/A. 
For small q it was possible to neglect Bq? in 
comparison with Yee. For the ratio of the atomic 
factors corresponding to the reflection (200), the 
value fay/fcy = 3.0 was adopted. According to 
Borie,® the factor e~~ for the reflection under 
discussion practically does not differ from unity 
(~0.96). With the aid of these values for the 
parameters, we have calculated by means of for- 
mula (27) the theoretical curve of the dependence 
of Ig/NiGy on q/q; for the direction (100) in 
the reciprocal lattice in the vicinity of the (200) 
reflection (the solid curve in the figure). In the 


Le L =ilt 
004 G08 Ute 016 
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same figure we have also shown the experimental 
curve (dotted line) obtained by Borie’ after sub- 
tracting the Compton and the thermal scattering. 
The difference between the calculated and the 
measured values of I, lies within the limits of 
error of the experimental determination of the 
parameters of the theory (the inaccuracy in the 
determination of @cecg may be particularly signi- 
ficant). Therefore the agreement between theory 
and experiment may be considered to be good, 
particularly if we take into account the fact that 
in constructing the theoretical curve all the param- 
eters have been determined from independent ex- 
perimental data. 

For the same solution Cu,;Au we have also 
evaluated the factor 2B with the aid of formula 
(28). In doing this we have assumed o = 0.36 
(calculated on the assumption that o depends 
linearly on c). The calculated value of 2B is 


wet = He 
Ge ~Q12-U 08-004 


equal to 0.43 A™~, while the measured value is 
equal to 0.42 A~ according to the data of Borie,? 
and is equal to 0. 34A~* according to the data of 
Herbstein, Borie and Auerbach.’ The agreement 
of the measured values of 2B with those calcu- 
lated with the aid of the formula for ideal solutions 
obtained in the approximation of an isotropic con- _ 
tinuum is apparently related to the smaller influ- 
ence of short range order on L than on Ig, and 
also to a partial compensation of errors introduced 
by the different approximations. 


2. ORDERED SOLUTIONS 


It is not difficult to generalize the results ob- 
tained above to the case of ordered solutions of 
arbitrary structure having a center of symmetry. 
The distribution of atoms A and B among the 
lattice points of the solution may, as before, be 
characterized by the numbers cg or by their 
Fourier components c,. However, in ordered 
solutions the lattice is subdivided into lattice 
points of several kinds and the average atomic con- 
centrations c,, of atoms A on the lattice points 
of different kinds y become different. The coef- 
ficients w and V in the expansion (18) for the 
free energy now depend not only on the distance 
between the lattice points s and s’, but also on 
the kind of lattice points. Therefore the wave of 
displacements of the lattice corresponding to the 
k-th fluctuation wave has different amplitudes a 
[see formula (2) ] for lattice points of different 
kinds. These amplitudes are determined from a 
system of linear equations which are obtained by 
substituting values corresponding to the k-th wave 
into expressions of the type (19) for lattice points 
of different sorts, in place of c,— Cy and ORg’j's 
and by equating F,; to zero: 


Ve jn; es exp (ik, Rs — Ry) = wl; exp (ik, Rs — Rs) 
(29) 

In the limit of long wavelengths, it may be eas- 
ily seen that a for different y are the same 
and, as before, are determined by formula (16) of 
the theory of elasticity. 

In decomposing the atomic factors into their 
average values and deviations from the average in 
an ordered crystal, one must introduce the average 
atomic factors f, = cyfa+ (1 —Cy) fp for lattice 
points of each kind. The averaged structure ob- 
tained in this way possesses lower symmetry than 
the solution with a disordered distribution of atoms 
among the lattice points of the same lattice, as a 
result of which each elementary cell of the recip- 
rocal lattice of the above disordered solution will 
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contain lattice points corresponding to superstruc- 
tural reflections, in addition to the lattice points 
corresponding to structural reflections (which re- 
main when disordering takes place). With the aid 
of formulas (3) and (2), the expression for the in- 
tensity of scattering by an ordered solution in the 
approximation adopted above may be written in the 
form:* 


I = 8r3 BD fe P2(a) 


v—-1 , a 

+ N3| >» caf Gay, — (Fa —fn)cag. 

Here Ng is the number of elementary cells of the 
ordered solution; A’ is the volume of these cells; 
the index £ denotes lattice points in any cell of 
the reciprocal lattice of the above solution which 
are characterized by the vectors Ky (with the 
value £=0 corresponding to a structural reflec- 
tion); qg=4,— 27Ky is the vector q,; “reduced” 
to one of the elementary celis of the reciprocal 
lattice of the ordered crystal lying in the central 
elementary cell of the disordered crystal; cgy is 
the Fourier coefficient of the quantities c, cor- 
responding to the vector qg; agg, is the coeffi- 
cient a for lattice points of the first kind 

(y =1) corresponding to this vector; 


(30) 


fr= >) Fy exp (2niKih,) exp (— Ly/2) 
y=l1 
is the structure factor for the 2-th reflection; 
v is the number of lattice points in a cell; hy is 
a vector drawn from the central lattice point of the 
cell to the lattice point of index y; 


q’ fi = >i 'D (Qqty/Qqt1)eXP (— L,/2)-exp (2niK ;hy)q,n'y 
Y=1 
(f,—~f, as a0), and exp(—L,/2) is a factor 
which takes into account the reduction in the scat- 
tering amplitude by atoms situated at lattice points 
of the y kind, owing to geometrical distortions. 
are different for lattice points of different 

kind. In the interest of brevity we shall not give 
here formulas for these quantities. (They may be 
determined experimentally from the reduction in 
the intensity of lines on an x-ray photograph by 
means of the usual methods of analyzing such x-ray 
photographs.) We note that Ly ~ (sin 6/r)? and 
that for non-cubic crystals they are anisotropic. 


*In the discussion of ordered solutions it is assumed that 
there are no anti-phase domains in the crystal. The existence 
of such non-equilibrium domains, which arise if the relaxation 
times for ordering are large, leads to a smearing of the inten- 


sity distribution. 
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In calculating the average value of (30) it should 
be kept in mind that, in contrast to the case of dis- 
ordered solutions, nonzero values are obtained not 
only for mean squares but also for the mean values 
of the products of the Fourier components Cq with 
different qg and qj which, however, correspond 
to the same value of the vector q;. These mean 
values can be easily expressed in terms of the cor- 
relation parameters, starting with formula (1) for 
Cx (in which in the terms involving lattice points 
of each kind one should replace c by the corre- 
sponding value of Cy): 

® 


—r tN _ 
[cq = 5 Ds [ey (1—cy) — 3} ey (9) cos quel, 


y=ul e+0 
4 * ry 4 2 — =, 
x (Cata; + Cqilg,) = oD) [ey (1 — Cy) cos(2eh,, Ki — Kj) 
y=1 


— >) ey (p) cos (qip + 2ehy, Kr — K;)]. 


e+0 


(31) 


Here qg- qj = 2m (Kj — Ky), while the correlation 
parameters are given by 


ey (p) = [CyCy — Cpl 


where the averaging is carried out over pairs of 
lattice points separated from each other by the dis- 
tance p, while s isa lattice point of the y kind. 
Substituting (31) into (30) we obtain 


Y= Ts Uy) 


1 = 858 Dyfi (a) + 22) Dd te ey) 
l 


1=0 y=1 


— 3) &y(p) cos que] [aqufia.4,q7? — ¥ (fa — fis) 8:0? 
e+0 


v=. 


+ 3D (e (1—e,) cos (2h, Kx — Ky) 


1,j=1 y=1 
— >} 2y(9) cos (a,p + 2eh,, Ki—K))] 
e+0 
X [dqnl, 419,977 — ¥ (fa — Fa) 800] 


x [dah j419i97° — v (Fx — fa) Bjo)- (32) 


Thus, just as in the case of absence of distor- 
tions, the scattering intensity is expressed in 
terms of the concentrations on lattice points of dif- 
ferent kinds and in terms of the correlation param- 
eters. Formula (32) together with equations (29) 
enables us to determine Ig from given values of 
Cry and €,(p) and also enables us, in a number 
of cases, to determine Ex ( p) (or certain combi- 
nations of them) from an experimentally deter- 
mined intensity distribution Ig. From (32) it can 
be seen that in the neighborhood of both the struc- 
tural and the superstructural reflections Ig in- 
creases proportionally to q™?. The principal 
terms proportional to q-2 may be represented in 
the neighborhood of the lattice points of the recip- 
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rocal lattice in a simple form if one makes use of 
formula (26) for | Cy |: 


= (Mo/A’) aqi(aia’s)® qr | fa PRT (ce + Bq?) *. 


As may be seen from (38), the intensity of this part 
of the diffuse scattering, just like the intensity of 
the corresponding regular reflection, is propor- 
tional to the square of the modulus of the structure 
factor fy. If | agefp | <« |f,—fpl|, then in the 
neighborhood of structural reflections one may, as 
before, use formula (27) ‘for the determination of 
Ig (and not only of its part proportional to qn-)s 
i.e , one may determine Ig with the aid of inde- 
pendent thermodynamic measurements. 

For a more detailed investigation of the depend- 
ence of I, on the temperature in the vicinity of 
regular reflections it is convenient to introduce 
parameters of long-range order. Such a discus- 
sion will be carried out for the sake of simplicity 
for ordered solutions with two lattice points in an 
elementary cell (for example solutions of the type 
of B-brass or NaCl), in which one may restrict 
oneself to specifying a single long-range order 
parameter 7. In this case one may characterize 
the distribution of atoms A and B among the 
lattice points of the lattice by specifying the num- 
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is equal to the arithmetic mean of the numbers Cg, 
for the two lattice points of the cell, and ™ is 
equal to the difference of these numbers. The 
average values of the quantities cj, and ™ coin- 
cide with c and 7 (which are related to cy by 
the expressions C,; =c+ 7/2, C2=c-7/2). 

place of ci, and 7; one may introduce their “= 
Fourier components ci and m for k/2r lying 
in the first cell of the reciprocal lattice of the or- 
dered crystal. Then instead of (2) the 6Rg are 
determined by the formula 


oR, = pa Puck’ k-*i [cx exp (— ikR;) — cy exp (ikR)] 


SE ek ki [jx exp (— ikRs) — 4 exp (ékR,)]. (34) 
k 

Here py and py reduce to unity as k—~0 and 

a, as in the case of disordered solutions, is de- 
termined by formulas (16), (17), while b, is de- 
termined by analogous formulas in which c is 
replaced by 7. 

Evaluating the average value of (4) by means of 
(34) and of the Gaussian probability distribution 
for cy and nm, [formula (9) of I], in the same 
way in which this was done for disordered solu- 
tions, we find that, in the neighborhood of struc- 


bers Ct and 7, where t is the cell index, c} tural reflections, . Ig is equal to 
be _N kT {ie + a9) {%* af (419) foe | 2 (one + v9") b (qq 1 tae a inl 
Oa A. 7 ; a ae Aaa Sy ne 2 2 eae 
A (nn +292) (Poe + 8'G2) — (Sine + 92)? Me gq e : pe si 
; es kT E F419’) : 
Q! 72 b (q:q’) G 
+> (Gee 3° Q™ 7 3 7 ey, = a 35 
UE UI cr : PSAs (ree 8g?) — (Pio + YP PA, Faget F be i] Ce 
In the neighborhood of superstructural reflections Ig is given by the formula 
N (!y — fg)? &T ’ ‘\2 ‘ é 
i 5 co + B’q?)(1 — yb 29 © 2) aq UT fp, UI _ 
OED, F aG2) (Fog + 8°) — (Png + 10? [Cree + BG) (1 — by SEY — 2 ene + 198) dy BE (by BE — 1) 
ae (Quin aF aq”) ayn? oa) Gis x Q sia ares a! , 
4 (Pain a eke) (Pee = 8%q?) = (Pie ae 
x Es + Bq? + 2 (ne + 9") 7aq ue aie (nn + aq*) Gay, oa) . (ee) 


In the above, q/2m characterizes in both cases 
the deviation of a point in the space of the recipro- 
cal lattice from the corresponding lattice point. In 
the expressions, which appear in (35) and (36) after 
the sign of approximate equality, terms containing 
bq have been neglected. For small q these terms 
are proportional to es where € is a parameter 
which characterizes the difference in the atomic 
radii of atoms A and B in the solution (for 
small mybg they are also proportional to 7), while 
~eé. Therefore the retention of terms contain- 
ing bg would not be quite consistent within the 
framework of the approximation under discussion, 


when fluctuations in the short-range order param- 
eters, which also lead to effects proportional to e?, 
are not taken into account (the short range order 
itself is, of course, taken into account). The pos- 
sibility of neglecting the above terms is justified 
by the observation that for most solutions (for ex- 
ample AuCu) v changes considerably less as a 
result of ordering than of going over from compo- 
nent A to B. However, cases are possible when 
taking into account terms sre bg would im- 
prove the expression for I 

For eek! small q one may neglect terms 
on the order of q? compared to @¢¢, nc and 
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nn- In this case the following expression appears 
in the denominator of formula (35) 


kT dina, 
(l—c)A dae 


fd 19 i? 
ce — Pne / Qn = Occ = 


where in the evaluation of the derivative d/dc 

(in contrast to 0/8c) the dependence of 7 on c 
is taken into account. At the temperature Ty of 
the phase transition of the second kind into the 
ordered state, Ig varies sharply in the vicinity 
of structural reflections, but remains finite. The 
dependence of Ig on q in the vicinity of super- 
structural reflections close to the temperature Ty 
differs essentially from the corresponding depend- 
ence near structural reflections. While near 
structural reflections Ig always contains a term 
proportional to q@’, near points of the reciprocal 
lattice corresponding to superstructural reflec- 
tions for T>T,) (7=0) sucha term is missing 
entirely, while for T < Tp it is proportional to 

nt ( G'nn/ Pee rats Pyc/Pec ~ 7) and begins to play 
an essential role only for very small gq, when 
q/q, ~ agi”. For T >To, the expression for Ig 
turns out to be the same as in the absence of geo- 
metrical distortions [see formula (10) inI]. Since 
at T=Ty $y =9 and ¢yc = 0, in the neighbor- 
hood of this temperature the first term in (36) de- 
termines the anomalously large scattering in the 
neighborhood of superstructural reflection which 
was discussed in Ref. 18 for single component 
crystals and in I for solid solutions. 

At the critical point at which the curve of phase 
transitions of the second kind goes over into the 
decay curve (point 0 in Fig. 1 of I) the condition’® 
Poe? = Pnc is fulfilled in the ordered phase. 
Therefore, as is evident from (35), in the neighbor- 
hood of this point, Ig in the ordered phase be- 
comes especially large not only near superstruc- 
tural reflections, but also near structural reflec- 
tions where the terms ~q™’ are also anomalously 
large. In the disordered phase, Pc =0 and Ig 
must be considerably smaller in the vicinity of 
structural reflections. 

The expression for Ig assumes a simple form 
also in the case of almost completely ordered solu- 
tions (T « Ty). In this case, as shown by the au- 
thor,*° one may neglect €y(p) in comparison with 
the products cy (1 —Cy) (also small). Therefore 
in the general formula (32) one may neglect terms 
containing €y(p ), sothat Ig turns out to be ex 
pressed only in terms of the parameters Cy, which 
characterize the long-range order. In the special 
case of structures considered above, which are 
characterized by a single long range order param- 
eter, we shall obtain from (32) 


Ty =N [c 1—c)—7?/4] {[aef (a19')/92—fa+ fal? 
+(fa — fe) aq (41q's)?/9’4}, 


where q/2m and d,/27 characterize distances to 
lattice points corresponding to structural and 
superstructural reflections. For n* 1, as was 
shown by the author,” c(1—c) — 7°/4, and con- 
sequently also Ig, decrease exponentially as the 
temperature is lowered. 

The formulas obtained above have been derived 
for binary substitution solutions. They may also 
be applied to the determination of Ig in the vicin- 
ity of regular reflections by occlusion solutions in 
which atoms are occluded between the lattice points 
of the crystalline lattice of the pure metal. By 
means of the method developed above it is not dif- 
ficult to obtain formulas for Ig in such solutions, 
valid for arbitrary q. We note that with the aid of 
formula (21) it is also possible to determine the 
intensity of scattering by vacancies (or by com- 
plexes of vacancies) if c is interpreted as their 
concentration (equilibrium or non-equilibrium ). 
The method developed above may also be used for 
the investigation of scattering by more complicated 
defects, for example by precipitations formed on 
aging or by dislocations. 

In conclusion we note that the method used here, 
in which the geometrical distortions are related to 
fluctuations of composition or of internal param- 
eters, may also be employed for the solution of 
other problems related to geometrical distortions 
in solution, for example for the determination of 
its electrical resistance, of the elastic energy of 
the distortions, of the mean squared displacements 
of the atoms, etc. 
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Tue inelastic single-phonon scattering of slow 
neutrons with the excitation of an acoustical oscil- 
lation has been studied both from the theoretical 
and experimental points of view. In crystals with 
many atoms, neutron scattering can excite not 
only acoustical, but also optical modes of vibration 
in the lattice. Experimental difficulties make the 
identification of different modes of the dispersion 
function w(q) either very difficult or impossible. 
However, it is possible to show that if the speed 
v of the incident neutrons is greater than the 
maximal speed of sound cyo,, and if they are in- 
cident at a Bragg angle, then the reflected beam 
will contain, in addition to elastically scattered 
neutrons, only neutrons scattered in the optical 
mode (not on the acoustical one). This circum- 
stance can be used to determine optical frequen- 
cies experimentally. 
The unavoidable presence of an angular spread 
A in the incident beam will lead to energies Ey 
— hw,, inthe spectrum of the scattered neutrons, 
which correspond to the excitation of acoustical 
frequencies (Eq is the initial neutron energy). 
Let us see what limitations must be placed on A 
if we wish to separate the optical from the acous- 
tical frequencies. It is clear that the maximal 
wave vector Qmax of the emitted or absorbed 
phonon will be ~ kyv, where ky = mv/h is the 
wave vector of the neutron. Taking v to be as 
small as it can, Cmax, we obtain 


(hae) max = mCmax4. 
and hence obtain the desired relations: 
AK hoopt/MC?. 4x: 


Now let us calculate the cross section for scat- 
tering with excitation of an optical mode. We de- 
note the wave vector of the scattered neutron by 
k, and that of the emitted phonon by q. General- 
izing formula (40.4) of Ref. 1 to a complex crys- 
tal, we obtain the following formula for the cross 
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section of a given process, calculated per unit 
cell: 


2 


dco 4 — 7 ; o* 
dkdq ~ ky pa Ma "age-Wa exp {i (% —q) ta} neq 
A (ty +1). e/ 2m 
On 3 (x —q— Qme)3(k® — kj — og). (1) 


Here k=ky —k; the index a labels the nuclei in 
unit cell; rg, Mq, aq; e Wo are the corre- 
sponding coordinates, masses, scattering ampli- 
tudes, and thermal factors; wg and ngt are the 
frequencies and mean occupation numbers of the 
oscillation (q, t); t labels the modes; eat are 
the displacement vectors of nucleus a in the os- 
cillation (q, t), normalized as follows: 


(2) 


Coo d 
Cat€gt: = Ot. 
a 


Wat depends little on q for the optical modes. 
For example, according to the calculations of Tol- 
pigo and Zaslavs’ka,? wa varies in NaCl by no 
more than 20% over the whole range of q. Since, 


for our case, only small q appear. 
Wat J Dot, Neat —S Tot = (Gi —— IDI 


Then from (1) it follows that 


Ae rds 2M, > =p ieee 
dQ — hk | Lees easy 
A | —hegt|T)—1 By 
x 2wot ( mae ) : ( ) 


As an example, let us consider the excitation of 
longitudinal optical vibrations in a crystal of NaCl. 
Since these are polarized along the main diagonal 
of the cubical NaCl lattice, we should take a Bragg 
angle such that x is parallel to the main diagonal, 
i.e., K =2mp(T, +7), +73), where the Tj are the 
basis vectors of the inverse lattice, and p is an 
integer. We find the vectors eg Jong for the nu- 
clei Na and Cl in the limit q— 0. Since, for q 
= 0, the set of ions Na and Cl vibrate relative to 
each other bodily, these vectors can be found from 
the center-of-mass condition and the normalization 
(2). The thermal factors are calculated in the 
Einstein approximation. The optical frequencies 
are obtained from Ref. 2. The neutron velocity v 
appears only inthe first factor in (3), which is al- 
ways close to 1 for v > Cmax. We can neglect it. 
The result is the following differential scattering 
cross section for one molecule NaCl (in millibarns 
per steradian): 
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p 1 2 3 4 


da/dQ 7.1 25 44.6 59 62.5 


As a function of p, do/dQ has a maximum due to 
competition between the factor kK? and the thermal 
factor. 

The author would like to thank A. S. Davydov 
and V. M. Agranovich for discussions. 
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‘liens letter is a report on the calculation of the 
energy of the MgO crystal by a statistical method. 
The dependence of energy on volume at absolute 
zero has been found for pressures from zero to 
10! atmospheres (at high pressures, the effect of 
temperature is small!). 

In calculations for lattices of the alkali halide 
type it is customary to use a potential derived 
from the electron density of an isolated ion, i.e., 
to ignore the deformation of the ions in the lattice. 
But an isolated oxygen ion is not, in general, sta- 
ble; in this work the electron density chosen for 
oxygen was found for a lattice at zero pressure by 
a variational method.? The magnesium ion de- 
forms very litte, and the Hartree-Fock electron 
density is used in this case.’ The energy calcu- 
lations took into account the first quantum correc- 
tion,* assuming an overlap of about 20%. 

According to the statistical theory, the energy 
of any system of electrons with a density p is 
equal to: 
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x, = 2,871, %q = 0.7386, 


i.e., the sum of the kinetic (Fermi) and potential 
(Thomas-Fermi) energies of the electrons in the 
nuclear field, the Dirac exchange energy, the Wig- 
ner-Macke correlation energy, and the quantum 
correction of Kompaneev and Kirzhnits 4 Atomic 
units are used throughout. ce 
The correlation energy, 

4 2 1 
K (p) = 0.0306 p {In (1 i =) ei =z} , 1h = 4.862p% 
in the region of density p = 0.2 to 0.02 which we 
consider here, is approximately equal to 


K (p) = 0.113 xp". 


The ionic energy of the crystal is obtained by sum- 
ming the interaction energy of one pair of ions 
over all the ion pairs in the lattice. The interac- 
tion energy of each pair of ions is equal to 


U = (1; + po) —€ (01) — ¢ (02) = 9192/7 + Us, 


where q;, Q) are the charges on the ions, p,, Py» 
are the electron densities of the ions, and Ug is 
the energy required to remove the electron clouds 
from both ions.° The total energy of the crystal, 
referred to a single ion pair, has the form 


E (8) = —aq?/8 + 6Uf~ (8) 
CU () 20) 6 ay oo 


where a = 1.7476 for a face-centered lattice, 6 
is the shortest distance between unlike ions, and 
Ug, Ug”, Ug* are the overlap energies of the 
corresponding neighboring like and unlike ions. 

In order to facilitate the numerical calculations, 
the electron densities of the ions taken from the 
literature”? were approximated by the formulas 


0; (r) = 45 exp (— 4,9 r) magnesium. 
280 exp(— 15r) for r<0.35 | 
3.85 exp(—2.3r) * 0.35<r<1.6 } oxygen. 
1 .S4expy = 148 n)he7i er Se 6 | 


fo (r) = 


Curves of crystal energy, referred to the ener- 
gies of the free atoms, are shown in the figure (in 
atomic units). Curve 1 is the theoretical one. The 
lower part of Curve 2, where p < 3 x 10! atmos, 
is based on Bridgman’s experimental data’ extrap- 
olated to absolute zero; the portion of Curve 2 
where p > 3X 10‘ atmos is an extrapolation of 
Bridgman’s data to high pressures by Davydov’s 
formula.! 

In the range of pressures from zero to 10° at- 
mospheres the theoretical Curve 1 can be approx- 
imated by the formula 
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E (v) = 93.7 exp (—1 690") — 
—3.4950-"h+0.582 at. units/atom. 


The pressure is found from the formula p= 
—dE/dv. The equilibrium volume at zero pres- 
sure is calculated to be vp = 55 at. units/atom, 
and is found experimentally to be vy) = 63. The 
calculated binding energy, referred to the energy 
of the free atoms, is 10.0 ev per molecule = 231 
kcal/mole. The experimental value of this energy® 
is 242 kcal/mole. At pressures above 5 X 10° 
atmos the calculated curve 1 lies somewhat higher 
than curve 2. This might be explained by the on- 
set of an energy storage due to the overlapping of 
the inner shells. In curve 2 it is only the overlap- 


E, at. units/atom 
wu e107 m7? 


Pp, atnos 
0 


Wa 2G CI 44 C/A 60 
v, at. units/atom 


ping of the outer shells which is extrapolated, 
whereas the calculations for curve 1 automatically 
take into account the overlapping of the inner 
shells as well. 

I wish to express my thanks to B. I. Davydov 
for proposing this subject and discussing the re- 
sults. 
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iF the spin-orbit interaction of the d electrons 

in ferrites is taken into account, the effective mag- 
netic permeability becomes a function of the elec- 
tric polarization of the electron shells of the atoms, 
i.e., of the dielectric constant. No such dependence 
is observed at radio frequencies in ferromagnetic 
metals, owing to the strong polarizability of the 
conduction electrons. 

In certain types of ferrites one can expect the 
electric properties to affect not only the frequency 
dependence of the effective permeability, or the 
width, form, and position of the resonance-absorp- 
tion line, but also the dependences of these ef- 
fects on the dimensions and shapes of the speci- 
mens, dependences that cannot be accounted for by 
the method of demagnetizing factors. 

The spin-orbit interactions, within the frame- 
work of the macroscopic theory, can be accounted 
for with the aid of the following closed system of 
equations: 


M = Mx Het; (1) 
P, + a,P) + oP; = —(g/c)0A/dt, (2) 


AA =—[cculM + P—z Al, (3) 


4xc 


Ra di Pr H; = — 4cxM +curlA; 


Heg = H + aM,°AM + Hi, 


H_ is the intensity of the external field, and aM;” 
xX AM are the fields of the exchange forces. The 
self-consistent internal field H; is due to the 
spin-spin (source — c curl M) and spin-orbit 
(source — P) interactions. 

The term P in Eq. (2) describes the polariza- 
tion current due to the change in the electric di- 
pole moment of the atom, a change caused by the 
vortical electric field due to the magnetization 
fluctuations. In other words, it is due to the 
changes in the spatial portion of the wave function 
of the d electrons, occurring upon change of ori- 
entation of the magnetic moments of the electrons. 

Equations (2) describe the change in the polar- 
ization of a set of interacting atoms with an inter- 
nal electromagnetic field. 
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In the work of Ament and Rado,' the effective 
magnetic permeability perp is calculated for a 
ferromagnetic metal having an electric conductiv- 
ity, and its influence on the width, shape, and po- 
sition of the resonance line is estimated. For fer- 
romagnetic conductors placed in a radio-frequency 
field, the displacement and polarization currents 
can be neglected, as was done in Ref. 1. For fer- 
rites, this cannot be done in general, and therefore 
Eq. (3) takes these currents into account. 

Using the original system of equations to solve 
the boundary problem for a half-space filled with 
ferrite, in the case of a plane wave normally inci- 
dent on the boundary, we obtain, in analogy with 
the procedure given in Ref. 1, the impedance Z 
= [Hert/Cer¢ ], where according to (2) and (3) 


Get =e’ ~ ie” = 1+ 4n 5) gi (oj — @ + fox)”. (4) 


Then 


y— 0? 4 2 (aw?/2 M2c?)'|2 (e’ — ie”)'2 (5) 


CROSS SECTIONS FOR INTERACTION OF 
PI MESONS WITH CARBON NUCLEI 


V. T. OSIPENKOV and S.S. FILIPPOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor August 3, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 224-226 


ln the optical model of the nucleus, scattering 
and absorption of particles is described as the 
motion of these particles in the field of a complex 
potential. A considerable part of the work done 
on the optical model is devoted to a determination 
of the complex potential or of uniquely-related 
parameters which provide best agreement with 
experimental data on the interaction of fast parti- 
cles with nuclei. In a number of other analyses!” 
it was sought to relate these parameters, which 
characterize the interaction of fast particles with 
nuclei, to the scattering cross sections and am- 
plitudes for elementary particles. In particular, 
Frank, Gammel, and Watson! have obtained for- 
mulas relating the complex potential of the optical 
model to the amplitude of the forward scattering 
of mesons against nucleons, averaged over the 
protons and neutrons of a nucleus,* and have cal- 


*The real part of the forward-scattering amplitude was 
obtained in Ref. 1 from dispersion relations. 3° 


Here 7 and Q stand for the same quantities as 
in Ref. 1, and the quantity a is denoted in Ref. 1 
by A. 

It follows from (5) that the electric polarization 
of the ferrite is accounted for by a shift of the res- 
onant frequency and to a broadening of the reso- 
nance-absorption line. oo 

The results by Ament and Rado are contained 
in Eq. (5). In fact, the conduction current can be 
taken into account by putting j = 0 in (4), for the 
case of the free electrons. Then Ww) =0, a is 
the frequency of collision between the electrons 
and the lattice, and 4g) is the square of the 
Langmuir frequency. Now 06 = g/d is the static 
value of the electron conductivity. In metals o/w 
> 1, and w « qd, and therefore (5) changes into 
(31b) of Ref. 1. 


1wW.S. Ament and G. T. Rado, Phys. Rev. 97, 
1558 (1955). : 
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culated the values of the real and imaginary parts 
of the potential, and thus of the mean free path 4 
of mesons in nuclear matter at energies of 0 to 
350 Mev. This data will be used in the present 
article to calculate the total effective cross sec- 
tions for elastic and inelastic interactions of 7 
mesons with carbon nuclei in this energy region. 
The computations are carried out according to the 
formulas of the quasi-classical approximation.’ 


I<RIx 
Ge = ak? >) (204 1)[1 —exp{[—K + 2ik(n— 1)] s}} *, 
a (1) 
L< Rix { 
Ging = =X? Dd) (21 + 1) [1 —exp(— 2Ks)], 
mas (2) 
Sy = (R? — P22, = 


where x=k™! is the wavelength of the incident 
mesons; K =)j;! is the absorption coefficient and 
n is the index of refraction of nuclear matter; R 
is the nuclear radius taken to be 1.4A1/3 x 10713 
cm, which gives for carbon 3.2 x 1078 em. In 
order to estimate the error of the quasi-classical 
approximation, the cross sections were also cal- 


culated according to the exact quantum mechanical 
formulas:° 


Oat == aR”) (21 + 1)/8, — 1, (3) 
l=0 


inel = FA? D) (20 + 1)(1— |B, 2), 8, = er, (A) 
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where 6, is the complex phase shift, obtained 
from the continuity condition imposed at the nu- 
clear surface on the logarithmic derivative of the 
radial part of the wave function which satisfies the 
Klein-Gordon equation. For a square well, Bg is 
expressed in terms of Bessel functions of half- 
integer order and arguments kR and KR where 
k and k =k+k,+iK/2 denote the wave number 
of the incident particles outside and inside the 
well; 


4u2c4 


R+k, =nk= (2a eee 


E—ReVof 
he | 


E is the total energy of the meson outside the nu- 
cleus and yp is the mass of the m meson. The re- 
sults of the computation are presented in Figs. 1 
and 2. The energy dependence calculated by Stern- 
heimer’ is also shown for purpose of comparison. 
In addition, the corresponding experimental values 
obtained from Refs. 6 — 15 are also shown on the 
figures. It may be seen from the figures that at 
large energies, the cross section calculated from 
formulas (1) and (2) is about 20 — 25% higher than 
that computed from (3) and (4). The curve show- 
ing the energy dependence of the inelastic cross 
section, as calculated by formulas (4), is in sat- 
isfactory agreement with experimental data. On 
the other hand, the elastic cross section which we 
have computed is considerably higher than the ex- 
perimental data at meson energies below 100 Mev. 
Since the elastic scattering cross section increases 
rapidly with the depth of the potential well |Re Vo | 
at these energies, the presence of a sharp maxi- 
mum in the cross section around 65 Mev, which 


FIG. 1. Cross section for elastic scattering of 7 mesons 
by carbon nuclei as a function of energy. Curve 1 was calcu- 
‘lated according to formula (1), Curve 2 according to formula (3), 
Curve 3 is taken from Ref. 2. O-Refs. 6 and 7; 0 -Ref. 9; x~ 

Ref. 13; A- Ref. 15. 


155 


pee ee 
a 00 200 0 
£,Mev 


FIG. 2 Cross section for inelastic interaction of 7 mesons 
with carbon nuclei as a function of energy. Curve 1 was calcu- 
lated according to formula (2), Curve 3 according to formula(4), 
Curve 2 is taken from Ref. 2 0-Ref. 8; e= Ref. 9; O-Ref. 6 
and 7. Ref. 10; A~Ref. 11; A-Ref. 12; x-Ref. 13; +-Ref. 
14. 


does not agree with experiment, attests to the fact 
that the potential well depth used in the computa- 
tions is too large in this energy region. A com- 
parison of empirical estimates of Re Vy with 
values computed in Ref. 1 is similarly not opposed 
to such a conclusion. 

Lack of experimental data on elastic scattering 
does not allow any more definite conclusions on 
the agreement between experimental and calculated 
results. In computing the cross sections it was 
also assumed that the nucleus is a sphere of con- 
stant density with a sharp surface. This is a crude 
approximation, at least for light nuclei. It has 
been shown” that the charge density decreases 
from the center to the surface. Calculations of the 
angular distribution of 62-Mev m mesons elas- 
tically scattered by carbon nuclei using a diffuse 
surface model”! are in satisfactory agreement with 


“4 
“a 0 200 200 


FIG. 3. Energy dependence of the real part Re V, of the 
optical-model potential for interaction of 7 mesons with com- 
plex nuclei according to Ref. 1 (solid curve). The estimates of 
the potential depth were obtained from experiments with carbon 
nuclei: O-Refs. 6 and 7; e-Ref. 9; x-Ref. 13; with aluminum 
nuclei; m- Ref. 16; with helium nuclei: A-Ref. 17; + - Ref. 18; 
with photoemulsion nuclei: A-Ref. 19, The symbol 0 denotes 
the maximum and minimum values of the potential obtained in 


Ref. 2. 
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experiment. We therefore believe that computa- 
tions of the total cross section for a diffuse sur- 
face nucleus is of definite interest. 

In conclusion we take this opportunity to thank 
1. A. Kropin and B. F. Chumakov for carrying out 
a large part of the numerical calculations. 
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RADIATIVE CORRECTIONS TO BREMS- 
STRAHLUNG 


P. 1. FOMIN 
Khar kov State University 
Submitted to JETP editor October 11, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 227-228 
(January, 1958) 


Pisan ’S method,! which is usually used to 
obtain radiative corrections, cannot be applied in 
practice to bremsstrahlung because of the much 
greater calculational difficulties than those en- 
countered, for instance, in the application to the 
corrections to Compton scattering.” In the pres- 
ent work, we use the so-called mass-operator 
method,**4 which has many advantages over the 
Feynman method. 

The expression for the renormalized mass op- 
erator to the necessary order in e* has been ob- 
tained by Newton.’ Not only the mass operator, 
but also vacuum polarization contributes to the 
radiative corrections to bremsstrahlung. In order 
to avoid the infrared catastrophe, as usual, we 
make use of the fictitious photon mass A. We 
eliminate A from the final expression by adding 
to the usual bremsstrahlung cross section the 
cross section for double bremsstrahlung, when 
two photons are emitted simultaneously and the 
energy of one of these photons is less than some 
quantity AE determined by the accuracy of the 
measurement. 

The total cross section is conveniently written 
in the form 


ds = doy (1 —(e?/x) (8g +8p)], e? = 1/187, 


where doy is the cross section for the basic 
process and is given by the Bethe-Heitler for- 
mula,°* 6p gives the radiative corrections, and 
5p gives the double bremsstrahlung. 

Exact expressions for dp and dp, together 
with a description of the method by which they 
have been calculated, will be presented in a de- 
tailed article. Here we shall give only some lim- 
iting values of 6p and 6p. We choose units in 
which h =c =m =1, and make use of the follow- 
ing notation: p, and «, are the initial, and p, 
and €, are the final electron momentum and en- 
ergy; k and w =€,; — €) are the momentum and 
energy of the emitted photon; 


wa 
8. = kpg; 


t= 2w(e;— p,cos6,), 9, = kp; 
a= x+7; 


% = — 2m (€, — Po COS I), 
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o=—2+4 + 2 (es, — pip, cos 8), 0 = pips: 


x 
4sinh*x=p, 4 sinh’°y=p—a; xh(x) = \ ucoth wu du. 
0 


1. The limiting case of low frequencies (we, 
<«< 1). In this case 


[*|,t< 1, p= 4p? sin? (6/2); 
dp = 2[1 — 2x coth(2x)] os A+ H + xtanx + 4x coth (2x) 
x h(2t) —hOM + Saree cea + w(x) + O(wer)s (1) 


dp = 2 [1 — 2xcoth(2x)] In 28 


1 1{—vo , (1 —0*)cosh (2x) ; 
Pi agraa ed heres = SaneTe —G (0,6)-+O(we:); (2) 


where 


a sen a ee 
CoE) (41 — v2u?) (u? — cos? (9 / 2)) 


Pi~Pr=P, 1Pe=e, V=p/e. 
Here and below we use 


w(x) = 2(1 — xcoth x) (1 — ¥/scoth? x) — 2/g 
to denote the contribution from vacuum polariza- 
tion. Expressions (1) and (2) coincide, as may 
have been expected, with the radiative corrections 
to elastic scattering as calculated by Schwinger’ 
(see also Akhiezer and Berestetskii,® Sec. 45). 


2. The relativistic case (€, and €, > 1) with 
low energy losses (w « €, and €,) at small an- 
gles (0, 6,, and 0. ~ 1/€ « 1; we note that at 
high energies it is just such small angles that 
give the main contribution). In this case 


|x| = —x =w/e.+ w2,63< |, 
t=o/e, tas bic], p= e262 ~1; 
be = 2[1 — 2xcoth(2x)] (INnX + 1) +xtanh x + 4xcoth (2x) 
x [h (2x) — A(x)] + w(x) + O(%, +); (3) 


8p.=2 [1 — 2x coth (2x)] ine — 4x coth(2x) [h(2x) —h(x)] 


+ 2ln (2e) [2x cotn (2x) — 1] + O(-S Ine, =). (4) 


It should be noted that cases 1 and 2 overlap in the 
region €;, €) >> 1; wey K 1; 0, 64, 0, ~ 1/e 
<« 1), and that in this region Eqs. (1) and (2) be- 
come (3) and (4). 

3. In the extreme relativistic limit, when 
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&1, &, @S>1; In(p—a), Ing, Inf) eine Sa: 
but 


Le 
| % | 


———, In rin 


ae 


the quantities 6p and dp are 


='2(1 = 2y) Ink 42 2y? — 8y + 4/54 + O11); A) 


Bp = 2(1 — 2y) In = + 942 — 2y InS— 


— Ine, + O(1), 
(6) 
where 
2x=Inp, 2y=In(p —«). 


In the nonrelativistic limit 
8x = 7/3 {— (Pi — Pa)? (IN + 1/5) 

+ 2 (pi — pe) k In @} + O (p'); (7) 

2AE 


y 5 

°> =*/s(P1—Pa)*(-—In==) + 0(p3); (8) 
20 = pt — pr. 

In the limit as w —-0 when p; =p, =p these ex- 

pressions lead to the nonrelativistic limit of the 

corrections to elastic scattering,’ namely 


Ba +p = —— p?sin? [> —In(2Aé)]. 


From (7) and (8) it follows that in the limit as p, 
— 0, the corrections vanish. 

The author is grateful for valuable advice and 
discussions to Professors A. I. Akhiezer, V. F. 
Aleksin, D. V. Volkov, and S. V. Peletminskii. 
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EQUATION OF STATE FOR SOLID ARGON 


V. A. KALININ 


Institute of Earth Physics, Academy of Sciences 
U.S.S.R. 


Submitted to JETP editor September 7, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 229-230 
(January, 1958) 


Ler us take the volume dependence of the en- 
ergy of a molecular crystal to be of the form! 


E = Aexp (—Bx%) — Cx, (1) 


where A, B, and C are experimentally deter- 
mined constants, and x = p)/p is the reduced vol- 
ume, Po being the density at absolute zero. 

The power-law potential E, = Ayx — Cyx~ 
used by Domb? is less accurate than Eq. (1), es- 
pecially at high pressures.! This can be seen 
from the figure, where the dashed curve P,; was 


P x 10°kg/cm? 


SS 
06 
v, cm*/g 


Pressure — volume relationship for crystalline argon. 
1-— T=65°K. 2 —- T =80°K. The crosses denote experi- 
mental points at 65°K taken from the work of Stewart.3 


obtained from Domb’s potential E,, and curve 
Py, was obtained from formula (1). 

The free energy per unit mass, according to 
Debye’s theory of the crystalline state, has the 
form 

F = Aexp(—Bx'h) — Cx? + 2 NRO 


+ NRT [3 1n(1 —e-®I7) — D(6/T)) (2) 


where N is the number of atoms per unit mass, 

k is Boltzmann’s constant, © is Debye’s char- 
acteristic temperature, which depends on the vol- 
ume, T is the absolute temperature, and D(0/T) 
is the Debye function. 

The third term in (2) is the zero-point vibra- 
tional energy of the lattice atoms, which for argon 
amounts to about 10% of the total energy of the 
crystal. 

Using Eq. (2), we find the pressure P, the iso- 
thermal compressibility kp, and the coefficient 
of thermal expansion a@ from the formulas: 


<x ORV ee ee Op\) sie wierdl nex, x) 
P=—00(5),3 Gr ou —«(3),3 hater ae \p =r ar x 


To determine the parameters A, B, and C 
we have used two points on the experimental curve 
P(x) at T =65°K,? the value of the density pp 
from Dobbs et al,’ and the expression 90 = ax?/ 3 
x (@F/dx?)!/2, which follows immediately from 
the method of determining © when the constant a 
is found from the Debye temperature for T = 0.° 
Then with some reasonable approximations we ob- 
tain the following values for the constants: 


A = 8.000; B= 13.078; C = 3.877 cal/mole. 


These values were used to calculate the param- 
eters p(T) and a(T) shown in the table, and 


T°K | 20 | 40 60 80 
3 1.763 |1.735|1.690| 1.634 
Paseo experiment4 | 1.764 1735.90] 409 
5.6 {10.7 |14,8 [19.4 

a x 10°, deg™* | experiment4 | 4 | 12 15 18 


P(v) for 65° K as shown in the figure, where 
v =1/p. It can be seen that they agree well with 
the experimental results. The same good agree- 
ment is also found between the calculated and ex- 
perimental values for the adiabatic compressibility. 
From this it follows that the potential formula 
(1), when used with the above values of the param- 
eters, is a good description of the current exper- 
imental data for solid argon, and may be used for 
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extrapolating the equation of state to higher pres- 
sures, 

In conclusion, I wish to thank V. N. Zharkov for 
proposing and discussing this subject. 


TBI. Davydov, Izv. Akad. Nauk SSSR, ser. 
geofiz. 12, 1411 (1956). 

2C. Domb andI. J. Zucker, Nature 178, 484 
(1956). 

73. W. Stewart, Phys. Rev. 97, 578 (1955). 

‘Dobbs, Figgins, Jones, Piercey, and Riley, 
Nature 178, 483 (1956). 

°K. Clusius, Z. phys. Chemie B31, 459 (1936). 

63. R. Barker and E. R. Dobbs, Phil. Mag. 46, 
1069 (1955). 


Translated by D. C. West 
35 
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(January, 1958) 


Up to now only several decays of hyperfragments 
with Z = 6 has been described in the literature!” 
In three cases the binding energy of the A’ particle 
has been estimated: 


5 


159 
Cc : N \ 
°By = (19.0-+ 14.0) Mev. 


In a stack of Ilford G5 emulsions, exposed in the 
stratosphere, we have observed a heavy hyperfrag- 
ment which decayed by emission of a fast proton. 
This hyperfragment was interpreted as being Fj 
or Ne,. A mesonic decay of a hyperfragment was 
also observed in this stack. 

Case 1. A multiply charged hyperfragment is 
emitted from a star of the type 15 + 2n witha 
range R=127u. The absence of 6 rays near the 
end of the track and the narrowing of the track in- 
dicate that the hyperfragment came to rest. The 
charge of the hyperfragment is estimated from the 
length of the narrowing to be Z=8+2. At the end 
of its track the hyperfragment decays into three 
charged particles (a, b, c in Fig. 1). 

Particles a and b stop in the same emulsion 
after travelling 204 and 20p respectively. From 
the number of gaps and of 6 rays, the charges of 
these particles were determined to be 1 and 1—2 
respectively. 

Particle c leaves the stack after penetrating 
8 emulsions. The grain density and the multiple 
scattering yield a mass of (2170 + 300) me. Par- 
ticle c thus can be identified to be a proton. Its 
energy is (117.3 + 12.4) Mev. 

The residual momentum of the three charged 
particles was computed for all possible types of 
particles allowed for a and b. Assuming that 
no neutral particles participate in the decay, the 
momentum unbalance has to be taken up by recoil 
of the residual nucleus leadingtoarange R = 0.8y. 


FIG. 1. Decay of a heavy hyperfragment. 
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(A range R=0.8p is the largest range a particle 
can have without producing a visible track.) 

The binding energy of the A particle was de- 
termined for all possible decay schemes and those 
leading to positive binding energies were selected. 
This analysis leads to the following decay schemes 
of the hyperfragment: 


pet Sd (t) =e p (d, t) + p = G, (1) 
Neo >p (d, t) ai p(d, it; He?, He*) —- p + N (C) (2) 


with the following values for the binding energy: 
for decay scheme (1), FBA= (18.9 + 16.3) Mev; 
for (2) “©Ba = (21.8 + 17.7) Mev. 

If a neutral particle participated in the decay 
the possibility is not excluded that the hyperfrag- 
ment was actually lighter than F. 


Case 2. A light hyperfragment is emitted from 
a star of type 21+ 8p. After travelling 276 it 
decays into two particles (Fig. 2). The scattering 
of the hyperfragment indicates a decay at rest. 
From the number of gaps and of 6 rays its charge 
was determined to be Z =2—3. 

Particle a has a range of 218 and was identi- 
fied to have a charge 1. Track b leaves the stack 
after traversing (12,320 + 500) » in 13 emulsions. 

A comparison of the track density with calibra- 
tion curves showed that the track was due toa 7 
meson with an energy of (32.8 + 5.0) Mev. 

A kinematical analysis yields the schemes 


Hex> ph. +e oO, (3) 
Lie phair (4) 


with Q, = Q, = (39.0 + 5.0) Mev. 

Taking Qa, = 36.9 Mev® we obtain Ba = (—2.1 
+ 5.0) Mev. 

In conclusion the authors express their thanks 


FIG. 2. Mesonic decay of a hyperfragment. 


to A. 1. Alikhanian for his interest in the work and 
to V. M. Kharitonov for valuable comments. 
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THE EFFECT OF COULOMB CORRELA- 
TIONS ON THE SPECTRUM OF ELECTRON- 
PLASMA OSCILLATIONS 


P.S. ZYRIANOV 
Ural Polytechnical Institute 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 232-233 
(January, 1958) 


Ta numerous articles on the collective oscilla- 
tions of plasmas have thus far, to our knowledge, 
not clarified the role of Coulomb correlations. 
This problem can be approached in several ways. 
For example, a kinetic equation which takes the 
correlations into account can be used to derive the 
dispersion equation for small density oscillations. 
This dispersion equation would express the oscilla- 
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tory frequency w(k) in terms of parameters that 
characterize a uniform spatial distribution (the 
ground state), the principal characteristic being 
the average energy of a single particle when all 
interactions (kinetic energy, exchange interaction, 
and Coulomb correlations) are taken into account. 
The second possible method was considered in 
Ref. 1. Small deviations from uniform density are 
described by linearized time-dependent Hartree 
equations in hydrodynamical form, with the coeffi- 


cients of the equations given in terms of the ground- 


state particle energy. In Ref. 1 the dispersion 
equation for weak excitations (long waves ) is given 
as 


wo? = NG (k) k? /m + 2Eok? /m + O (ky, 


where G(k) is a Fourier component of the inter- 
action potential, E is the average energy per 
particle taking into account exchange and Coulomb 
correlations in the ground state, and ng is the 
average particle density. 

For an electron gas we have 


E, = Ey+ Ex + Ec, 
where Ep = 3P2/10m is the Fermi kinetic energy, 
Ex = —(3e?/47h)P) is the Coulomb exchange en- 


ergy, and Ec is the Coulomb correlation energy. 
Wigner’s calculations? give 


Ec = — 0.288 /(rs+5.1 rp), re == (3/ 4m)", 


rR = e? | mh", 
This expression for Ec _ is valid with 20% ac- 
curacy for both small and large densities. Trans- 


forming to the usual notation of the theory of elec- 
tron-plasma oscillations, we obtain the following 


expression for the frequency of normal oscillations: 


065 Po Neds 
@? as of + [1 — 0.478 —; ee “]( + ae +0 (Fk); 


here we have w, for the Langmuir frequency, and 
the dimensionless quantity & =liw)/(P%/2m). For 
metals & ~ 1, and exchange effects play a larger 
part than Coulomb correlations, whose contribution 
in the dispersion equation is about seven times 
smaller. For a very dense electron gas (rg/rp 
<« 1) the correlation energy was recently calcu- 
lated by Gell-Mann and Brueckner,* who obtained 
the following expression: 


E, = (0.0622 In (r,/ 7g) — 0,096] (e4m / 2°). 


Here the contribution of Coulomb correlations to 
the dispersion equation is still smaller. This can 
easily be understood, because in a dense gas the 
Fermi kinetic energy is proportional to n} 3 and 


the energy associated with interactions is propor- 


tional to ni/ 3. Therefore as the density increases 
the kinetic energy rises more rapidly than the 
Coulomb interaction energy. 


1V.M. Eleonskii and P. S. Zyrianov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 289 (1957), Soviet 
Phys. JETP 6, 225 (1958). 

?E. Wigner, Phys. Rev. 46, 1002 (1934). 

3M. Gell-Mann and K. A. Brueckner, Phys. Rev. 
106, 364 (1957). 
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As is well-known,!”” the effect of He® dissolved in 
He II upon the phenomenon of film transfer is to 
reduce the transfer rate. 

It appeared of some interest to investigate this 
situation in more detail, for which purpose exper- 
iments were carried out with helium isotope mix- 
tures of 1.5, 4.7, 7.0, and 9.6% He® content. The 
experiments were performed with the aid of an ap- 
paratus consisting of two reservoirs, communi- 
cating through the helium film, made of thin-walled 
capillary tubing (1.08 mm in diameter ) and of dif- 


- ferent lengths,! so that as the helium isotope mix- 


ture was condensed into the system a difference in 
level was established, and film transfer from the 
higher level to the lower began to take place below 
the A-point. Measurements of the rate of change 
in the height of the level in one of the reservoirs 
of the system, made with the aid of a cathetometer, 
permitted determination of the film transfer rate 
R =v6, where v is the velocity of the film and 

6 is its thickness. The temperature region in- 
vestigated was immediately adjacent to the A-point. 
This is due to the fact that at sufficiently low tem- 
peratures (where the transfer rate becomes large ) 
a substantial difference in the concentrations of 
the mixtures in the two reservoirs of the system 
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may develop, and the resulting osmotic pressure 
(cf. Ref. 1) may seriously affect the results ob- 
tained. 

The results obtained are given in Figs. 1 and 2, 
in the first of which is shown the dependence of the 


Rx 10°, cm*/cm sec 


FIG. 1. Temperature dependence of the film transfer rate, 
for helium isotope mixtures having He’ concentrations of 
1.5% (curve 2), 4.7% (curve 3), 7.0% (curve 4) and 9.6% 
(curve 5). Curve 1 gives the same dependence for pure He’, 
obtained by extrapolation of the curves showing the concen- 
tration dependence of the film transfer rate. 


R x 10° cm’®/cm sec 


Gg & 4 G bi NE MB 
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FIG. 2. Dependence of the film transfer rate upon He’ 
concentration. Curve 1 refers to T\— T = 0.01°, 2—0.02°, 
3 — 0.03°, 4 — 0.04°. 


film transfer rate upon temperature, and in the 
second, upon the He® concentration. It follows im- 
mediately from these diagrams that the film trans- 
fer rate is reduced with increasing He® concentra- 
tion. 

Comparing the data on the temperature depend- 
ence of the normal component density for helium 
isotope mixtures,*** one may conclude that in the 
temperature region investigated the film transfer 
rate is directly proportional to the density of the 
superfluid component: R = Ap,/p, where A = 3.2 
x 10° em?/em sec. 


It should be noted that the temperature of the 
He I—He II phase transition could be determined 
for the mixtures used from the onset of the film 
flow. In this way values were obtained which were 
in convincing agreement with similar data obtained 
by other methods.° 
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lx an earlier paper! we have determined the co- 
efficient for K-emission of secondary negative 
ions from a target under bombardment by hydro- 
gen ions with energies of 200 — 1,000 kev, and have 
shown that the total coefficient for secondary emis- 
sion of negative ions, K~, does not exceed 1073, 
However, it might be supposed that at small angles 
of entry of the proton beam into the target the co- 
efficient K would increase, as in the case insec- 
ondary electron emission.” 

In the present work we have attempted to esti- 
mate the change in the coefficient K~ as a function 
of the entry angle of the proton beam striking the 
target. To carry out this investigation we used a 
proton beam with an energy of 50 kev, extracted by 
a magnetic analyzer; the method described ear- 
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lier! was used with the following modifications: 
the target, which was the internal electrode of a 
spherical condenser, was a circular plate fastened 
to a hemisphere 28 mm in diameter, inside of 
which there was a tungsten helix for heating the 
target. The entire spherical condenser could be 
rotated about an axis in the plane of the target. 
As in the earlier work, the spherical condenser 
was located in a magnetic field directed along the 
axis of rotation of the target. The magnetic field 
required for suppression of electron emission was 
less than 100 oersted. A retarding potential of 
400 volts was applied to the target to suppress the 
emission of slow secondary positive ions. All ex- 
periments were carried out in a vacuum of 2 x 1078 
mm Hg. 

The relation obtained between the coefficient of 
secondary negative ion emission and the angle of 
entry of the beam are shown in the figure. As is 


The secondary ion emission coefficient as a function of 
entry angle of the primary proton beam in a plane target. 
1 — Cu, 2 — stainless steel, 3 — Al, 4 — Be. 


apparent from the figure, in copper and E Ia—1 
stainless steel this coefficient is positive over the 
entire entry-angle region which was studied. In 
aluminum and beryllium targets the secondary ion 
emission coefficient is negative at large entry an- 
gles; at entry angles below 30 — 40° it passes 
through zero and becomes positive. 

Preheating the targets at 900° C for 20 minutes 
results in a reduction of K™ in the beryllium tar- 
gets and an increase in K* in the copper targets. 

The present results can be understood if one 
keeps in mind the fact that the secondary-ion emis~ 
sion is composed of true secondary negative ions 
and of protons of the primary beam, scattered at 
angles larger than 90° by the Coulomb field of the 
target nuclei. The observed sign of the secondary- 
emission coefficient depends on the relative 
strengths of these two components. 

The results obtained indicate that at proton en- 
ergies of 50 kev in copper and stainless steel tar- 
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gets the number of scattered protons is larger than 
the number of secondary negative ions at all entry 
angles. In aluminum and beryllium targets the 
number of secondary negative ions exceeds the 
number of scattered protons at entry angles below 
30 — 40°, 

Attempts to compute the current of single pos- 
itive scattered ions indicate that the calculation 
errors are as large as the experimental errors; 
hence it is impossible to determine accurately the 
negative-ion coefficient from the difference of 
currents when the present method is employed. 

The authors wish to express their gratitude to 
A. K. Val’ter, Ia. M. Fogel’, and E. V. Inopin for a 
discussion of the results and interest in the work. 

TT, M. Mitropan and V. S. Gumeniuk, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 214 (1957), Soviet 
Phys. JETP 5, 157 (1957). 
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Cyciorron resonance effects in metals, pre- 
dicted theoretically by Azbel and Kaner,! have 
been recently observed experimentally in tin?’? and 
bismuth.! 

In the present note we present a brief report 
concerning the results of experiments on cyclotron 
resonance in lead at 8,900Mcs. 

The choice of lead as a test material is occa- 
sioned by the following considerations. It follows 
from the theory of cyclotron resonance that the 
amplitude of the oscillations of surface resistance 
of the metal in the resonance region at a given 
frequency of the alternating electromagnetic field 
depends in an important way on the electron relaxation 
time in the metal ty, increasing as ty increases. 
In contrast with the materials investigated earlier, 
such as copper and tin,*’* for which the de resist- 
ence changes slowly in the helium-temperature re- 
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gion, lead has the feature that its conductivity in 
the helium temperature region increases signifi- 
cantly as the temperature is reduced,° indicating 
an increase in the electron relaxation time fp. 
Thus, the change due to resonant effects, observed 
in the same sample of tin as the temperature was 
reduced from 4.2° K to 2° Ke should have a larger 
effect in lead, by virtue of the observations given 
above. 

The sample was a lead single-crystal wire ap- 
proximately 12 mm in length and approximately 
0.8 mm in diameter extracted in a quartz capil- 
lary from lead obtained from the Kalbaum com- 
pany; * the sample was placed along the axis of a 
coaxial copper resonator. The measurement of 
the surface resistance of the sample was carried 
out by the same methods used in studying cyclo- 
tron resonance in tin.® 

The results of the measurements of R(H)/R(1300) 
{[R(H) is the surface resistance in a fixed field 
H > 1300 oerstedt ] in lead at a frequency of 8,900 
Mes and temperatures of 4.2° K (Curve 1) and 2°K 
(Curve 2) are shown in the figure. The effect of 


(H)/R (1300) 


H 
70-197 0ersted 


iY 4 6 8 


electron relaxation time is obvious from the figure. 


At 4.2° a monotonic decrease of resistance is noted 
with increasing field; at a temperature of 2°K and 
H s 2400 oersted there is rather deep resonance 
minimum followed by a maximum; then the surface 
resistance falls off sharply in accordance with the 
theoretical predictions. An estimate of the effec- 
tive mass m* of the conduction electrons in lead, 
carried out under the assumption that the reso- 
nance minimum at H = 2400 oersted corresponds 
to the condition v =eH/2mm’*c, yields the value 
m* = 0.8 *mp. 

The fact that the obtained effective conduction- 


*The same samples of lead were investigated by Borovik.® 

In view of the fact that lead is a superconductor with T, 
= 7.2°, the impedance in the field does not refer to the value 
of R at H = 0, but to its value at 1300 oersted, when the sam- 
ple is in the normal state 


electron mass does not differ significantly from 
the free-electron mass indicates that just as in 
tin,® the electrons at the bottom of the band are 
responsible for the cyclotron resonance in lead.® 


1M. la. Azbe? and E. A. Kaner, J. Exptl. Theo- 
ret. Phys. (U.S.S.R.) 30, 811 (1956), Soviet Phys. 
JETP 3, 722 (1956). 
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ix work on cyclotron resonance! it has been shown 
that in weak fields parallel to the surface of the 
metal the surface resistance is a very weak func- 
tion of the field. On the other hand, experiments 
carried out by Fawcett? on cyclotron resonance in 
tin and copper have shown that in weak fields there 
is a considerable dependence of surface resistance 
on field; dR(H)/dH is considerably different from 
zero aS H— 0. The same conclusion may be 
drawn from our earlier work.? 

In this connection we have investigated the sur- 
face resistance of tin in fields up to 100 oersted, 
using the method escribed earlier.*? The results 
of these experiments, carried out with the tin sam- 
ple used earlier? at a frequency of 9,300 Mcs and 
a temperature of 4.2° K are shown in the figure. 
These results indicate that, in accordance with the 
theoretical predictions, the real part of the re- 
sistance of the metal is virtually independent of 
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P(A)/R(0) 


100 


a92 H 
a0 700 oersted 


field up to 10 oersted, i.e., GR/dH ~ 0 as H—O. 
In fields with H > 10 oersted there is a monotonic 
reduction of the surface resistance with increasing 
field, in agreement with the results of the earlier 
work.?*8 

It is interesting to note that the dependence of 
the surface resistance of metals on the magnitude 
of the magnetic field should be taken into account 
in measuring the temperature dependence of 
Rs/Rpy for superconductors (Rg and Rn are the 
surface resistances of the metal in the supercon- 
ducting and normal state) ifas Ry we take the 
surface resistance of the metal under conditions 
in which the superconductivity is destroyed by the 
field. Neglecting this effect may lead to values of 
Rg/Rn which are too high. 


1M. Ia. Azbel and E. A. Kaner, J. Exptl. Theo- 
ret. Phys. (U.S.S.R.) 30, 811 (1956), Soviet Phys. 
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(U.S.S.R.) 32, 896 (1957), Soviet Phys. JETP 5, 
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2k. Fawcett, Phys. Rev. 103, 1582 (1956). 

3p, A. Bezuglyi and A. A. Galkin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 1076 (1957), Soviet 
Phys. JETP 6, 831 (1958). 
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In a previous letter! we reported some prelim- 
inary results of x-ray studies of hydrogen and deu- 


terium at liquid helium temperatures. In it we 
showed that the previous determinations of the 
crystal structure of hydrogen at Leyden? had been 
done incorrectly. 

At the Symposium on Low Temperature Physics 
in Leningrad in June, 1956, we also reported some 
results of crystal structure studies on mixtures of 
the hydrogen isotopes, in which it was shown that 
there was only a limited range of concentrations 
for which a solid solution could exist in this sys- 
tem. 

In the present report we shall present more de- 
tailed data for the system, obtained from the ther- 
mal analysis of hydrogen-deuterium mixtures. The 
mixtures were prepared from the pure isotopes, 
condensed into a calorimeter cooled with liquid 
hydrogen kept at reduced pressure by a vacuum 
pump, andthenfrozen. After the pump was stopped, 
the mixture was allowed to warm up slowly over 
the temperature interval from 14° to 19° K. 

Thermal analysis revealed a horizontal portion 
in the solidus curve at a temperature of 16.4° K. 
Comparison of the thermal analysis data with the 
results of x-ray patterns at 4.2° K enabled us to 
determine the approximate limits of the two-phase 
region, to connect this low-temperature portion 
with the solidus line, and outline the general shape 
of the phase diagram for the hydrogen-deuterium 
system (see the figure). 

During the crystallization of mixtures in the 
concentration range 26 —52% of hydrogen by vol- 
ume, the presence of peritectic regions was es- 
tablished visually. We made use of the fact that 
in the vapor over liquid helium a stable tempera- 


60 00%1 


oO — results of thermal analysis, @, @— results of x-ray 
analysis (™— D, lattice; @~ H, lattice) 


166 LETTERS TO THE EDITOR 


ture gradient can be set up which will persist for 
some time. A set of two glass test tubes, contain- 
ing condensed mixtures whose composition lay 
within the concentration limits given above, were 
placed in a Dewar flask over liquid helium. The 
test tubes were so placed that the level corre- 
sponding to the temperature of onset of crystalli- 
zation passed through them. The boundary between 
the solid and liquid phases established itself at dif- 
ferent levels in mixtures of different composition, 
being at a lower level in mixtures richer in hydro- 
gen (see a in the phase diagram, which is a sche- 
matic representation of the test tubes). The boun- 
dary could be caused to shift by moving the test 
tubes to a region of lower temperature. As the 
amount of the solid phase increased, the liquid 
phase became increasingly richer in hydrogen, 

and the boundary in tubes with hydrogen-rich mix- 
tures overtook the boundary in tubes containing 
more deuterium, corresponding to the equalization 
of liquid-phase concentrations when the peritectic 
region is reached. After the solid-liquid boundary 
had reached the same level in both tubes (see b 

in the diagram), further crystallization proceeded 
at the same temperatures in both tubes. 

In addition to the thermal analysis, an x-ray 
study of the hydrogen-deuterium mixtures, and of 
the pure isotopes, was made. Some improvements 
in the method of taking the photographs made it 
possible to eliminate the parasitic lines which 
were present in the patterns of previous work, as 
has been explained. As a result, two lines were 
found to be present due to the hydrogen lattice, 
corresponding to spacings d=3.15 A and d= 
2.79 A; but from the deuterium lattice there was 
only one, corresponding to d = 2.84 A. No lines 
were found at wide angles, because of the rapid 
falling off of the scattered intensity. The x-ray 
patterns from mixtures with hydrogen concentra- 
tions lying in the interval 20 to 80% contained 
lines from both the hydrogen and the deuterium 
lattices, with parameters only slightly altered. 
This confirms the conclusion we have expressed 
already, that the structure of hydrogen was incor- 
rectly determined by the workers at Leyden, and 
that there is a region of concentration in which 
hydrogen and deuterium exist as a mixture of two 
solid phases. As to the accurate determination of 
the structures of hydrogen and deuterium, the 
question must remain open for the time being, be- 
cause of the difficulty of assigning definite indices 
to x-ray patterns which contain so few lines. It is, 
however, possible to state unequivocally that they 
do have different lattices. 

The results which we have obtained, indicating 


a separation of the solid mixture of hydrogen iso- 
topes into two phases, agree with the conclusions 
of Prigogine et al.’ that there is a crticial temper- 
ature below which a solid solution of isotopes must 
separate. For the hydrogen isotopes, however, 
these authors estimated a critical temperature 
below 1° K; I. Lifshitz and Stepanova‘ have shown — 
that the critical temperature for separation is 
equal to T = On (¢ =Am/m and Op is the 
Debye temperature ); i.e., for hydrogen isotopes 

it is of the same order as their melting point. 

This agrees completely with the shape of the phase © 
diagram for the hydrogen-deuterium system, as 
reported in this letter. 
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Ln this paper! the conclusion was drawn, from the 
relations (22) and the fact that A, and Ag are 
complex conjugate quantities, that the terms Ey, 
and E3; are in contact along the entire k, axis. 
It is, however, easy to convince oneself that for 
the “rotating” elements UJ) the equation 


3 
Di XUUP 3; (1) 
j=1 


holds. According to Herring” this indicates the ab- 
sence of supplementary contact of the zones be- 
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cause of time reversal. This is due to the fact that 
only %,,,3 and ~-k,,2 belong to a single value of 
the energy, and not Yk,,3 and ~-k,,3- The state- 
ments just made follow from the relations 


Ciba, = @exp {ibke /3} dn, |; 
Ci¥—neg = exp {— ibk./3} wh_n, 2 (2) 


The functional dependence E(k) for ky = ky 
=0 can be found by the following considerations. 
It is well known that displacement by a vector of 
the reciprocal lattice takes the entire spectrum 
over into itself, i.e., we have the equations 


E (kz + 2n/b) = E (kz), (3) 


Yn, raton/b = Yn, hz 
Gy ky > 0 we get the result that Ujjor/b = 
Ti. 


sag Uj,o- Thus for the “open” element C} the 
laws of transformation of Uj, and Uj,or/b will 
be different: 


lah | Bera ; 
C3U,, nlb — w?U,, Qm|b> Cs Us, ala Us, amb» 


(4) 


But if we agree to characterize the n-th term 
of Eq. (1) of Ref. 1 by the transformation law Uy 1: 
then the term E,(2m/b) must be regarded as the 


Al 
C3Us, oxjo = OU», onja- 


continuation of E;(kz) for kz — 2m/b, and so on. 


In the notations adopted, E j will be periodic func- 
tions of kzb with the period 67. 


4K 


Gg 2 


The diagram shows the pattern of the term 
splitting, and indicates the course of the terms 
through the interval 0 < kzb = 6m by the numbers 
1, 2, 3. As follows from the diagram, the calcula- 
tions of the dispersion law carried out in Ref. 1 
for points of type A have meaning only in case of 
accidental crossing of the terms E, and E3 


(which is permissible in principle, because of 
ae a a ee 


(C1 + C2) he + Caky + Coke — E, 
(Cy ae Cy 5 C4) RyRy, 


=0 
(Cy + Ca) RS + Cake + Cakz — E 
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their different symmetries). From considerations 
of symmetry one can show that the points A, and 
A, in the diagram are points of zero slope. But it 
makes sense to suppose that there can also be pres- 
ent additional points of zero slope, connected with 
the concrete form of the potential U(r), as oc- 
curs in electronic germanium, in which the mini- 
mums are not located at the point k =0, although 
this is a point of zero slope. These assumptions 
impose the following limitations on the functions 

U; and U, that transform according to the repre- 
sentation I's: pf, =0. All the remaining quanti- 
ties Pi = Py; = Pi, = 0 by the selection rules 
(here = 1,5) — t 2). Then the points B,, By (see 
diagram) can be extremal points. The functional 
dependence of E(k) for the points IT, A, K, H 
was obtained in Ref. 1 on just this assumption. It 
must be kept in mind that the contact of the bands 
along the z axis is maintained only in the approx- 
imation quadratic in k. All the results of Ref. 1 
are correct with the reservations that have been 
indicated. As regards the valence band, at the 
point B, in the diagram the degeneracy is in all 
probability removed on account of the spin-orbit 
interaction; otherwise for the four p electrons of 
tellurium the band would not be completely filled, 
and tellurium would possess metallic properties. 
For the conduction electrons the assumption of a 
strong spin-orbit splitting does not appear indis- 
pensable. 

It is interesting to note that the results obtained 
in Ref. 1 are entirely applicable for lattices of the 
type Cr, - Cry, for which the group of the wave 
vector k=0 is C3y. In this case the contact of 
the bands along the kz axis is due to the fact that 
the group of the wave vector is not changed by dis- 
placement along the kz axis and the point k = 0 
is a point of zero slope. The only difference is that 
in Eq. (33) one must replace all terms of the form 
Akzkx by Akzky. A similar treatment can be 
carried through for the point k= 0 in lattices for 
which the space groups are related to the point 
groups Cyy, Deg, Dy. Inthis case k=0 isa 
point of zero slope and the zones make contact* 
along the z axis (for Doyq this is a consequence 
of the symmetry with respect to time reversal’), 
The dispersion law of E(k) is obtained from a 
secular equation of the form: 


(Cy —C3z + Cy) Reky (5) 


*For D, the zones make contact only in the approximation quadratic in kz. 
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For C,=0 Eq. (5) is the same as Hs (33) of Ref. 
1 with A =0. Thus the two ellipsoids® tangent at 
the k, axis are the limiting case of the equipo- 
tential surfaces for the whole sequence of space 
groups Dia = Ds) ch -c, Cly - CD; 

= Die and this can hold for tellurium type lattices 
if the relation pf, = 0 is fulfilled. 

In conclusion I take occasion to thank E. I. 
Rashba, who called my attention to the illegitimacy 
of the conclusions drawn in Ref. 1 from the rela- 
tions (22). 
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POTENTIAL WELLS FOR CHARGED PAR- 
TICLES IN A HIGH-FREQUENCY ELECTRO- 
MAGNETIC FIELD 


A. V. GAPONOV and M. A. MILLER 
Gor’ kii State University 
Submitted to JETP editor October 15, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 242-243 
(January, 1958) 


As is well known, in source-free regions of an 
electrostatic field there can be no absolute max- 
ima or minima of the potential; this fact excludes 
the possibility of maintaining a charged particle 

in a state of stable equilibrium (Earnshaw’s the- 
orem). This same situation also excludes the pos- 
sibility of localizing particles, if by localization we 
mean a State in whicha particle with energy smaller 
than some given magnitude cannot go beyond the 
limits of a bounded region, no matter what the in- 
itial conditions. 

The above statement does not apply in the case 
of a high-frequency electromagnetic field where, 
as we shall show below, localization of particles 
can be accomplished. 

Consider a particle of charge e and mass m 
moving in an external electromagneticfield E (r, t) 
=E(r)eit, H(r, t) =H(r)elt, In the nonrela- 
tivistic approximation the equation of motion is 


T=7E (r, t) + (n/c)rxH(r, t), (1) 


where 7 =e/m. If the frequency of the external 
field w is sufficiently high, the solution of Eq. 

(1) can be written as a sum of a slowly varying (in 
terms of the oscillation period of the external 
field) function rj(t) and an oscillating function 
r;(t) (frequency w). Assuming that r,(t) is 
much smaller than the distance L over which the 
amplitude of the external field changes markedly, 


Ingl<l, (2) 


and neglecting terms of order |r,/L| and |r /lay 
averaging Eq. (1) over the period of the high-fre- 
quency field we obtain an equation for rp (t): 


= (4/2)? EP (3) 


Thus, the time average of the force acting on the 
particle is derivable from a potential; the potential 
is proportional to the square of the modulus of the 
electric intensity and is independent of the sign of 
the charge. 

There are an unlimited number of possibilities 
for creating potential wells @(r). The simplest 
of these are realized in quasi-electrostatic multi- 
pole fields 


ry (t) = — V®, 


E (r, t) = V {r"Pn (cos 6) cos mp} e'*, 


where r, 0, and @ are the spherical ordinates 
and the Dea are the associated Legendre poly- 
nomials. For example, the potential ©@ in the 
field of a quasi-static axial quadrupole (m = 0, 
n=2) is of the form # =constr?(1 + 3 cos? 6), 
i.e., there is an absolute minimum at the origin.* 
To determine the motion of the particle inside 

the potential well we consider the first integral of 
Eq. (3): 

# (lif +25 IEP) = Ley 


(fo? + 
= const =|e|V,. (4) 


The left-hand part of Eq. (4) is equal to the time 
average of the kinetic energy of the particle, where 
the kinetic energy of the oscillatory (with fre- 
quency w) motion plays the role of the potential 
energy. 

If the E =0 at the center of the potential well, 
particles with energy less than or equal to Vo, 
are localized within a region at the boundaries of 
which the following conditions are satisfied 


*It is interesting to note that in an axially-symmetric quad- 
rupole field the original equation (1) in Cartesian coordinates 
leads to three Mathieu equations; this allows us to analyze 
the properties of the solution without the limitation imposed 
by (2). 
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Lo* /|q| S>|E| > 20 (Vo /| |)". 


Finally, we may note in forming potential wells 
it is possible to make simultaneous use of fields 
at different frequencies;! then, in averaging Eq. 
(1) over a sufficiently long time interval the po- 
tential ® in Eq. (3) will be of the form 


= (97/4) ¥) (| En | /@n)?. 


Thus it is possible to create three-dimensional 
potential wells from one-dimensional and two-di- 
mensional wells. This possibility is of interest, 
in itself, as a means of focussing rectilinear beams 
of charged particles.?"3 
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ON THE THEORY OF THE DE HAAS — VAN 
ALPHEN EFFECT FOR OPEN ISOENER- 
GETIC SURFACES 


G. E. ZIL’ BERMAN 
Joint Institute for Nuclear Research 
Submitted to JETP editor October 18, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R. 3 243-245 
(January, 1958 ) 


Tue theory of electron motion with an arbitrary 
dispersion law E(k) within a crystal located in a 
uniform magnetic field was developed in Refs. 1 — 
3. The magnetic susceptibility y of an aggregate 
of such electrons oscillates with changes of the 
magnetic field strength H (the de Haas — van Al- 
phen effect). When the isoenergetic surface in 
k-space that is determined by the equation E (k) 
= const is closed, the period of theSe oscillations 
is determined!»? by the magnitude of the extremal 
section Sy of the isoenergetic surface by a plane 
perpendicular to H. When the surface E (k) = 
const is an open surface such as a corrugated cyl- 


inder with the magnetic axis perpendicular to the 
cylinder axis, the oscillations are generally deter- 
mined not by extremal sections but by the “bound- 
ary” sections which are discussed below. 

The figure shows part of an open surface and 
its intersection with the plane k, = const (H = Hz,). 
When kg is greater than some value kp the tra- 


p 


estes: 


jectories (the curves which bound the section) are 
closed, and when |k,| < kp they are open. We 
use the term “boundary section” for that obtained 
with the plane k; = kp. The energy spectrum of 
electrons in closed trajectories, i.e., with |kg | 

> kp, is almost discrete (slightly broadened dis- 
crete levels), and when |kj| < kp it is almost 
continuous (small gaps in a continuous spectrum’). 
Close to the boundary section the width of the gaps 
is of the same order as the width of the allowed 
bands (formed from discrete levels*). 

Because of the (exponential) smallness of the 
discontinuities (gaps) when |k,| < kp, the ex- 
tremal section makes a very small contribution 
to the oscillating part of the state sum (1). The 
principal contribution comes from the boundary 
section. 

The number of electron states with energies 
from zero to E will be’? 


+00 
4 hee 
Zosc(E, H) = Ira, >» » 2nip 
@ p=—o 


Rg max asl204 
x ( dhe \ exp {— 2nipn(hy, ks, E)}dky. (1) 
—kg max 0 


Here a, is the lattice constant, ag = Vfic/eH, k, 
is a continuous parameter describing the broaden- 
ing, and a is the spin quantum number. For sec- 
tions S (ina single cell of k-space) close to the 
boundary section the following dispersion law was 
obtained in Ref. 3: 

4 . cos (2maZk; / ae) 


Pipe dual bene ep be arc Sin ———_—_——_. 
Qn 2 T t-e™ . (2) 
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L=— Qare? (ks — Ro) Rex V Ris /*1, 
e=Vaja,/% («<< 1), (3) 

a =— Op | Oty, a = 0x14 / OR}. 
Here kyp is the value of xk, on the boundary of 
cells in k-space (for the boundary section Kjhb 
and Ry, vanish but their ratio remains constant). 
Substituting (2) in (1), integrating over k, and 
dropping small quantities, we obtain for the inte- 
gral in (1) 


Rg max 


ag —ip as (Rp—Rs)|Ko 1 -j db 4. 
F lea ale + 1]"} dhs, (4) 
—hg max 
where 
ky = (e? / 2naiRs1) V *w/ Ris. (5) 


For the calculation of (4) it is necessary to 
know the dependence of the area of a section S on 
x = (kp — k3)/ky. Assuming that in the vicinity of 
the “isthmus” shown in the figure the surface (a 
corrugated cylinder ) can be replaced by a one- 
sheet hyperboloid, we obtain this dependence in the 
form 


S = S,— (1/05) x In| ax |; 


a = (ce? /4n®) (a, / a)? V Rio / 0. (6) 


The integral (4) with the single parameter |1na| 
was calculated numerically, assuming |Ina|~ 1 
—10. 

Passing from the state sum to the thermody- 
namic potential Q, we obtain 


fe eee ae ee 
nae ma, 05 Rei Rip (In a)? Ina] 


if 4 OS, 
© cos (pay S, (€) — y) cos a Uoll BE PM (7 
Se 3 OS) : ) 
p=1 p® sinh( TP aa er) 
3p|Ina|+ 9x Tw 


are e One Takia eeeet Gas? 


which differs from the usual potential (for closed 
surfaces ) as follows: (1) The period of the oscil- 
lations is determined not by Sm but by Sp and 
the phase y is weakly dependent on the magnetic 
field; (2) the factor |8°S;,/0k}|~!/? of the ampli- 
tude is replaced by 


1 4 3 py 

&pRs, (Ina)? (1 “a | Ina| ) ys : 
This denotes multiplication of the amplitude by 
Hi/2, so that the oscillating terms in y will con- 
tain H7! instead of H~3/2, In absolute magnitude 


the amplitude is generally smaller by the factor 
e~! than for electrons in closed trajectories. But 
when, for example, we haveafield H ~ 10 oersted 
and thus € ~ 107%, the reduction by the factor 

e~! can be concealed by other factors. 

Other oscillatory effects such as oscillations of 
the resistance (the Shubnikov —de Haas effect), ee 
oscillations of the thermoelectric power or of the 
Hall field, etc. will also be determined in the pres- 
ent case by boundary and not by extremal sections. 

The author takes this opportunity to thank I. M. 
Lifshitz for discussion of this work. 
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CONCERNING THE THEORY OF RAYLEIGH 
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Submitted to JETP editor October 19, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 246-247 
(January, 1958) 


In a recently published article, S. M. Rytov! de- 
velops a theory of scattering of light in liquids 
under the assumption that this scattering is due 
entirely to fluctuation deformations ugg and to 
fluctuations of the temperature ©. Actually, only 
the fluctuations of Ugg and © are considered in 
Ref. 1, when it is indicated at the same time that 
the theory includes all internal processes in the 
medium and describes the entire spectrum of the 
scattered light. Next, it is emphasized, in the re- 
marks on p. 518 of Ref. 1 [p. 404 in the transla- 
tion ] that the spectral amplitudes of the fluctua- 
tions of any internal parameter can be expressed 
linearly in terms of Ugg and ©, and there is no 
scattering by isotropic fluctuations which cannot 
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be reduced to density and temperature fluctuations 
(the possibility of the occurrence of such a scat- 
tering was noted by the author’), 

However, we do not believe this point of view to 
be correct: scattering of light in the isotropic 
bodies discussed here does not reduce to fluctua- 
tions of ugg and ©. In fact, in the absence of 
temperature fluctuations and for a fixed position 
of the centers of gravity of the molecules (i.e., 
going to the macroscopic treatment as the fluctu- 
ations ugg go to zero), scattering of light will 
take place in an ideal gas, consisting of anisotropic 
molecules, as the result of fluctuations in the or- 
ientations of the axes of the molecules. As we go 
over to dense gases or to liquids, the situation 
does not change qualitatively, and the scattering 
will thus take place also when Ugg =9 and 6 =0. 

In the absence of fluctuations of Ugg and 0, 
it is possible also to have scattering due to the 
formation of temporary complexes in the liquid 
(this effect is particularly clearly pronounced in 
scattering by concentration fluctuations in the case 
of solutions). This can be readily illustrated quite 
clearly with models pertaining to the radio-fre- 
quency band. Let us consider, for example, small 
solid hollow non-metallic spheres, with scattering 
dipoles placed in the centers of these spheres. It 
is clear that a set of such spheres, no matter what 
their density, will scatter radial waves as a result 
of the fluctuations in the orientations of the dipoles, 
even in the total absence of scattering due to the 
inhomogeneous spatial distribution of the spheres, 
or due to other factors. Let us note, furthermore, 
that the general theory’ leads to the possible ex- 
istence of scattering which cannot be described 
merely by introducing the symmetrical tensor €qp; 
yet, the tensor ugg, and therefore also the tensor 
€qpg considered in Ref. 1, is symmetrical.* 

Under real conditions, in the case of weak ab- 
sorption, the anti-symmetrical portion of the scat- 
tering is apparently quite small.” It is possible 
that this holds in most cases also for scattering 


*The tensor ©, (w), which serves to describe completely 
the Rayleigh scattering, can be called the dielectric-constant 
tensor at w#4 w, only by convention (w is the frequency of 
the scattered light, «= w — 9 is the frequency of the inci- 
dent radiation). There is therefore no wonder that the tenso 
©49 Can be non-Hermitian,® in spite of the fact that the dielec- 
tric-constant tensor is Hermitian (when w = , the tensor €a8 
is Hermitian, but even in this case it need not necessarily 
be symmetrical, as is already clear from the fact that optical 


activity exists). 


by isotropic fluctuations that do not reduce to den- 
sity and temperature fluctuations. However, we 
see no grounds for assuming that in low-viscosity 
liquids the fluctuation shear deformations, ily 

= Uggs — %, UyySapg- Play a major role in the cor- 
responding portion of the scattering [we have in 
mind scattering for which Eyy = 0; see Ref. 2, 
where this portion of the tensor Eqg is denoted 
by Ae{$)}, 

It is clear from the above that in Ref. 1, and 
therefore in Ref. 4, only part of the scattering is 
actually considered. This circumstance limits 
even more the possibility of a real utilization of 
the formulas obtained in Refs. 1 and 4. The point 
is that experimentally, at a fixed frequency wo of 
the incident light and at a fixed scattering angle 
gy, One determines either the two frequency func- 
tions jx(Q) and jz(Q), or else their combina- 
tions — the total intensity j(Q) =jx+j,z, and the 
degree of depolarization A(&) = jx/jz. At the 
same time, Refs. 1 and 4 involve sixteen functions 
of 2, namely the complex functions K, p, K, 

C, D, X, Y, and Z. There is no doubt that cer- 
tain of these functions can be assumed to be prac- 
tically constant, and others can be approximated 
in a judicious manner. However, under conditions 
when all these coefficients K, p, etc. determine 
only the previously-unknown portion of the scat- 
tering, no way is seen for a reliable separation of 
this portion and for a comparison of the theory of 
Refs. 1 and 4 with experiment over the entire re- 
gion of the Rayleigh line. If we bear in mind, how- 
ever, the most interesting case, that of the Man- 
del? shtam-Brillouin doublet in low-viscosity liq- 
uids, it is difficult, in all probability, to go here 
beyond accounting for the dispersion of the veloc- 
ity of sound, as was done successfully by Fabelin- 
skit? (see also Ref, 2). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 247-249 
(January, 1958) 


Recmurny the question was discussed! whether 
there exist other “mixed” neutral particles beside 
the K° mesons,’ ice., particles that differ from 
the corresponding antiparticles, with the transi- 
tions between particle and antiparticle states not 
being strictly forbidden. It was noted that the 
neutrino might be such a mixed particle, and con- 
sequently there exists the possibility of real neu- 
trino = antineutrino transitions in vacuum, pro- 
vided that lepton (neutrino) char ge® is not con- 
served. In the present note we make a more de- 
tailed study of this possibility, in which interest 
has been renewed owing to recent experiments 
dealing with inverse beta processes. 

Lately there appeared the work of Davis,* who 
used a powerful reactor to study the process of 
A*" formation from C1*" under the influence of 
neutral leptons. The result of the Davis experi- 
ment —a nonzero probability for the process under 
study —if confirmed, definitely shows that the 
(strict) law of neutrino charge conservation is not 
valid. Below we assume that: s 

(a) the neutrino (v) and antineutrino (v) emit- 
ted in the processes 


pon+Btty, n>p+B +4, (1) 


are not identical particles; 

(b) the strict law of neutrino charge conserva- 
tion is not valid and consequently processes of the 
type 

prntBt+ynopts+y (2) 


are possible, although by definition less probable, 
than processes (1). 

We do not go here into the physical reason for 
the distinction between neutrino and antineutrino; 
it might be connected with an approximate conser- 
vation law of some quantum number of the type of 
neutrino charge (analogously to the case of K° 
and K° mesons, the difference between which is 
connected with the approximate law of conserva- 
tion of strangeness). 

It follows from the above assumptions that in 
vacuum a neutrino can be transformed into an an- 
tineutrino and vice versa. This means that the 
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neutrino and antineutrino are “mixed” particles, 
i.e., a symmetric and antisymmetric combination 
of two truly neutral Majorana particles v, and 
v, of different combined parity.° 

The possibility outlined above does not simplify 
the theory of B decay and, in addition, it probably 
does not correspond to actuality. Nevertheless, _ 
we are setting it forth since it leads to conse- 
quences which, in principle, can be tested experi- 
mentally. Thus, for example, a stream of neutral 
leptons consisting mainly of antineutrinos when 
emitted from a nuclear reactor, will consist at 
some distance R from the reactor of half neu- 
trinos and half antineutrinos. Under the condition 
that RS 1m (the probability for this is dis- 
cussed below) neutrino experiments, reminiscent 
of the Pais-Piccioni experiments with K° mesons, 
become possible. Thus, in the experiment of 
Cowan and Reines,® if R S 1m, when the neutral 
particles from the reactor are captured by hydro- 
gen, the cross section for formation of neutrons 
and positrons should be smaller than the cross 
section expected on simple thermodynamic grounds. 
This is due to the fact that the stream of neutral 
leptons, which at creation has a known probability 
for initiating the reaction, has its composition 
changed on the way from the reactor to the detec- 
tor. It would be most interesting to perform the 
experiment of Ref. 6 at different distances from 
the reactor. On the other hand, it is difficult to 
predict the effect of real antineutrino — neutrino 
transitions on the Davis experiment,‘ for we do 
not deal here with a strictly inverse 6 process, 
and various unknown factors may be important, 
such as the polarization and energy dependence of 
the polarization of the neutral leptons from the re- 
actor and from A?! — cj?" transitions. Therefore, 
one cannot state a priori, as one could if parity 
were conserved, that the antineutrino stream, 
which at creation is essentially unable to initiate 
the reaction under discussion, is transformed into 
a stream with a well-defined fraction capable of 
initiating the reaction. However, one cannot ex- 
clude the possibility that the apparent contradic- 
tion — the small probability of double B-decay’ 
and the relatively large probability of observing 
A®" (Ref, 4) —is partially due to the possibility 
that in the experiment of Ref. 4, the stream of 
neutral particles changes its composition on the 
way from reactor to detector. 

The upper limit of R, which can give rise to 
the mentioned effect in the experiment of Cowan 
and Reines, is on the order of 1 m, which corre- 
sponds to a lifetime T $107 sec for the vv 
transformation. If one takes into consideration, 
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as pointed out by I. la. Pomeranchuk, that the neu- 
trino energy is always at least several orders of 
magnitude larger than m,,¢? (my = neutrino rest 
mass), and therefore one has in the laboratory 
system a considerable relativistic dilation of the 
transformation time, one is faced with the question 
whether the condition T S 107® sec is not com- 
pletely improbable even under assumptions (a) and 
(b). The time T is related to the mass difference 
Am between the particles vy; and ». Am is 
proportional to the first power of the matrix ele- 
ment H for the transition v= v, about which un- 
fortunately nothing definite can be said without 
some more detailed assumptions regarding the 
B-process — such as, for example, the Preston 


scheme,® according to which the scalar covariant 
in the interaction is responsible for the emission 
of neutrinos, the tensor for the antineutrinos, with 
comparable although different coupling constants. 
In that case the transformation vy —v is caused 
by two successive virtual transitions, each of which 
is characterized by a coupling constant on the order 
of the constant G of weak interactions (G ~ 107” 
—10° in units Hh =c = p=1, where p =7-meson 
mass); hence H will be proportional to G? and 
Am ~ 10mg. The time? T turns out to be ~ 
107° x (neutrino energy)/(myc”) sec, which is 
considerably longer than 107° sec. 

However, one cannot exclude a direct (first 
order in G) interaction responsible for the neu- 
trino-antineutrino transformation 


y>(v+N+ N)—>¥. 


In this case Am is proportional to the first power 
of the coupling constant,” Andy Tae On (neu- 
trino energy)/(my c?) sec. For a neutrino of 1 
Mev energy with my c? = 100 ev (experiments’*” 
show that m,c? S 500 ev), one gets T ~ 1057 
sec, 

In conclusion we wish to emphasize that, inde- 
pendently of the probability of the concrete effects 
discussed above and of the form of the theory, 
nonconservation of neutrino charge with distinct 
neutrino and antineutrino (or, what is the same, 
the existence of two Majorana neutrinos with dif- 
ferent combined parity) inescapably leads to ef- 
fects of the Gell-Mann — Pais — Piccioni’ type. 
The effects due to neutrino-antineutrino transfor- 
mations may not be observable in the laboratory, 
owing to the large R_ but they will take place on 
an astronomical scale. 

The author is grateful to I. Ia. Pomeranchuk 
and L. B. Okun’ for interesting discussions. 
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983 (1949). Curran, Angus, and Cockroft, Phys. 
Rev. 76, 853 (1949). L. Langer and R. Moffat, 
Phys. Rev. 88, 689 (1952). Hamilton, Alford, and 
Gross, Phys. Rev. 92, 1521 (1953). 
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ANGULAR ANISOTROPY IN THE EMISSION 
OF FRAGMENTS UPON FISSION OF Pu*® 
BY 14-MEV NEUTRONS 


A. N. PROTOPOPOV and V. P. EISMONT 
Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor October 22, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 250-251 
(January, 1958) 


Ir was found in previous work!” that the angular 
distribution of fission fragments, where the fis- 
sion is induced by fast particles, is anisotropic, 
and that the extent of the anisotropy (the ratio of 
the probability of emission of the fragments in di- 
rections parallel and perpendicular to the incident 
particle beam) depenas on the nature of the tar- 
get nucleus. 

From considerations developed by A. Bohr,° 
one would expect a large anisotropy in the fast- 
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neutron fission of Pu? which has a small spin 


= 4 and which forms an even-even compound 
nucleus on capturing a neutron. 

An ionization chamber was used to determine 
the magnitude of the anisotropy in the fission of 
Pu**_ The target of Pu2*® (with a surface density 
of about 300pug/cm?) was placed on a collimator 
whose apertures were drilled at an angle of 45° to 
its surface. The fission was induced by 14.8-Mev 
neutrons, while the axis of the neutron beam made 
an angle of 45° with the surface of the target and 
the collimator. As in the work of Brolley and 
Dickinson,’ a simple rotationof the chamber around 
its axis (perpendicular to the surface of the colli- 
mator ) switched the count from the fragments 
parallel to the neutron beam to the fragments per- 
pendicular to the beam. The maximum angle be- 
tween the direction of emission of the fragments 
and the fixed direction (0° and 90°) was 25°. The 
flux of neutrons on the plutonium target was deter- 
mined from the number of fission events originat- 
ing in a layer of u?* placed on the back of the plu- 
tonium layer. 

The degree of anisotropy of Pu“ was found to 
be 1.14. For comparison with the results of Ref. 
2, the anisotropy of U2 was also determined and 
was found to be 1.25. The values measured were 
corrected for the motion of the center of mass, 
for the finite angular resolution, and for the back- 
ground of scattered neutrons. Taking the acciden- 
tal errors in the experiment (mainly random) into 
account, it was found finally that the extent of the 
anisotropy is 1.15 + 0.05 for Pu2*? and 1.28 + 0.07 
for 3-7 

The observation of a smaller anisotropy for 
Pu2*? than for U2 (1 =") is not in agreement 
with the predictions of A. Bohr® and thus shows 
that the anisotropy of nuclei of a given parity can- 
not be determined by the spin of the target nucleus 
alone. This was noted previously by Frank’ in the 
analysis of the results of the work of Cohen et al.° 
In connection with this, it is interesting to note 
that the anisotropy of different nuclei fissioned by 
14-Mev neutrons decreases as the parameter 
Z?/A increases, as shown in the figure. A simi- 
lar dependence of the anisotropy on the parameter 
Z*/A (for neutron energies of about 7 Mev and for 
a smaller range of studied nuclei) was also noted 
by Henkel and Brolley.’ Unfortunately, the scant 
and not very accurate experimental data do not 
permit searching for a more specific dependence 
on nuclear parameters. Besides, the decrease in 
the anisotropy with increasing eX may be re- 
lated to the large anisotropy in asymmetric fis- 
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Degree of anisotropy 


Th233 y 299 Uy asiNpo py 2*0 


O — Data of Refs. 2—4; @— Data from this work. The 
parameters Z?/A of the compound nuclei are shown. 


sion®’® and the reduced relative probability of 
asymmetric fission with increasing Z*/A (Ref. 
9). In the case of heavier nuclei, the quantum ef- 
fects discussed in Refs. 6 and 10 may appear in 
the form of some deviations from the basic tend- 
ency toward decreased anisotropy. 


iW. C. Dickinson and J. E. Brolley, Phys. Rev. 
90, 388 (1953); . 

aay aie Brolley, Jr. and W. C. Dickinson, Phys. 
Rev. 94, 640 (1954). 

3 Brolley, Dickinson, and Henkel, Phys. Rev. 
99, 159 (1955). 

“R. L. Henkel and J. E. Brolley, Phys. Rev. 
103, 1292 (1956). 

> Cohen, Ferrell-Bryan, Coombe, and Hullings, 
Phys. Rev. 98, 685 (1955). 

6A. Bohr, “On the Theory of Nuclear Fission,” 


Paper at the International Conference on the Peace- 


ful Uses of Atomic Energy, Geneva (1955). 

"I, M. Frank, “On Anisotropy of Nuclear Fis- 
sion Processes,” in ®u3uxa WeneHuA aTOMHBbIX X 
anep (The Physics of the Fission of Atomic Nu- 
clei), Moscow (1957), p. 58. 

8 A. N. Protopopov and V. P. Eismont, Aromuaa 
oneprua (Atomic Energy) (in press). 

* Protopopov, Tolmachev, Ushatskii, Venedik- 
tova, Krisiuk, Rodionova, and Iakovleva, Aromnaaz 
aHeprua (Atomic Energy) (in press). 

“V. M. Strutinskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 606 (1956), Soviet Phys. JETP 3, 
638 (1956); Aromuaa sneprua (Atomic Energy) 6, 
508 (1957). 
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ON THE THEORY OF SCATTERING OF 
PARTICLES BY NUCLEI 


A. F. GRASHIN 
Submitted to JETP editor October 24, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 251-253 
(January, 1958) 


Te scattering of particles by nuclei has been 
investigated using the degenerate Fermi gas as a 
model for nuclear matter.!~? This allows one to 
evaluate certain effects in scattering linked to the 
Pauli principle. Assuming that the differential 
cross section for particles colliding with free nu- 
cleons is isotropic, independent of energy and 
equal to 0)/47, it is possible to obtain the total 
collision cross section for particles against one 

of the nucleons of the nucleus in the form o = OoF, 
where the factor F is a function of two variables: 
w=pp/p and a=m/my. Here, m and p de- 
note the mass and momentum of the particle inci- 
dent on the nucleus in the laboratory system, while 
My and py denote the mass of the nucleon and 
the momentum on the Fermi surface. The function 
F (w, a) has already been obtained for a = 1. 
The case a@=1 which corresponds to scattering 
of a nucleon against a nucleus has been considered 
in Refs. 1 and 2, and the case a < 1 (meson scat- 
tering ) in Ref. 3. 

An investigation of the region a > 1 permits 
one to construct the function over the whole w — a 
plane (more exactly, in the first quadrant). The 

final results are as follows: There are four re- 
gions in which F has various analytical forms; 
the regions are separated from one another by the 
curves aw=1 and w=1 (see Fig. 1). 


F=1—w*(1+ 2a)/5 in region I, 
F = [«? —2 + 10w? — 20aw® 
+ 150204 — 4a%w] / 10w (1 —«)? in region II, 


F = (1+ «)?/10«?w? in region III, 


F = [1 — 1002w? +.10«2(1 + 02) w® — 15atwt FIG. 4 
+ 2a% (30% — 1) w] / 100° (a — 1)? w* in region IV. T Hayakawa, Kawai, and Kikuchi, Progr. Theo- 
ret. Phys. 13, 415 (1955). 

Br aiapae show He souryes | ¥0v)> Tor 2M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 
ee getich correspondto ita Ke Ne Fs 31. G. Ivanter and L. B. Okun’, J. Exptl. Theo- 
2. An analogous curve for A falls practicallyon =. phys. (U.S.S.R.) 32, 402 (1957), Soviet Phys. 
the = curve. In Fig. 4, the abscissa is the en- JETP 5, 340 (1957). 
ergy €=E/Ep (in units of Ep s 25 Mev). 

The author is grateful to L. B. Okun’ for valu- Translated by M. A. Melkanoff 
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ANGULAR DISTRIBUTION OF POSITRONS 
IN nt+—pt—et DECAY IN PROPANE 


A. 1, ALIKHANIAN, V. G. KIRILLOV-UGRIUMOV, 
L. P. KOTENKO, E,. P. KUZNETSOV, and Iu.S. 
POPOV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor October 25, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 253-254 
(January, 1958) 


Ir is known that if parity conservation is violated 
in the p—e decay, the angular distribution of the 
decay electrons can be approximated by a function 
of the form’? 


dN ~(1 + F cos9)dO = (t + acos 9) dQ, (1) 


where 4$ is the angle between the direction of mo- 
tion of the electron (within the range of the solid 
angle dQ) and the direction of the ~-meson spin. 
The experimental angular distributions, obtained 
by several authors, have a form close to that of 
the function (1+ Acos%)dQ, although the coeffi- 
cient A is found to be different for various sub- 
stances. 

Actually, in the experiment we measure the an- 
gular distribution relative to the direction of motion 
of the mesons, since polarization of 4 mesons 
along their momentum takes place in the m—p 
decay. However, a fraction of the mesons have 
the orientation of their spins changed before de- 
caying. The difference in degree of disorientation 
in different substances is responsible for the var- 
iations in value of A and does not permit identi- 
fication of A with the coefficient a in Eq. (1). A 
statistically reliable number of measurements of 
A in various substances must be compiled in order 
to determine a and to clarify the disorientation 
mechanism of the » mesons. 

We have studied the angular distribution in 
a*—u*t—et decay in propane. This is valuable, 
too, considering the usefulness of propane (widely 
utilized in bubble chambers ) for measurements of 
angular correlations of events of similar nature as 
in the p—e decay. 

The experimental setup is shown in Fig. 1. A 
7.2 X 6.5 X 16 cm bubble chamber® was irradiated 
by a 175-Mev 1*-meson beam in the synchrocyclo- 
tron of the Joint Institute for Nuclear Research. 
m* mesons, formed ina polyethylene target, de- 
cayed in the chamber after having been taken out 
through a collimator and slowed down by a copper 
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FIG. 1. Setup of the chamber at the accelerator: 1 — vac- 
uum chamber of the accelerator, 2 — target, 3 — deflecting 
magnet, 4 — shielding, 5 — absorber, 6 — chamber, P — pro- 
ton beam, M — 7m mesons. 
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id 
FIG. 2. Electron angular distribution in 7+ — pt+— et 
decay. ~ is the projection of the spatial angle between the 
initial directions of the et and + momenta onto the plane 
of the camera film. - 


absorber. During the measurements, the chamber 
was inside a magnetic screen, which reduced the 
external magnetic field to 1 oersted. 

In all, we have obtained 8,000 photographs in 
which we found 6,670 1*—p*t-et decays. Not in- 
cluded in this number are decays for which the 
end of the pt track was closer than 3 mm from 
the chamber walls. For such borderline cases the 
probability of observing an electron emitted in the 
direction of motion of the ae meson could be 
smaller than if it were emitted backwards. 

We have measured the angular distribution of 
the projection of the spatial angle onto the plane of 
the camera film. If one assumes an isotropic dis- 
tribution of the eo mesons in the decay, the func- 
tion (1) is transformed to read in terms of the 
plane angle as follows: 


dN ~ [1 + (an?/16) cos 9] do. (2) 


The experimental angular distribution of the 
decay electrons is shown in Fig. 2. The distribu- 
tion is satisfactorily approximated by a function 
of the form (2) (solid line; dotted line represents 
an isotropic distribution). The ratio of the num- 
ber of electrons emitted into the angular interval 
90 — 180° to the number of electrons emitted into 
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the interval 0 — 90°, relative to the direction of 

the projection of the initial momentum of the iy 
mesons, is 1.19. This corresponds to a coefficient 
A = -—0,.22 + 0.03 in the expression (1+ Acos $) 
for the distribution of spatial angles. 

As mentioned above, the measured coefficient 
A is not equal to the coefficient a of Eq. (Ls Tt: 
one denotes by y the degree of quenching of the 
u* mesons at the instant of decay, then A=ax 
(1 -y). Assuming, as Chadwick et al.‘ do, no dis- 
orientation of wt mesons in hydrogen, and using 
for the determination of y(C3Hg) the data of Swan- 
son et al.,° we find vy (C3Hg) = 0.33 + 0.10; hence 
a=0.33+ 0.06 and A=0.99+ 0.18. The analo- 
gous value of A found by Chadwick et al. from 
the data in G-5 emulsions equals 0.85 + 0.18. 

We take this opportunity to express our grati- 
tude to Professor V. P. Dzhelepov for making it 
possible for us to perform this experiment at the 
synchrocyclotron. 


'L.D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 407 (1957), Soviet Phys. JETP 5, 337 (1957). 
2T.D. Lee and C. N. Yang, Phys. Rev. 105, 
1671 (1957). 

3Kotenko, Popov, and Kuznetsov, [Ipu6opsi u 
TexHuka okcnepumMeuta (Instruments and Measure- 
ment Engineering) 1, 36 (1957). 

4G. B. Chadwick, S. A. Durrani, et al., Phil. 
Mag. 2, 684 (1957). 

°R, A. Swanson, N. P. Campbell, et al., Bull. 
Am. Phys. Soc. Ser. II 2, 205 (1957). 
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ENERGY DEPENDENCE OF ANGULAR 
CORRELATION IN p~ —e- DECAY 


Iu. M. IVANOV and V.G. KIRILLOV-UGRIUMOV 
Moscow Engineering-Physics Institute 


Submitted to JETP editor October 28, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 255-256 
(January, 1958) 


Accorpine to the two-component neutrino the 
ory!” the angular asymmetry in the p—e decay 
depends strongly on the electron energy. lime 
stands for the ratio of the electron energy to the 
maximum energy in the p—e decay, then the an- 
gular distribution is described by the function 


dN =N (a+ brcos 9) ded cos 9, (1) 


where % is the angle between the momentum di- 
rection of the decay electron and the 4-meson 
spin; A is a theoretical parameter; 


a = 227(3 — 2s); b = 2e* (2e — 1). 


Several authors, in particular Vaisenberg and 
Smirnitskii®* have analyzed the angular distribu- 
tion of positrons of various energies in the = 
ut—et decay and found an increase with energy 
of the “backward-forward” asymmetry. We have 
studied the angular correlation in the decay of neg- 
ative mesons, which decayed in an emulsion. 

A stack of NIKFI-R photoemulsion 10 cm in di- 
ameter and 400p thick was irradiated by a nega- 
tive 4.-meson beam from the synchrocyclotron of 
the Joint Institute for Nuclear Research. The p™ 
mesons were formed from the decay of 350-Mev 
™ mesons and were then separated from other 
particles by a carbon absorber 90 cm thick. The 
emulsion chamber was surrounded by a thick layer 
of iron, which screened it from the stray field of 
the accelerator. 

The geometry of the experiment was such that 
t” mesons of energy close to maximum were reg- 
istered in the emulsion. The momentum direction 
of such p mesons changes only slightly in going 
from the coordinate system in which the m meson 
is at rest to the laboratory coordinate system. 
For this reason, the »,~-meson beam was con- 
sidered polarized. 

In the scanning of separate emulsion layers 
tracks of long-range ~ mesons with decay elec- 
trons were noted. 

Altogether 630 cases of w~-e~ decays were 
analyzed in which ~ mesons stopped at a dis- 
tance of not less than 50p from any of the emul- 
sion surfaces. In 135 cases of u~—-e™ decays, an 
estimate of the electron energy was made when 
the electron track length was more than 500p. 83 
electrons had a track length of over 1 mm. 

The electron energy was measured by the mul- 
tiple-scattering method; the error in the energy 
determination ranged from 30 to 18%, depending 
on the electron track length. 

In order to compare the experiment with for- 
mula (1) and the consequences resulting from it, 
it was necessary to measure the angle $3, which 
in our case was taken to be the same as the angle 
between the direction of the electron motion and 
the axis of the u~~-meson beam. 

In 135 cases of p~-e~ decays, 64 electrons 
were emitted forwards (i.e., 0 = 3 = 90°) and 71 
electrons were emitted backwards (i.e., 90° = 3 
<= 180°). This circumstance may serve as an in- 
dication that the spin direction of the »~ meson, 
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FIG. 1 Electron energy spectra: a — electrons emitted 
backwards, b — electrons emitted forwards. 


at least for some particles, keeps its initial direc- 
tion in the emulsion up to the instant of decay. 

In Fig. 1 the energy spectrum is shown sep- 
arately for the electrons emitted forwards and 
backwards. Here the number of electrons N is 
plotted against the ratio € of the electron energy 
to the maximum energy Emax = 55 Mev. 
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In Fig. 2 the energy spectra in various angular 
intervals are compared with theoretical curves. 
The upper curve is for electrons emitted back- 
wards, and the lower curve for electrons emitted 
forwards. The slight disagreement between the 
experimental points and the expected distribution 
is, apparently, due to a partial depolarization of 
the ~~ mesons before decaying. 

From the above given analysis of the angular 
correlation in the u~-e~ decay one can see a 
qualitative agreement with the two-component neu- 
trino theory. Unfortunately, the accumulated sta- 
tistics are not sufficient for quantitative conclu- 
sions. 

The authors are grateful to A. I. Alikhanian, 
corresponding member of the U.S.S.R. Academy 
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1 Theoret~ 
Angles Direction pone h ie ic al ees 
0—20° forward o 422.6 
460—180° backward 9 
0— 60° forward 41 4:2 
420—180° backward 49 ° 
60—90° forward 8 eee f 
90—120° backward 13 ate 


For energies ¢€ > 0.6 the “forward-backward” 
electron ratio was 25:36. In the low energy region 
(€ < 0.6), 39 particles were emitted forwards and 
35 backwards. The observed change in sign of the 
asymmetry for fast and slow electrons is in qual- 
itative agreement with formula (1). 

In addition, we have studied the asymmetry in 
various angular intervals. The table gives the 
ratio of “forward-backward” electrons for various 
angular intervals in the energy region > 35 Mev. 


FIG. 2. Electron energy spectra in various 
angular intervals: a) 0— 20° and 160° — 180°, 
b) 0O—45° and 135° — 180°, c) 0—90° and 90° 
— 180°; 0 — backward emitted electrons, 

X — forward emitted electrons. 
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of Science, for valuable advice, to A. O. Vaisen- 
berg and V. A. Smirnitskii for discussion of re- 

sults, and also to T. V. Streltsov and G. I. Polo- 
sin for help in measurements and scanning of the 
emulsions. 


'T, Lee andC. Yang, Phys. Rev. 104, 254 (1956). 
?L.D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 405 (1957), Soviet Phys. JETP 5, 336 (1957). 
SAO! Vaisenberg and V. A. Smirnitskii, J. 
Exptl. Theoret. Phys. (U.S.S.R.) 32, 1340 (1957). 
rer Ok Vaisenberg and V. A. Smirnitskii, J. 
Exptl, Theoret. Phys. (U.S.S.R.) 33, 621 (1957), 
Soviet Phys. JETP 6, 477 (1958). 
Translated by A. Bincer 
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SCATTERING OF NEUTRINOS BY ELEC- 
TRONS 


V. M. SHEKHTER 


Physico-Technical Institute, Academy of Sci- 
ences, Ukrainian S.S.R. 


Submitted to JETP editor October 29, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 257-258 
(January, 1958) 


IMPROVEMENTS in experimental techniques have 
made it possible to determine cross sections on 
the order of 1074 — 107*° em? in reactions dealing 
with the absorption of neutrinos by protons or C1*" 
(see Refs. 1 and 2), and have led to the hope that 
these experiments will be repeated in the near fu- 
ture for the purpose of measuring the scattering of 
neutrinos by electrons. Up to now, experiments 
carried out to determine the magnetic moment of 
the neutrino have led to negative results. Accord- 
‘ing to Ref. 3, oy, the cross section for v—e 
scattering, is less than 7.5 x 107*? cm?/electron, 
which leads to a value of pw, the magnetic moment 
of the neutrino, of less than 107” LB (Hp is the 
Bohr magneton). On the other hand, theoretical 
estimates of Thirring and Houtermans‘ yield p 

~ 10°’ up. 

The purpose of the present note is to show the 
possibility of v—e scattering through a direct 
4-fermion interaction eevy. The cross section 
for such scattering may be of the same order of 
magnitude as oy and can even exceed it. If the 
incident neutrino has energy E, and the recoil 
electron has energy W (in units of mc”), the 
scattering cross section has the form 


do-(W) m2 dW | lgs 22 oe WR) at g23W? 


= Brkt EP? 

+2] gv P[W? —W (2E + 1) + 2B") 
42) gaP(W?— W (2E — 1) + 2E% 
+ 2igrP(W?—W (4E + 1) +42" 


+ 2Re (2g,.8%, + S587 + p87) (W*—WE)}. (1) 


The total effective cross section 


© 2E?|(2E-+1 ) 
Gye \e (E) dE \ doz (W) (2) 


0 


is obtained by averaging over the energy distribu- 
tion of the incident neutrinos p(E). Assuming as 
in Ref. 5 that p(E) ~ exp[—E?/2(AE)?] we find 
for AE =3.8 


of = 0,05 (m? / 24) g?, 
& =(gs)?+0.5| ge ?+ 5] gy\? +6) ga2+ 
+9] gr|? — 2.5 Re (2g 9% + 2587 + S87) (3) 


If one assumes the usual value of the universal 
Fermi interaction constant g = 3 x 107” erg-cm’, 
then 


of = 3.5 - 1074 em?, (4) 


This value is 5 times larger than the cross section 
Oy, ~ 7.5 X 10*6 em’, corresponding to p ~ 1050 
x Lp. 

An interaction of this type may generally also 
take place in the scattering of a neutrino by a nu- 
cleon. Formula (1) may be used as above to obtain 
a cross section of the same order of magnitude, 
however, it is practically impossible to observe 
v—n and v—p scattering because of the small re- 
coil energy of the nucleons. 

Nonconservation of parity leads to modifying (1) 
and (3) as follows: 


£8) > 8:84 + 8:8; — 1(88; + 8)8)); 
where 7 is the longitudinal polarization of the 
neutrino beam, 
In conclusion, the author wishes to thank I. M. 
Shmushkevich, V. N. Gribov, and I. T. Diatlov for 
discussion of this analysis. 


1 Cowan, Reines, Harrison, Kruse, and McGuire, 
Science 124, 103 (1956); G. L. Cowan and F. 
Reines, Nature 178, 446, 523 (1956). 

2R. Davis, Bull. Am. Phys. Soc. (IJ) 1, 219 
(1956). 

3 Cowan, Reines, and Harrison, Phys. Rev. 96, 
1294 (1954). 

4. G. Houtermans and W. Thirring, Helv. 
Phys. Acta 27, 81 (1954). 

5C.O. Muehlhause and S. Oleka, Phys. Rev. 
105, 1332 (1957). 
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EFFECT OF HYDROSTATIC COMPRESSION 
ON THE ELECTRICAL CONDUCTIVITY OF 
METALS AT LOW TEMPERATURES 


L.S. KAN and B. G. LAZAREV 


Physico-Technical Institute, Academy of Sci- 
ences, Ukrainian S.S.R. 


Submitted to JETP editor October 31, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 258-259 
(January, 1958) 


In our previous work on the effect of isotropic 
compression on the superconductivity of tin and 
indium,! it was noted parenthetically that there 
was a difference in conductivity of these metals 
when under pressure and in the normal state. In 
succeeding work this has been confirmed.” 

Very recently we have also observed that hydro- 
static compression has a considerable effect on 
the magnetic® and galvanomagnetic properties of 
metals*’® at low temperatures. From these later 
studies we conclude that the density of the conduc- 
tion electrons is noticeably affected by pressure. 

All of the above investigations were carried out 
by the use of a freezing technique to produce the 
pressure © It is well known that this method can 
produce pressures up to a maximum of 1730kg/ cm?, 
and the large effect of such a relatively small pres- 
sure upon almost all of those properties of metals 
depending on the conduction electrons was very in- 
teresting and unexpected. It is therefore essential 
to study in detail the effect of pressure on the elec- 
trical conductivity over a wide range of tempera- 
ture. 

In this letter we shall report some results of 
studies on the effect of pressure on the conductiv- 
ities of metals in the low temperature region. 
Measurements have been made on zinc, tin, gold, 
and bismuth. All samples (except for gold) were 
prepared as single crystals. Zinc was studied in 
two orientations (in sample Zn I the principal axis 
was perpendicular to the sample axis, and in Zn II 
the two axes were parallel). The principal axis of 
symmetry of the tin sample was parallel to the long 
axis of the sample, and the axes of the bismuth 
were oriented at about 45° from the length of the 
sample. The metals were very pure; the ratio of 
the resistance at 4.2° K to the resistance at 293° 
K, which characterizes the purity, was 5.3 x 1074 
for the Zn I sample, for example, 6 X 107° for the 
tin, and 3.25 x 107° for the gold. Measurements 
were made at the temperatures of liquid helium, 
hydrogen, and nitrogen, and also at higher temper- 
atures in the case of bismuth. 
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The bismuth was studied only in order to com- 
pare our results with those of Alekseevskii and his 
co-workers.! In our measurements, as well as 
theirs, pressure caused an increased resistivity 
over the whole temperature range for this metal. 


The other metals which we investigated behaved 
in a different way. At sufficiently low tempera- — 
tures, all of them showed increased resistance 
under pressure. At higher temperatures, this re- 
sistance increment decreased, and at some tem- 
perature (peculiar to each metal) it became equal 
to zero. Upon further raising the temperature, the 
effect changed sign —the resistance under pres- 
sure became less than the resistance without pres- 
sure, thus agreeing with the results of Bridgman’s 
work’ at temperatures above 90° K. 


In zinc (sample Zn 1) at 4.2° K the increment 
of resistance due to the pressure amounted to 
AR/R ~ 30%. The effect decreased with rise in 
temperature and had almost disappeared at 20.4° 
K. At 77° K the effect was already reversed in 
sign, and its magnitude was approaching Bridg- 
man’s value for monocrystalline zinc with this or- 
ientation at a temperature of 90° K (AR/R ~ 1.5%). 

In tin at 4.2° K the resistivity under pressure 
was also larger than normal— AR/R was about 
30%. But at 14° K the sign of the effect had re- 
versed; i.e., the sign change for the effect in tin 
occurs somewhere between 4.2° and 10° K. 

For gold at 4.2° K the effect amounts to about 
11%; its reversal takes place in the liquid hydro- 
gen temperature region. As already indicated, the 
gold sample was quite pure (Ry, .9/Rog3 = 3.25 X 
1073); its resistivity did not go through a minimum 
at any temperature, as it does when gold contains 
impurities, and neither did the resistivity of the 
sample under pressure. 

Thus for all the metals studied in this work, an 
increase in resistivity was observed when hydro- 
static pressure was applied. The effect is revers- 
ible. 

For the time being, it does not seem possible to 
explain this effect; but its mechanism is probably 
quite different from that responsible for the effect 
of pressure on electrical resistivity at higher tem- 
peratures. It is possible that the low-temperature 
increase of resistivity with pressure has the same 
origin as the effect of pressure on the magnetic 
and galvanomagnetic properties of the metals. 

It is interesting that the effect should disappear 
at higher temperatures. In this case the pressure- 
induced change in conductivity follows an exponen- 
tial law of dependence on the temperature very 
closely. For example, in the range 14 to 20° K, the 
conductivity of sample Zn I was given with good 
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approximation by Ao « eAE/kT with “AE = 2° 
107 ev/mole. Bismuth behaves in a similar man- 
ner. 

This gives some grounds for supposing that 
pressure creates a condition similar to that in a 
semiconductor, for some of the electrons; but with 


a very small energy gap, which would overlap even 
at low temperatures. 
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EFFECT OF --MESON POLARIZATION 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 260 
(January, 1958) 


Tue function describing the angular correlation 
of y rays from mesonic atom transitions was de- 
rived in Ref. 1. Recently it has been established 
experimentally” that polarized »~ mesons are 
formed in the 7~-meson decay. It is therefore of 
interest to discuss the same question for a given 
degree of polarization of the »~™ meson. 

In the case of heavy mesonic atoms, the corre- 
lation function for the cascade £4 (L,) £B( Le ) £c 
has the form: 


W = Dy Favs (ab ale) Fay, (latclay 
(2F p + 4) (2%, + 4) 
2F +1) 4-+ (vent)? 


>) 


FEF Rig Ike 


W? (jel2v.F a; F'aia) 


X (2je-+ 1)?W (Las2vejg; jets) W (las2voja; jel) 
X (21+ 1) W (s2kjgl; slg) W (2%,2vel pl; 2kLg) C29 


2¥10; 2va--0 
X <|(s8) 2kO> 42, (61, 21 — 5) V5e (8 2 — 5); 
(1) 


Foy, (Lylala) = (— 1)'4~'B-(20g + 1)"* (2L, + 1) 
x CEE LW (LaleL Ly; 2vy14); (1a) 
<_| (ss) 240 > = W53(s) far (s) = Dau. (apy 
p 


Here Ly, Ly are the angular momenta of the 
quanta; fa, fp, Lc are the orbital angular mo- 
menta of the meson in the initial, intermediate, 
and final states; jg, j Bp jy are the correspond- 
ing total angular momenta: j=£+s where s is 
the meson spin; Fp is the sum of the meson (jg) 
and nucleus (1) angular momenta; <|(ss)2k0> 
is the statistical tensor of Fano, proportional to 
the meson orientation degree of 2k-th order 

fok (s);3 ay is the probability amplitude that the 
meson in the initial state has a spin projection 
equal to uw; Vp’ is the hyperfine structure; T 
is the lifetime of the intermediate state; C and 
W are the Clebsh-Gordan and Racah coefficients. 

As can be seen from expression (1) the corre- 
lation function depends on the angles formed by 
the axis of rotational symmetry of the » meson 
and the directions of emission of the first (6;) 
and the second (6,) quanta, as well as on the 
angle @ between the directions of the two quanta: 

cos 8 = cos 6, cos 9, + sin 6; sin 8, cos (9, — 9). (1c) 

If ay = const = 1/(2s + 1) then (1) reduces to 
formula (2) obtained in Ref. 1. 

Since the summation in (1) is only over even 
orders of the orientation degree f,k(s) we shall 
also obtain the same result if we set s = }.? Thus 
the correlation does not depend on the degree of 
the ~-meson polarization f,(s). If one allows 
for the possibility of the 4~-meson spin being’ %, 
then in this case the correlation function would 
depend on the degree of alignment f,(s). 

I am grateful to K. A. Ter-Martirosian for his 
interest in this work. 
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949 (1957). 
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Recentty, the magnetic susceptibility of an 
electron gas was calculated by several authors,/~? 
taking into account long-range Coulomb correla- 
tion. However, only the susceptibility due to the 
Fermi branch of the excitation spectrum was taken 
into account there. We would like to direct atten- 
tion to the fact that the (Bose) plasma-oscillation 
quanta also make a definite contribution to the sus- 
ceptibility. Actually, although these excitations 
are neutral and give no contribution to the current, 
their energy depends on the magnetic field inten- 
sity H and consequently the plasma quanta are 
“carriers of magnetism.” At ordinary tempera- 
tures, real plasma quanta in a metal are practi- 
cally not excited; their zero-point energy, how- 
ever, also depends on H. This leads, as we shall 
show, to plasma diamagnetism comparable to the 
Landau diamagnetism. 

As is known (see, for example, Ref. 4), a sep- 
aration of plasma oscillations into longitudinal 
and transverse is still possible in a weak magnetic 
field. For our problem, only the former are of in- 
terest; the frequency of a longitudinal plasma 
quantum (in the frame of an isotropic model) is 


o” = @ -++ w,, sin? + O (k*), (1) 


where k is the wave vector of a plasmon, a is 
the angle between k and H, wi, = 4me” /m, WH 
=eH/me, and n and m are the concentration 
and effective mass of the electrons (wy « wy). 
We shall disregard terms of order k? in Eq. (1) 
(apparently, they are small in comparison with 
wy, for all k up to the limiting wave number ko). 
The magnetic susceptibility per unit volume, 


due to the dependence of the zero-point energy of 
the plasma on the magnetic field, is: 


Ase ( dko (k). (2) 


By virtue of Eq. (1), this yields 


4% = — (1/18n*) (e?/mc?) (A/m) R3/oz. (3\8 


The quantity ky in our approximation (small H) 
can be regarded as independent of the magnetic 
field. Setting fk) =Bpr, where pr is the Fermi 
boundary momentum and f is a dimensionless 
parameter (which may depend on n) we obtain 


X= — (88/12Y-m) (h/me) (ne2/me2)"" 
= — 0.96 - 108 (m,/m)" p85 Vn (4) 


(mp is the mass of a free electron). Inasmuch as 
B <1, but evidently B > 3,5 |x| ~ 10°°—107%, 
This quantity can be fully comparable with the re- 
sult of Pines, obtained in disregarding the zero- 
point energy of the plasma. Hence it is clear that 
this neglect, generally speaking, is by no means 
justified and the quantiative comparison of Pines’ 
theory with experiment must be reviewed. 
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In an attempt to apply the methods which have 
recently been developed in quantum electrodynam- 
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ics to statistics, one is faced with the problem of 
the properties that will be exhibited in that case 
by the fundamental quantities entering into these 
methods. We shall show here that some very gen- 
eral relations can be derived for the particle 
Green function G, which is defined in the well 
known manner as 


G = —i(ToF), (1) 


where the indices 1 and 2 indicate that the » oper- 
ator must be taken at t; or ty. T is the symbol 
for the chronologically ordered product, while the 
averaging is taken over the actual state of the given 
macroscopic system. It is well known that chron- 
ological ordering means that 


G=—idh ps for >t, G=Fidsh) for t, 5 


where the upper and lower signs refer to the Bose 
and Fermi statistics respectively. 

The space-time dependence of the matrix ele- 
ments of the operator 7% is given by equations of 
the form 


Yam (t, 1) = &, exp {i (amt — Kamt)}, 
Onm = (En a Em) | he Kam = (Pr = Pa) / h, 


where the indices n, m refer to the states of a 
closed system with total energy E and total mo- 
mentum P. From the definition of the adjoint op- 
erator, we have ge ares =(¢nm)*- 

Using these matrix elements we can write (2) 
in the form 


for ¢,>t,: G = — iD) y® [exp {i@amt — ikamt}, 

i‘ (3) 
for t,< ty: G=F i Dd) |p [exp {idmat — ikmnt}, 
where we use the notation t=t,; —t,, r=Yry—TYe 
and where the index n refers to the given state 
over which the averaging of Eqs. (1) or (2) is per- 
formed. 

We shall now proceed to average expressions 
(3) over a Gibbsian ensemble. According to the 
basic principles of statistics, this operation means 
that we express the quantity G as a function of 
the temperature T and the chemical potential p 
instead of as a function of the energy E and the 
number of particles in the system N. We have 
for t > 0, 


G =—i >) exp{(Q+ uNn —-En)/T} 


nm 


x | p(), > exp {i®aml = iKnmt} 


where the temperature is measured in energy 
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units. Since we sum now over the two indices n 
and m we can interchange the indices in such a 
sum. We use this possibility in the expression for 
G for t; < t, and write for t < 0, 


G = =i D) exp {((Q +uNm— Em)/T} 


|, exp {ieamt — iknmt} 


= Fi Dyexp {(Q + pNn— En)/T} 


x exp {(ROam + 2) /T}| PO? exp {(itdamt — ikamt}. 


In the last transformation we have used the fact 
that the matrix elements y( are different from 
zero only if Ny =N,+ 1. 

We now go over from the space-time repre- 
sentation of the Green function to its Fourier co- 
efficients, 


G(o,k) = \\ G (t, r) ef —™ dt der. 


Integration over space gives a delta function of 
k —kmn.- The integration over dt must be per- 
formed separately over the interval from —~= to 
© and from 0 to +~, using the well known for- 
mula 


co 


{ etary = 76 (a) + =. 


tt) 
We get as a result 


G(o, k) = — (2m)? Dj exp {(Q + pNa— En)/T} 


n,m 


X | PO), [2 8 (kK — Kn) {i (9 — Oma) [1 el Rom IT] 
4 a8 
at Omn —oa [1 =f ev—ho,,,)IT ike (4) 
Comparing the two terms within the braces we 
see that there exists a certain relation between the 
real (G) and the imaginary (G") part of the 
Green function. In the case of Bose statistics this 
relation is 


G’ (a,k)= = 


c tx—u G" (x,k) 
\ tanh —— ae (5) 
—oo 


where we take the principal value of the integral. 
We have always 


G"(, k) <0. (6) 


as follows from Eq. (4). 
In the case of Fermi statistics we have 


G’ (@, k)= 4 J coth oe. 2 ie (7) 


—co 


184 LETTERS TO THE EDITOR 


where the sign of G’(w, k) is the opposite of the 
sign of the difference hw — yp and both these 
quantities go through zero at the same time, 


G"(o, k)/(ie —p) <0. (8) 
At the absolute zero of temperature both (5) 
and (7) go over into 


a, (9) 


x—oa 


G'(o, k) = +5 


beo<3g 


where the plus sign refers to fix > and the minus 
signto fix <p. 


It is interesting to note that these formulae show 
that the function G is not an analytical function of 
the variable w. We can construct two analytical 


_ functions (which have no singularities in the upper 


half-plane) as follows 


’ : ho—w ” , ° AO — we ” 
Gi tanh -G and G’ + i coth oF Ge S. 
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